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Introduction

This book originates from a collection of lecture notes that the first author prepared
at the University of Trieste with Michela Brundu, over a span of fifteen years,
together with the more recent one written by the second author. The notes were
meant for undergraduate classes on linear algebra, geometry and more generally
basic mathematical physics delivered to physics and engineering students, as well
as mathematics students in Italy, Germany and Luxembourg.

The book is mainly intended to be a self-contained introduction to the theory of
finite-dimensional vector spaces and linear transformations (matrices) with their
spectral analysis both on FEuclidean and Hermitian spaces, to affine Euclidean
geometry as well as to quadratic forms and conic sections.

Many topics are introduced and motivated by examples, mostly from physics.
They show how a definition is natural and how the main theorems and results are
first of all plausible before a proof is given. Following this approach, the book
presents a number of examples and exercises, which are meant as a central part in
the development of the theory. They are all completely solved and intended both to
guide the student to appreciate the relevant formal structures and to give in several
cases a proof and a discussion, within a geometric formalism, of results from
physics, notably from mechanics (including celestial) and electromagnetism.

Being the book intended mainly for students in physics and engineering, we
tasked ourselves not to present the mathematical formalism per se. Although we
decided, for clarity's sake of our readers, to organise the basics of the theory in the
classical terms of definitions and the main results as theorems or propositions, we
do often not follow the standard sequential form of definition—theorem—corollary
—example and provided some two hundred and fifty solved problems given as
exercises.

Chapter 1 of the book presents the Euclidean space used in physics in terms of
applied vectors with respect to orthonormal coordinate system, together with the
operation of scalar, vector and mixed product. They are used both to describe the
motion of a point mass and to introduce the notion of vector field with the most
relevant differential operators acting upon them.

xi



xii Introduction

Chapters 2 and 3 are devoted to a general formulation of the theory of
finite-dimensional vector spaces equipped with a scalar product, while the Chaps. 4
—6 present, via a host of examples and exercises, the theory of finite rank matrices
and their use to solve systems of linear equations.

These are followed by the theory of linear transformations in Chap. 7. Such a
theory is described in Chap. 8 in terms of the Dirac’s Bra-Ket formalism, providing
a link to a geometric—algebraic language used in quantum mechanics.

The notion of the diagonal action of an endomorphism or a matrix (the problem
of diagonalisation and of reduction to the Jordan form) is central in this book, and it
is introduced in Chap. 9.

Again with many solved exercises and examples, Chap. 10 describes the spectral
theory for operators (matrices) on Euclidean spaces, and (in Chap. 11) how it allows
one to characterise the rotations in classical mechanics. This is done by introducing
the Euler angles which parameterise rotations of the physical three-dimensional
space, the notion of angular velocity and by studying the motion of a rigid body
with its inertia matrix, and formulating the description of the motion with respect to
different inertial observers, also giving a characterisation of polar and axial vectors.

Chapter 12 is devoted to the spectral theory for matrices acting on Hermitian
spaces in order to present a geometric setting to study a finite level quantum
mechanical system, where the time evolution is given in terms of the unitary group.
All these notions are related with the notion of Lie algebra and to the exponential
map on the space of finite rank matrices.

In Chap. 13, we present the theory of quadratic forms. Our focus is the
description of their transformation properties, so to give the notion of signature,
both in the real and in the complex cases. As the most interesting example of a
non-Euclidean quadratic form, we present the Minkowski spacetime from special
relativity and the Maxwell equations.

In Chaps. 14 and 15, we introduce through many examples the basics of the
Euclidean affine linear geometry and develop them in the study of conic sections, in
Chap. 16, which are related to the theory of Kepler motions for celestial body in
classical mechanics. In particular, we show how to characterise a conic by means of
its eccentricity.

A reader of this book is only supposed to know about number sets, more
precisely the natural, integer, rational and real numbers and no additional prior
knowledge is required. To try to be as much self-contained as possible, an appendix
collects a few basic algebraic notions, like that of group, ring and field and maps
between them that preserve the structures (homomorphisms), and polynomials in
one variable. There are also a few basic properties of the field of complex numbers
and of the field of (classes of) integers modulo a prime number.

Trieste, Italy Giovanni Landi
Napoli, Italy Alessandro Zampini
May 2018



Chapter 1 ®)
Vectors and Coordinate Systems oo

The notion of a vector, or more precisely of a vector applied at a point, originates in
physics when dealing with an observable quantity. By this or simply by observable,
one means anything that can be measured in the physical space—the space of physical
events— via a suitable measuring process. Examples are the velocity of a point
particle, or its acceleration, or a force acting on it. These are characterised at the
point of application by a direction, an orientation and a modulus (or magnitude). In
the following pages we describe the physical space in terms of points and applied
vectors, and use these to describe the physical observables related to the motion of a
point particle with respect to a coordinate system (a reference frame). The geometric
structures introduced in this chapter will be more rigorously analysed in the next
chapters.

1.1 Applied Vectors

We refer to the common intuition of a physical space made of points, where the
notions of straight line between two points and of the length of a segment (or equiv-
alently of distance of two points) are assumed to be given. Then, a vector v can be
denoted as

v=B—A or v=AB,

where A, B are two points of the physical space. Then, A is the point of application
of v, its direction is the straight line joining B to A, its orientation the one of the arrow
pointing from A towards B, and its modulus the real number |B — A|| = ||A — B|,
that is the length (with respect to a fixed unit) of the segment A B.

© Springer International Publishing AG, part of Springer Nature 2018 1
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0

Fig. 1.1 The parallelogram rule

If S denotes the usual three dimensional physical space, we denote by
W3 ={B—A|A BeS)
the collection of all applied vectors at any point of S and by
Vi={B—-A|BeS)

the collection of all vectors applied at A in S. Then

wi={J vi.

AeS

Remark 1.1.1 Once fixed a point O in S, one sees that there is a bijection between
the set V3, = {B — O | B € S} and S itself. Indeed, each point B in S uniquely
determines the element B — O in V%, and each element B — O in Vé uniquely
determines the point B in S.

It is well known that the so called parallelogram rule defines in V30 a sum of
vectors, where
(A-0)+(B—-0)=(C-0),

with C the fourth vertex of the parallelogram whose other three vertices are A, O,
B, as shown in Fig. 1.1.

The vector 0 = O — O is called the zero vector (or null vector); notice that its
modulus is zero, while its direction and orientation are undefined.

It is evident that V}, is closed with respect to the notion of sum defined above.
That such a sum is associative and abelian is part of the content of the proposition
that follows.

Proposition 1.1.2 The datum (V3), +, 0) is an abelian group.

Proof Clearly the zero vector 0 is the neutral (identity) element for the sum in V3,
that added to any vector leave the latter unchanged. Any vector A — O has an inverse
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A"_’/O/”/.-

Fig. 1.2 The opposite of a vector: A—0=—(A-0)

g, VW

(v+u)+w=v+(u+w)

Fig. 1.3 The associativity of the vector sum

with respect to the sum (that is, any vector has an opposite vector) given by A’ — O,
where A’ is the symmetric point to A with respect to O on the straight line joining
A to O (see Fig. 1.2).

From its definition the sum of two vectors is a commutative operation. For the
associativity we give a pictorial argument in Fig. 1.3. ([

There is indeed more structure. The physical intuition allows one to consider
multiples of an applied vector. Concerning the collection V), this amounts to define
an operation involving vectors applied in O and real numbers, which, in order not to
create confusion with vectors, are called (real) scalars.

Definition 1.1.3 Given the scalar A € R and the vector A — O € V%, the product
by a scalar
B—0=)XA—-0)

is the vector such that:

(1) A, B, O are on the same (straight) line,
(ii)) B — O and A — O have the same orientation if A > 0, while A — O and
B — O have opposite orientations if A < 0,
(iii) [|B — Ol = [AllA — O]l

The main properties of the operation of product by a scalar are given in the
following proposition.

Proposition 1.1.4 For any pair of scalars A\, u € R and any pair of vectors
A—0O,B— O € V?), it holds that:



4 1 Vectors and Coordinate Systems

0

Fig. 1.4 The scaling \(C — O) = (C" — O) with A > 1

Au(A = 0)) = (A — 0),

1(A—0)=A- 0,

AM(A — 0)+ (B — 0)) = MA — 0) + \(B — 0),
ON+m)(A — 0) = \A — 0)+ u(A — 0).

Kb~

Proof 1. SetC — O = A(u(A — O))and D — O = (A\u)(A — O). If one of
the scalars A, p is zero, one trivially has C — O = 0 and D — O = 0, so
Point 1. is satisfied. Assume now that A # 0 and p # 0. Since, by definition,
both C and D are points on the line determined by O and A, the vectors C — O
and D — O have the same direction. It is easy to see that C — O and D — O
have the same orientation: it will coincide with the orientation of A — O or not,
depending on the sign of the product Ay # 0. Since |Ap| = [A||pn] € R, one has
IC — Ol = 1D - 0.

2. It follows directly from the definition.

3.5etC — 0 =(A—-0)+(B — 0)andC' — O = (A — 0)+ (B" — 0),
withA” — O = AM(A — O)and B — O = \(B — O).
We verify that A\(C — O) = C’ — O (see Fig. 1.4).
Since O A is parallel to O A’ by definition, then BC is parallel to B'C’; OB is
indeed parallel to O B’, so that the planar angles OBC and OB'C’ are equal.
Also A\(OB) = OB, \(OA) = OA’,and A\(BC) = B’'C’. It follows that the
triangles O BC and O B’C’ are similar: the vector OC is then parallel OC’ and

they have the same orientation, with |OC’|| = A ||OC||. From this we obtain
oC’ = \O0C).
4. The proof is analogue to the one in point 3. (I

What we have described above shows that the operations of sum and product by a
scalar give Vg an algebraic structure which is richer than that of abelian group. Such
a structure, that we shall study in detail in Chap. 2, is called in a natural way vector
space.
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1.2 Coordinate Systems

The notion of coordinate system is well known. We rephrase its main aspects in terms
of vector properties.

Definition 1.2.1 Given a line r, a coordinate system A on it is defined by a point
O € randavectori = A — O,where A € r and A # O.

The point O is called the origin of the coordinate system, the norm ||[A — O] is
the unit of measure (or length) of A, with i the basis unit vector. The orientation of
i is the orientation of the coordinate system A.

A coordinate system A provides a bijection between the points on the line r and
R. Any point P € r singles out the real number x such that P — O = xi; viceversa,
for any x € R one has the point P € r defined by P — O = xi. One says that P
has coordinate x, and we shall denote it by P = (x), with respect to the coordinate
system A that is also denoted as (O; x) or (O; i).

Definition 1.2.2 Given a plane «, a coordinate system IT on it is defined by a point
O € « and a pair of non zero distinct (and not having the same direction) vectors
i=A—-0Oandj=B—- OwithA,B € a,and ||[A — O| = ||B — O].

The point O is the origin of the coordinate system, the (common) norm of the
vectors i, j is the unit length of I1, with i, j the basis unit vectors. The system is
oriented in such a way that the vector i coincides with j after an anticlockwise
rotation of angle ¢ with 0 < ¢ < 7. The line defined by O and i, with its given
orientation, is usually referred to as a the abscissa axis, while the one defined by O
and j, again with its given orientation, is called ordinate axis.

As before, it is immediate to see that a coordinate system IT on « allows one to
define a bijection between points on « and ordered pairs of real numbers. Any
P € « uniquely provides, via the parallelogram rule (see Fig.1.5), the ordered
pair (x,y) € R? with P — O = xi + yj; conversely, for any given ordered pair
(x,y) € R?, one defines P € aas givenby P — O = xi + yj.

With respect to II, the elements x € R and y € R are the coordinates of P,
and this will be denoted by P = (x, y). The coordinate system IT will be denoted
(0;1,j) or (O; x, y).

0 ¢

i Xi

Fig. 1.5 The bijection P(x,y) <> P — O = xi—+ yjinaplane
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Definition 1.2.3 A coordinate system IT = (O i, j) on a plane « is called an orthog-
onal cartesian coordinate system if ¢ = /2, where ¢ is as before the width of the
anticlockwise rotation under which i coincides with j.

In order to introduce a coordinate system for the physical three dimensional
space, we start by considering three unit-length vectors in V3 givenasu = U — O,
v=V — 0,w =W — O,and we assume the points O, U, V, W not to be on the
same plane. This means that any two vectors, u and v say, determine a plane which
does not contain the third point, say W. Seen from W, the vector u will coincide
with v under an anticlockwise rotation by an angle that we denote by av.

Definition 1.2.4 An ordered triple (u, v, w) of unit vectors in VZ) which do not lie
on the same plane is called right-handed if the three angles av, vw, wu, defined by
the prescription above are smaller than 7. Notice that the order of the vectors matters.

Definition 1.2.5 A coordinate system ¥ for the space S is given by apoint O € S
and three non zero distinct (and not lying on the same plane) vectorsi = A — O,
j=B — Oandk = C — O,withA,B,C € S,and||A — O|| = |B — O] =
IC — O] and (i, j, k) giving a right-handed triple.

The point O is the origin of the coordinate system, the common length of the
vectors i, j, k is the unit measure in X, with i, j, k the basis unit vectors. The line
defined by O and i, with its orientation, is the abscissa axis, that defined by O and j
is the ordinate axis, while the one defined by O and k is the quota axis.

With respect to the coordinate system X, one establishes, via V?), a bijection
between ordered triples of real numbers and points in S. One has

P <« P—-—0 < (x,9,2

with P — O = xi+ yj+ zk as in Fig. 1.6. The real numbers x, y, z are the com-
ponents (or coordinates) of the applied vector P — O, and this will be denoted by
P = (x,y,z). Accordingly, the coordinate system will be denoted by
Y = (0;1,j,k) = (O; x, y, ). The coordinate system X is called cartesian orthog-
onal if the vectors i, j, k are pairwise orthogonal.

By writing v = P — O, itis convenient to denote by v,, v, v, the components
of v with respect to a cartesian coordinate system X, so to have

v=vi+vj+vk
In order to simplify the notations, we shall also write this as
V= (Vy, Vy, V),
implicitly assuming that such components of v refer to the cartesian coordinate sys-

tem (O; 1, j, k). Clearly the components of a given vector v depend on the particular
coordinate system one is using.
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zk
/1___-____-____-_______-_._.._::ﬁl
’I ,’ ]
L4 ” 1
’ﬁ’ ’I’ :
s L :
- 1
e o e e e e e e e e 2 P(x.y.z) -
k H
1
1
1
0 J b
B ' y!

Fig. 1.6 The bijection P(x,y,z) <> P — O = xi+ yj + zKk in the space

Exercise 1.2.6 One has

1. The zero (null) vector0 = O — O has components (0, 0, 0) with respect to any
coordinate system whose origin is O, and it is the only vector with this property.
2. Given a coordinate system ¥ = (O; i, j, k), the basis unit vectors have compo-
nents
i=(,0,00, j=(@©,1,00, k=1(0,0,1).

3. Given a coordinate system X = (O; i, j, k) for the space S, we call coordinate
plane each plane determined by a pair of axes of X. We have v = (a, b, 0), with
a,b € R, if v is on the plane xy, v = (0, /', ¢) if v’ is on the plane yz, and

"= (a",0,c")if v’ is on the plane xz.

Example 1.2.7 The motion of a point mass in three dimensional space is described by
amapt € R — x(t) € V?) where ¢ represents the time variable and x(t) is the posi-
tion of the point mass at time ¢. With respect to a coordinate system X = (O; x, y, 7)
we then write

x(t) = (x(t), y(t),z(t)) orequivalently x(t) = x(®)i+ y(@)j+ z(H)k.

The corresponding velocity is a vector applied in x(¢), that is v(¢) € Vf(l), with
components

dx(r) (dx dy dz)
dr dr dr’ de”

V() = (ve(0), vy(0), v (1)) =
while the acceleration is the vector a(¢) € Vg(t) with components

Cdv()  dx? d?y d%:

t = (—, —, —
a(t) dr de?2 7 dr? 7 de?

).
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One also uses the notations

dx . .
v=—=Xx and a=-—=v=X
dr dr?

In the newtonian formalism for the dynamics, a force acting on the given point
mass is a vector applied in x(¢), thatis F € me with components F = (F,, F,, F;),
and the second law of dynamics is written as

ma =F

where m > 0 is the value of the inertial mass of the moving point mass. Such a
relation can be written component-wise as

d’x d’y d?z

map = Feomgp =he omge =k

A coordinate system for S allows one to express the operations of sum and product
by a scalar in V?) in terms of elementary algebraic expressions.

Proposition 1.2.8 With respect to the coordinate system ¥ = (O;1,j, k), let us
consider the vectors v = v,i + v,j + v.kand w = w,i + w,j + w_k, and the scalar
A € R. One has:

(]) vV+w= (Vx + wx)l + (Vy + wy)J + (VZ + wz)k’
(2) Av = dved + Avyj + Av k.

Proof (1) Sincev 4+ w = (vii 4+ v,j + v.k) + (w,i + w,j + w_K), by using the com-
mutativity and the associativity of the sum of vectors applied at a point, one has

V4w = e+ wed) + (v,J + wyj) + (v Kk + wk).

Being the product distributive over the sum, this can be regrouped as in the
claimed identity.
(2) Along the same lines as (1). O

Remark 1.2.9 By denoting v = (v, vy, v;) and w = (w,, wy, w;), the identities
proven in the proposition above are written as

(sz Vyv Vz) + (wxv wys wZ) = (Vx + w)ﬁ Vy + U)y, vZ + wZ)s
)‘(v,h Vy, Vz) = (>\vX7 )\Vy, )\Vz)~

This suggests a generalisation we shall study in detail in the next chapter. If we
denote by R? the set of ordered triples of real numbers, and we consider a pair of
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elements (xi, x2, x3) and (y1, y2, ¥3) in R3, with A € R, one can introduce a sum of
triples and a product by a scalar:

(x1, X2, x3) + (¥1, 2, ¥3) = (X1 + y1, X2 + y2, X3 + ¥3),
A(x1, X2, x3) = (Ax1, Axa, Axz).

1.3 More Vector Operations

In this section we recall the notions—originating in physics—of scalar product,
vector product and mixed products.

Before we do this, as an elementary consequence of the Pythagora’s theorem, one
has the following (see Fig. 1.6)

Proposition 1.3.1 Letv = (v,, vy, v;) be an arbitrary vector in Vg with respect to
the cartesian orthogonal coordinate system (O; 1, j, z). One has

vl = /v + vg +v2.

Definition 1.3.2 Let us consider a pair of vectors v, w € Vf). The scalar product of
v and w, denoted by v - w, is the real number

v-w = |v] [|[wW] cosa

with o = vw the plane angle defined by v and w. Since cos o = cos(—a), for this
definition one has cos VW = cos wv.

The definition of a scalar product for vectors in Vé is completely analogue.

Remark 1.3.3 The following properties follow directly from the definition.

(1) Ifv=0,thenv-w=0.
(2) Ifv, w are both non zero vectors, then

v-w=0 <= cosa=0 <= v.Lilw.
(3) Forany v € V3, it holds that:
vev=|v|?

and moreover
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(4) From (2), (3), if (O; i, j, k) is an orthogonal cartesian coordinate system, then
i-i=j-j=k-k=1, i-j=j-k=k-i=0.

Proposition 1.3.4 For any choice ofu, v, w € Vg and )\ € R, the following identi-
ties hold.

(i) V-W=wW-v,
(i) AV) - wW=v-(Aw) = A\(Vv-w),
(iii) u-(v+w)=u-v+u-w.

Proof (i) From the definition one has
v-w=|v| W] cos VW = ||w]| [|V] cosWV = w - v.

(ii) Settinga = (Av) - w, b = v - (Aw) and ¢ = A(v - w), from the Definition 1.3.2
and the properties of the norm of a vector, one has

a=(Av)-w = [[Av]| [[w] cosa’ = |A[[Iv]| [w]| cos o/
b=v-(w) = |[v] [|Aw[|cos o” = [[V]| [A[[lw] cos "
c=Av-w) = A(|v]l [lw]l cos @) = Al[v]| [[w] cos a

wherea’:()\/v)\w,a”zmanda:x’f'v\v.IfA:O,thena:b:c:O.
If A> 0, then [\| =\ and o = & = o”; from the commutativity and the
associativity of the product in R, this gives that a = b =c. If A < 0, then
Nl = —Aand o/ = o = 7 — a, thus giving cos &' = cosa”” = — cos . These
reada =b =c.

(iii)) We sketch the proof for parallel u, v, w. Under this condition, the result depends
on the relative orientations of the vectors. If u, v, w have the same orientation,
one has

u-(v+w) = ul [[v+w]
= [[al[([[vIl + Wl
= [lall [IvIl + [[all [[w|
=u-v4+u-w.

If v and w have the same orientation, which is not the orientation of u, one has

u-(v+w) =—lul [[v+w]
= —[uldivil + lIwl)
= —llall [Iv]| = [[ull [[w]|
=u-v+u-w.

We leave the reader to explicitly prove the other cases. O
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By expressing vectors in V?, in terms of an orthogonal cartesian coordinate system,
the scalar product has an expression that will allow us to define the scalar product of
vectors in the more general situation of euclidean spaces.

Proposition 1.3.5 Given (0; i, j, k), an orthogonal cartesian coordinate system for
S; with vectors v = (vy, vy, v;) and W = (Wy, wy, w;) in V?), one has

VoW = VW + VyWy + VW,

Proof Withv = v,i+v,j+v.kandw = w,i + w,j + w_k, from Proposition 1.3.4,
one has

Vew= (v~ vyj+v.Kk) - (wid+ wyj+ wk)
= vw,d-i+vywej-i+vowk-i

+ vewyi-jHvywyj-j+vowykej+ vewi-k+vywj-k+vw k- k.

The result follows directly from (4) in Remark 1.3.3, thatisi-j=j-k=k-i=0
aswellasi-i=j-j=k-k=1. |

Exercise 1.3.6 With respect to a given cartesian orthogonal coordinate system, con-
sider the vectors v = (2,3, 1) and w = (1, —1, 1). We verify they are orthogonal.
From (2) in Remark 1.3.3 this is equivalent to show that v - w = 0. From Proposition
1.35,onehasv-w=2-1+3-(-1)+1-1=0.

Example 1.3.7 Ifthemapx(¢) : R o t — x(t) € V?) describes the motion (notice
that the range of the map gives the trajectory) of a point mass (with mass m), its
kinetic energy is defined by

T =1 Iv(D)|?
= —-m .
2

With respect to an orthogonal coordinate system X = (O;li,j, k), given
v(t) = (vx (1), vy(t),v.(¢)) as in the Example 1.2.7, we have from the Proposi-
tion 1.3.5 that

1
Also the following notion will be generalised in the context of euclidean spaces.

Definition 1.3.8 Given two non zero vectors v and w in V3, the orthogonal projec-
tion of v along w is defined as the vector vy, in V}, given by

vV-w
= w.
[[wl|?

Vw

As the first part of Fig. 1.7 displays, vy is parallel to w.

From the identities proven in Proposition 1.3.4 one easily has
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u

Fig. 1.7 Orthogonal projections

Proposition 1.3.9 For any u, v, w € V3, the following identities hold:

(@) W+ V)y = Uy + Vy,
(b)) V- W=Vy -W=Wy-V.

The point (a) is illustrated by the second part of the Fig. 1.7.

Remark 1.3.10 The scalar product we have defined is a map
CT:V%XV%—)R, o(V,W) =V-w.

Also, the scalar product of vectors on a plane is a map o : Vé X V% — R.

Definition 1.3.11 Letv,w € Vg. The vector product between v and w, denoted by
v A W, is defined as the vector in V% whose modulus is

v Awl=]v| [w]sinc,
where o = VW, with 0 < o < 7 is the angle defined by v e w; the direction of v A w

is orthogonal to both v and w; and its orientation is such that (v, w,v Aw) is a
right-handed triple as in Definition 1.2.4.

Remark 1.3.12 The following properties follow directly from the definition.

(i) ifv=0thenvAw=0,
(@i1) if v and w are both non zero then

VAW=0 <= sina=0 <= v]|w,

(one trivially has v A v = 0),
(iii) if (0;1,j, k) is an orthogonal cartesian coordinate system, then

inj=k=—jAi, jrk=i=—-kAj, kni=j=—-iAk.

We omit to prove the following proposition.
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Proposition 1.3.13 Foranyu,v,w € V% and A € R, the following identities holds:

(i) VAW=—WAY,
(ii) AV) AW =VAAW) = A(VAW)
(iii) WA (V+W) =UAV+UAW,

Exercise 1.3.14 With respect to a given cartesian orthogonal coordinate system,
consider in Vg the vectors v = (1,0, —1) e w = (—2, 0, 2). To verify that they are
parallel, we recall the abov e result (ii) in the Remark 1.3.12 and compute, using the
Proposition 1.3.15, that v A w = 0.

Proposition 1.3.15 Let v = (v, v,,v;) and w = (wy, wy, w;) be elements in V?)
with respect to a given cartesian orthogonal coordinate system. It is

VAW = (VyWw; — V, Wy, V,Wy — Vy Wz, VxWy — VyWy).

Proof Given the Remark 1.3.12 and the Proposition 1.3.13, this comes as an easy
computation. O

Remark 1.3.16 The vector product defines a map
TIVE XV — Vi T(V, W) =VAW.

Clearly, such a map has no meaning on a plane.

Example 1.3.17 By slightly extending the Definition 1.3.11, one can use the vec-
tor product for additional notions coming from physics. Following Sect. 1.1, we
consider vectors u, w as elements in W3, that is vectors applied at arbitrary
points in the physical three dimensional space S, with components w = (i, Uy, u;)
and w = (w,, w,, w;) with respect to a cartesian orthogonal coordinate system
¥ = (0; 1, j, k). Inparallel with Proposition 1.3.15, we define 7 : W3 x W3 > W3
as

UAW = (UyW, — U Wy, U Wy — U W, UyWy — UyWy).

If u € V2 is a vector applied at x, its momentum with respect to a point X' € S is the
vector in W3 defined by

M=(x-x)Au

In particular, if u = F is a force acting on a point mass in X, its momentum is
M= x—x)AF.

If x(1) € Vé describes the motion of a point mass (with mass m > 0), whose
velocity is v(z), then its corresponding angular momentum with respect to a point x’
is defined by

Ly(t) = x(t) = X) A mv(?).
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Exercise 1.3.18 The angular momentum is usually defined with respect to the origin
of the coordinate system X, giving Lo(#) = x(t) A mv(¢).If we consider a circular
uniform motion

X(1) = (x() = r cos(n), y(t) = rsin(w), z(t) =0),
with » > 0 the radius of the trajectory and w € R the angular velocity, then
v(t) = (vx(t) = —rwsin(wt), y(t) =rwecos(wt), v,(t) = O)

so that
Lo(t) = (0,0, mrw).

Thus, a circular motion on the xy plane has angular momentum along the z axis.

Definition 1.3.19 Given an ordered triple u, v, w € V3 | their mixed product is the
real number
u-(vAw).

Proposition 1.3.20 Given a cartesian orthogonal coordinate system in S with
U= (Uy, Uy, U;), V= Vy,Vy,V;) and W = (wy, wy, w;) in V%, one has

u- (VAW =u,(vyw;, —v,wy) +uy(v,wy — viwy) + u (viwy, — vywy).
Proof It follows immediately by Propositions 1.3.5 and 1.3.15. ]

In the space S, the vector product between u A w is the area of the parallelogram
defined by u and v, while the mixed product u- (v A w) give the volume of the
parallelepiped defined by u, v, w.

Proposition 1.3.21 Givenu,v,w € V3.

1. Denote o = VW the angle defined by v and w. Then, the area A of the parallelo-
gram whose edges are u and v, is given by

A= |lv[l [w]sina = [[vAw].

2. Denote 0 = um) the angle defined by w and v A w. Then the volume V of
the parallelepiped whose edges are u, v, w, is given by

V =Alu|cosf = |u-vAw|.

Proof The claim is evident, as shown in the Figs. 1.8 and 1.9. O
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1.4 Divergence, Rotor, Gradient and Laplacian
We close this chapter by describing how the notion of vector applied at a point also
allows one to introduce a definition of a vector field.
The intuition coming from physics requires to consider, for each point x in the
physical space S, a vector applied at x. We describe it as a map

S>x +— A(X)GVS.

With respect to a given cartesian orthogonal reference system for S we can write
this in components as X = (xj, x2, x3) and A(x) = (A;(X), A>(X), A3(x)) and one

can act on a vector field with partial derivatives (first order differential operators),
ifa=>b

ifa£b"

0, = (0/0x,) witha = 1, 2, 3, defined as usual by
1
0

8(1 (-xb) = (6ab), with 6ab = {

Then, (omitting the explicit dependence of A on x) one defines

k=1

3
divA = ) (%A) R
rotA = (0,43 — D3 A)i + (0341 — 0143)j + (0142 — DAk € V3
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By introducing the triple V = (9, 05, 03), such actions can be formally written as a
scalar product and a vector product, that is

divA = VA
rotA = VAA.

Furthermore, if f : S — R is a real valued function defined on S, that is a (real)
scalar field on S, one has the grad operator

grad f = Vf = (O f, 0.f, 05f)
as well as the Laplacian operator
3
Vif=diviVe) = (D) ad)f = if+5f +05f.
k=1
Exercise 1.4.1 The properties of the mixed products yields a straightforward proof
of the identity
div(rotA) = V- (VAA) =0,
for any vector field A. On the other hand, a direct computation shows also the identity

rot (grad f) = V A (grad f) = 0,

for any scalar field f.



Chapter 2 ®)
Vector Spaces oo

The notion of vector space can be defined over any field K. We shall mainly consider
the case K = R and briefly mention the case K = C. Starting from our exposition,
it is straightforward to generalise to any field.

2.1 Definition and Basic Properties

The model of the construction is the collection of all vectors in the space applied at
a point with the operations of sum and multiplication by a scalar, as described in the
Chap. 1.

Definition 2.1.1 A non empty set V is called a vector space over R (or a real vector
space or an R-vector space) if there are defined two operations,

(a) aninternal one: a sum of vectorss : V xV — V,
VxVswv)—sv)=v+7,
(b) an exterior one: the productby ascalar p : R x V — V
RxV > (k,v)— plk,v)=kov,

and these operations are required to satisfy the following conditions:

(1) There exists an element Oy € V, which is neutral for the sum, such that
(V, +, Oy) is an abelian group.
For any k, k" € R and v, v' € V one has

2) (k+K)Yv=kv+k'v

3) k(v+v) =kv+kv
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@) k(k'v) = (kk")v
5) 1v=v,with1 = 1.

The elements of a vector space are called vectors; the element Oy is the zero or null
vector. A vector space is also called a linear space.

Remark 2.1.2 Given the properties of a group (see A.2.9), the null vector Oy and the
opposite —v to any vector v are (in any given vector space) unique. The sums can
be indeed simplified, that is v + w = v + u = w = u. Such a statement is easily
proven by adding to both terms in v + w = v + u the element —v and using the
associativity of the sum.

As already seen in Chap. 1, the collections Vzo (vectors in a plane) and V30 (vectors
in the space) applied at the point O are real vector spaces. The bijection V30 «— R3
introduced in the Definition 1.2.5, together with the Remark 1.2.9, suggest the natural
definitions of sum and product by a scalar for the set R?® of ordered triples of real
numbers.

Proposition 2.1.3 The collection R? of triples of real numbers together with the
operations defined by

L (x1,x2, x3) + (1, y2, ¥3) = (X1 + y1, X2 + 2, x3 + y3), for any (x1, x2, x3),
(1, y2, y3) € R?,
IL. a(xy, xp, x3) = (axy, axy, ax3), foranya € R, (x1, x2, x3) € R?,

is a real vector space.

Proof We verify that the conditions given in the Definition 2.1.1 are satisfied. We
first notice that (a) and (b) are fullfilled, since R? is closed with respect to the
operations in I. and II. of sum and product by a scalar. The neutral element for the
sum is Ogs = (0, 0, 0), since one clearly has

(x1, x2,x3) +(0,0,0) = (x1, x2, x3).

The datum (R?, +, Ors) is an abelian group, since one has

e The sum (R?, +) is associative, from the associativity of the sum in R:

(x1, x2, x3) + (01, y2, ¥3) + (21, 22, 23))
= (x1, x2,x3) + (y1 + 21, Y2 + 22, y3 + 23)
=1+ O +z), %2+ 02+ 22), x3+ (3 +23)
= ((x1+y1) + 21, 2+ ¥2) + 22, (33 + ¥3) +23)
= (x1 + y1, X2 + y2, X3 + y3) + (21, 22, 23)
= ((x1, x2, x3) + (V1, Y2, ¥3)) + (21, 225 23)-
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e From the identity
(x1, X2, X3) + (—x1, —x2, —x3) = (x1 — X1, X2 — X2, x3 — x3) = (0,0,0)

one has (—x;, —xz, —x3) as the opposite in R3 of the element (x1, x2, x3).
e The group (R?, +) is commutative, since the sum in R is commutative:

(x1, X2, x3) + (¥1, y2, ¥y3) = (X1 + y1, X2 + y2, X3 + ¥3)
= (1 +x1, 2 +x2, y3 + x3)
= (y1, y2, ¥y3) + (x1, x2, x3).

We leave to the reader the task to show that the conditions (1), (2), (3), (4) in Defi-
nition 2.1.1 are satisfied: for any A\, A’ € R and any (x1, x2, x3), (y1, y2, ¥3) € R3 it
holds that

Lo (A4 N)(x1, x2, x3) = A(xq, X2, x3) + N (x1, X2, X3)

2. AM((xrs x2, x3) + (V15 Y2, ¥3)) = A(x1, x2, X3) + A(y1, y2, ¥3)

30 AN (x1, X2, x3)) = (AN)(x1, X2, X3)

4. 1()61,)62,)63) =(X1,XZ,)C3). O
The previous proposition can be generalised in a natural way. If n € N is a positive
natural number, one defines the n-th cartesian product of R, that is the collection of
ordered n-tuples of real numbers

R"={X = (x1,...,%,) : xx € R},

and the following operations, witha € R, (x, ..., x,), (y1, ..., yn) € R™

In. (xp, oo X)) + O ees ) = 0+ Y150 Xn 4 V)
IIn. a(xy,...,x,) = (axy,...,ax,).
The previous proposition can be directly generalised to the following.

Proposition 2.1.4 With respect to the above operations, the set R" is a vector space
over R.

The elements in R" are called n-tuples of real numbers. With the notation
X =(x1,...,x,) € R", the scalar x;, with k = 1,2, ..., n, is the k-th component
of the vector X.

Example 2.1.5 As in the Definition A.3.3, consider the collection of all polynomials
in the indeterminate x and coefficients in R, that is

Rix] = {f(x) = ap + a1x + axx® +--- +a,x" : ax € R, n >0},

with the operations of sum and product by a scalar A\ € R defined, for any pair of
elements in R[x], f(x) =ag + a;x + ax*> + - -- + a,x" and g(x) = by + b1x +
boxt+ -+ byx™, component-wise by
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Ip. f(x)+g(x)=ao+bo+ (a+b)x+ (a2 +b)x*+ -
Ilp. A\f(x) = Aap + \ajx + Arx? 4 - 4 da,x".

Endowed with the previous operations, the set R[x] is a real vector space; R[x] is
indeed closed with respect to the operations above. The null polynomial, denoted by
Oppyj (that is the polynomial with all coefficients equal zero), is the neutral element
for the sum. The opposite to the polynomial f(x) = ag + a;x + ax* + - - - + a,x"
is the polynomial (—ag — a;x — arx?> —--- — a,x") € R[x] that one denotes by
— f(x). We leave to the reader to prove that (R[x], 4, Og[y]) is an abelian group and
that all the additional conditions in Definition 2.1.1 are fulfilled.

Exercise 2.1.6 We know from the Proposition A.3.5 that R[x],, the subset in R[x]
of polynomials with degree not larger than a fixed » € N, is closed under addition
of polynomials. Since the degree of the polynomial A f (x) coincides with the degree
of f(x) for any A # 0, we see that also the product by a scalar, as defined in Ilp.
above, is defined consistently on R[x],. It is easy to verify that also R[x], is a real
vector space.

Remark 2.1.7 The proof that R”, R[x] and R[x], are vector space over R relies on
the properties of R as a field (in fact a ring, since the multiplicative inverse in R does
not play any role).

Exercise 2.1.8 The set C", that is the collection of ordered n-tuples of complex
numbers, can be given the structure of a vector space over C. Indeed, both the
operations In. and IIn. considered in the Proposition 2.1.3 when intended for complex
numbers make perfectly sense:

IC' (Zl;-~-7Zn)+(w],-~~,wn)Z(Zl+wl,-~-7Zn+wn)
Ilc. c(zi,...,20) = (c21,...,C2Zn)
withc € C, and (z1, ..., 2,), (wy, ..., w,) € C".

The reader is left to show that C" is a vector space over C.

The space C" can also be given a structure of vector space over R, by noticing
that the product of a complex number by a real number is a complex number. This
means that C" is closed with respect to the operations of (component-wise) product
by a real scalar. The condition Ilc. above makes sense when ¢ € R.

We next analyse some elementary properties of general vector spaces.

Proposition 2.1.9 Let V be a vector space over R. For any k € Rand any v € V it
holds that:

(i) Orv = Oy,

(ii) kOy = Oy,
(iii) if kv = Oy then it is either k = Og or v = Oy,
(iv) (—k)v = —(kv) = k(—v).

Proof (i) From Orv = (Og 4+ Or)v = Orv + Ogrv, since the sums can be simpli-
fied, one has that Ogv = Oy.
(i1) Analogously: kOy = k(Oy + Oy) = kOy + kOy which yields kOy = Oy .
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(iii) Letk # 0, so k~' € Rexists. Then, v = lv = k~'kv = k~'0y = Oy, with the
last equality coming from (ii).

(iv) Since the product is distributive over the sum, from (i) it follows that
kv 4+ (—k)v = (k + (—k))v = Ogv = Oy that is the first equality. For the sec-
ond, one writes analogously kv + k(—v) = k(v — v) = kOy = Oy O

Relations (i), (ii), (iii) above are more succinctly expressed by the equivalence:

kv=0y <= k=0 or v=0y.

2.2 Vector Subspaces

Among the subsets of a real vector space, of particular relevance are those which
inherit from V a vector space structure.

Definition 2.2.1 Let V be a vector space over R with respect to the sum s and the
product p as given in the Definition 2.1.1. Let W C V be a subset of V. One says
that W is a vector subspace of V if the restrictions of s and p to W equip W with
the structure of a vector space over R.

In order to establish whether a subset W C V of a vector space is a vector subspace,
the following can be seen as criteria.

Proposition 2.2.2 Let W be a non empty subset of the real vector space V. The
following conditions are equivalent.

(i) W is a vector subspace of V,
(ii) W is closed with respect to the sum and the product by a scalar, that is

(a) w+w €W, foranyw,w € W,
(b) kwe W, foranyk e Randw € W,

(iii) kw +k'w' € W, foranyk,k' € R and any w, w' € W.

Proof The implications (i) = ii) and (ii) = (iii) are obvious from the definition.

(iii) = (ii): By taking k = k" = 1 one obtains (a), while to show point (b) one
takes k' = Op.

(i1) = (i): Notice that, by hypothesis, W is closed with respect to the sum and
product by a scalar. Associativity and commutativity hold in W since they hold in V.

One only needs to prove that W has a neutral element Oy and that, for such a
neutral element, any vector in W has an opposite in W. If Oy € W, then Oy is the
zero element in W: for any w € W one has Oy + w = w + Oy = w since w € V;
from ii, (b) one has Orw € W for any w € W; from the Proposition 2.1.9 one has
Orw = Oy; collecting these relations, one concludes that Oy € W. If w € W, again
from the Proposition 2.1.9 one gets that —w = (—1)w € W. (]
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Exercise 2.2.3 Both W = {Oy} C V and W = V C V are trivial vector subspaces
of V.

Exercise 2.2.4 We have already seen that R[x], € R[x] are vector spaces with
respect to the same operations, so we may conclude that R[x], is a vector subspace
of R[x].

Exercise 2.2.5 Let v € V anon zero vector in a vector space, and let
LW)={av : aeR}CV

be the collection of all multiples of v by a real scalar. Given the elements w = av
and w’ = a’v in L(v), from the equality

ow + od'w' = (ca + da’)v € L(v)

for any o, o € R, we see that, from the Proposition 2.2.2, £L(v) is a vector subspace
of V, and we call it the (vector) line generated by v.

Exercise 2.2.6 Consider the following subsets W C R2:

Wy ={(x,y) eR?>: x =3y =0},
Wy ={(x,y) eR* : x+y=1},
Wi ={(x,y) e R* : x e N},

4. Wy={(x,y) eR? : x2—y=0}.

w =

From the previous exercise, one sees that W; is a vector subspace since
Wi = L((3, 1)). On the other hand, W,, W3, W, are not vector subspaces of R2. The
zero vector (0, 0) ¢ W,; while W5 and W, are not closed with respect to the product
by ascalar, since, for example, (1, 0) € W but %(1, 0) = (%, 0) ¢ W3. Analogously,
(1,1) e Wabut2(1,1) = (2,2) ¢ Wy.

The next step consists in showing how, given two or more vector subspaces of a
real vector space V, one can define new vector subspaces of V via suitable operations.

Proposition 2.2.7 The intersection Wi N W, of any two vector subspaces Wy and
W, of a real vector space V is a vector subspace of V.

Proof Considera, b € R and v, w € W; N W,. From the Propostion 2.2.2 it follows
that av + bw € W, since W, is a vector subspace, and also that av + bw € W, for
the same reason. As a consequence, one has av + bw € W; N W,. |

Remark 2.2.8 In general, the union of two vector subspaces of V is not a vector
subspace of V. As an example, the Fig. 2.1 shows that, if £(v) and £(w) are generated
by different v, w € RZ, then £(v) U L(w) is not closed under the sum, since it does
not contain the sum v + w, for instance.
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Fig. 2.1 The vector line £(v + w) with respect to the vector lines £(v) and £(w)

Proposition 2.2.9 Let W and W, be vector subspaces of the real vector space V
and let W + W, denote

Wi+W={veV]|v=w +wy w €W, wye W} CV.

Then Wy + W, is the smallest vector subspace of V which contains the union
Wi U W,.

Proof Leta,a’ € Rand v, v € W; + W,; this means that there exist w;, wj € W,
and wy, w), € Wa, so that v = w; + w; and v’ = w; + wj. Since both W; and W,
are vector subspaces of V, from the identity

av +a'v' = aw; + aw, + d'w] + d'w) = (aw, + d'w)) + (awz + a'w)),

onehasaw; + a’w| € Wyandaw, + a’w) € W,.Itfollows that W; + W, is a vector
subspace of V.

It holds that Wy + W, D W; U W,: if wy € Wy, it is indeed w; = w; 4+ Oy in
W, + W,; one similarly shows that W, C W + W,.

Finally, let Z be a vector subspace of V containing W; U W,; then for any
w; € Wy and w, € W, it must be w; + wy € Z. This implies Z 2> W; + W,, and
then W, + W, is the smallest of such vector subspaces Z. O

Definition 2.2.10 If W, and W, are vector subspaces of the real vector space V the
vector subspace W; + W, of V is called the sum of W) e W,.

The previous proposition and definition are easily generalised, in particular:

Definition 2.2.11 If Wy, ..., W, are vector subspaces of the real subspace V, the
vector subspace

Wi+ +W,=fveV]iv=w+--+w,; wyeW;, i=1,...,n}

of V is the sum of Wy, ..., W,.



24 2 Vector Spaces

Definition 2.2.12 Let W, and W, be vector subspaces of the real vector space V. The
sum W, 4+ W, is called direct if Wi N W, = {0y }. A direct sum is denoted W & W,.

Proposition 2.2.13 Let Wi, W, be vector subspaces of the real vector space V.
Their sum W = W, + W, is direct if and only if any element v € W, 4+ W, has a
unique decomposition as v = wy + wy with w; € W;, i = 1,2.

Proof We first suppose that the sum W, + W, is direct, that is Wi N W, = {Oy }. If
there exists anelementv € W, + Wy withv = wy + wp, = w| + w),andw;, w; € W;,
then w; — w| = w) — w; and such an element would belong to both W; and W-.
This would then be zero, since W; N W, = {Oy}, and then w; = w] and w, = wj.
Suppose now that any element v € W; + W, has a unique decomposition
v=w; +wy withw;, e W;, i =1,2. Letve WNW,, thenve Wiand v e W,
which gives Oy = v — v € W + W,, so the zero vector has a unique decomposition.

Butclearly also Oy = Oy + Oy and being the decomposition for Oy unique, this gives
V= Ov. O

These proposition gives a natural way to generalise the notion of direct sum to an
arbitrary number of vector subspaces of a given vector space.

Definition 2.2.14 Let Wy, ..., W, be vector subspaces of the real vector space V.
The sum W) 4 - - -+ W, is called direct if any of its element has a unique decom-
position as v = w; + --- + w, with w; € W;, i =1, ..., n. The direct sum vector
subspace is denoted W, & - - - & W,,.

2.3 Linear Combinations

We have seen in Chap. 1 that, given a cartesian coordinate system ¥ = (0O; 1, j, k)
for the space S, any vector v € V3 can be written as v = ai + bj + ck. One says
that v is a linear combination of i, j, K. From the Definition 1.2.5 we also know that,
given X, the components (a, b, ¢) are uniquely determined by v. For this one says
that i, j, k are linearly independent. In this section we introduce these notions for an
arbitrary vector space.

Definition 2.3.1 Letuvy, ..., v, be arbitrary elements of a real vector space V. A vec-
torv € Visalinear combinationof vy, ..., v, ifthereexistn scalars \j, ..., \, € R,
such that

V=Avr + -4+ Aoy
The collection of all linear combinations of the vectors vy, ..., v, is denoted by
Ly, ...,v,). If I C V is an arbitrary subset of V, by £(/) one denotes the col-

lection of all possible linear combinations of vectors in 7, that is

L) ={ Nvi+---+Mv, | eR, v el, n>0}
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The set £(1) is also called the linear span of I.

Proposition 2.3.2 The space L(vy, ..., v,) is a vector subspace of V, called the
space generated by vy, ..., v, or the linear span of the vectors vy, . .., Up.

Proof After Proposition 2.2.2, it is enough to show that L(vy, ..., v,) is closed
for the sum and the product by a scalar. Let v, w € L(vy, ..., v,); it is then
v=MNv+---+ A\, and w = vy + -+ - + p,v,, for scalars Aj, ..., A\, and
Wi, ..., 4y Recalling point (2) in the Definition 2.1.1, one has

U+w:(>\1+N1)U1+"'+(>\n+ﬂn)vneﬁ(vlv---»vn)-

Next, let a € R. Again from the Definition 2.1.1 (point 4)), one has av = (aA;)v; +
-+ + (aA\,)v,, which gives av € L(vy, ..., v,). O

Exercise 2.3.3 The following are two examples for the notion just introduced.

(1) Clearly one has V2 = L(i, j) and V}, = L(i, j, k).

(2) Letv = (1,0, —1) and w = (2, 0, 0) be two vectors in R3; it is easy to see that
L(v,w) is a proper subset of R3. For example, the vector
u=(0,1,0) ¢ L(v, w). If u were in L(v, w), there should be «, 3 € R such
that

0,1,0) = a(1,0,—-1) + 5(2,0,0) = (o + 205, 0, —a).

No choice of «, 3 € R can satisfy this vector identity, since the second com-
ponent equality would give 1 = 0, independently of «, 3.

It is interesting to explore which subsets I € V yield £(I) = V. Clearly, one has
V = L(V). The example (1) above shows that there are proper subsets I C V
whose linear span coincides with V itself. We already know that V2 = L(i, j) and
that V(3) = L(i, j, k): both V(3) and Vé are generated by a finite number of (their)
vectors. This is not always the case, as the following exercise shows.

Exercise 2.3.4 The real vector space R[x] is not generated by a finite num-
ber of vectors. Indeed, let fi(x), ..., f,(x) € R[x] be arbitrary polynomials. Any
px) e L(fi,..., fn) is written as

p(x) = ALfi(x) + -+ A fu(x)

with suitable A}, ..., A, € R.If one writes d; = deg(f;) and d = max{d,, ..., d,},
from Remark A.3.5 one has that

deg(p(x)) = deg(A1 fi(x) + -+ + Ay fu(x¥)) < max{d,, ..., d,} =d.

This means that any polynomial of degree d 4+ 1 or higher is not contained in
L(f1, ..., fn). This is the case for any finite n, giving a finite d; we conclude that, if
n is finite, any £(I) with I = (fi(x), ..., fu(x)) is a proper subset of R[x] which
can then not be generated by a finite number of polynomials.
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On the other hand, R[x] is indeed the linear span of the infinite set

(1, x,x%, ..., x L ).

Definition 2.3.5 A vector space V over R is said to be finitely generated if
there exists a finite number of elements v,...,v, in V which are such that
V = L(vy,...,v,). In such a case, the set {vy, ..., v,} is called a system of gen-
erators for V.

Proposition 2.3.6 Let I C V andv € V. It holds that
LEIUI) = L) = veLd).

Proof “ =" Let us assume that L({v} U ) = L(I). Since v € L{v} U I), then
ve L)

“<«” We shall prove the claim under the hypothesis that we have a finite
system {vy, ..., v,}. The inclusion £(I) € L({v}U ) is obvious. To prove the
inclusion L({v} U I) € L(I), consider an arbitrary element w € L({v} U I), so that
w=av+ v +---+ pu,v,. By the hypothesis, ve L(I) so it is
v = A\{v; + --- 4+ \,v,. We can then write

w = OZ()\]U] + .- +)\nUn) +/1'1U1 + .- +ann-

From the properties of the sum of vectors in V', one concludes that w € L(vy, ..., v,)
= L(). O

Remark 2.3.7 From the previous proposition one has also the identity
Ly, ..., 0, 00) = L(v1, ..., v,)

for any vy, ..., v, € V.

If I is a system of generators for V, the next question to address is whether /
contains a minimal set of generators for V, that is whether there exists a set J C 1
(with J # I) such that £(J) = L(I) = V. The answer to this question leads to the
notion of linear independence for a set of vectors.

Definition 2.3.8 Givenacollection/ = {vy, ..., v,} of vectors in a real vector space
V, the elements of I are called linearly independent on R, and the system [ is said
to be free, if the following implication holds,

)\1v1+-~-+)\,,vn=OV EESS )\1:"'2)\,1:0]]{.

That is, if the only linear combination of elements of I giving the zero vector is the
one whose coefficients are all zero.

Analogously, an infinite system I C V is said to be free if any of its finite subsets
is free.
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The vectors vy, ...,v, € V are said to be linearly dependent if they are not
linearly independent, that is if there are scalars (A, ..., \;) # (0, ..., 0) such that
)\1U1 —+ -+ )\nvn = Ov.

Exercise 2.3.9 It is clear that i, j, k are linearly independent in V3, while the vec-
tors v; =i+ j, v, =j — k and vz = 2i — j + 3k are linearly dependent, since one
computes that 2v; — 3v; —v3 = 0.

Proposition 2.3.10 Let V be a real vector space and I = {vy, ..., v,} be a collec-
tion of vectors in V. The following properties hold true:

(i) if Oy € I, then I is not free,
(ii) 1 is not free if and only if one of the elements v; is a linear combination of the
other elements vy, ..., Vi—1, Vitl, ..., Up,
(iii) if I is not free, then any J 2 I is not free,
(iv) if I is free, then any J such that J C I is free; that is any subsystem of a free
system is free.

Proof 1) Without loss of generality we suppose that v; = Oy. Then, one has
Irvy 4+ Ogvy + - - - 4+ Orv, = Oy,

which amounts to say that the zero vector can be written as a linear combination
of elements in / with a non zero coefficients.

(i1) Suppose I is not free. Then, there exists scalars (A, ..., A,) # (0,...,0) giv-
ing the combination Ajv; + - - - + A\, v, = Oy. Without loss of generality take
A1 # 0; so A\ is invertible and we can write

v = )\1_1(—)\21)2 — o= Ap) € L(v2, ..., V).

In order to prove the converse, we start by assuming that a vector v; is a linear
combination

Vi = Avr s Ao A Vi o+ A
This identity can be written in the form
Avp 4 NV = U+ A Vi e+ A, = 0y
The zero vector is then written as a linear combination with coefficients not all
identically zero, since the coefficient of v; is —1. This amounts to say that the

system [ is not free.
We leave the reader to show the obvious points (iii) and (iv). [l
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2.4 Bases of a Vector Space

Given areal vector space V, in this section we determine its smallest possible systems
of generators, together with their cardinalities.

Proposition 2.4.1 Let V be a real vector space, with vy, ..., v, € V. The following

facts are equivalent:

(i) the elements vy, ..., v, are linearly independent,

(ii) vy # Oy and, for any i > 2, the vector v; is not a linear combination of
Uy eeny Ui—1.

Proof The implication (i) = (ii) directly follows from the Proposition 2.3.10.
To show the implication (ii) = (i) we start by considering a combination
vy + -+ + \v, = Oy. Under the hypothesis, v, is not a linear combination of

Vl,...,Us_1, SO it must be )\, =0: were it not, one could write v, =
AN (=M — - = A\y_1v,—1). We are then left with \jvy + -+ + X\,_1v,1 = Oy,
and an analogous reasoning leads to \,_; = 0. After n — 1 similar steps, one has
Av; = 0; since v # 0 by hypothesis, it must be (see 2.1.5) that \; = 0. O

Theorem 2.4.2 Any finite system of generators for a vector space V contains a free
system of generators for V.

Proof Let I = {vy, ..., v} be a system of generators for a real vector space V.
Recalling the Remark 2.3.7, we can take v; # 0 for any i = 1,...,s. We define
iteratively a system of subsets of 7, as follows:

etake I} =1 = {vy,..., v},

o ifv, € L(vy), take I, = I, \ {va};if vy ;ﬁ L(vy), take I, = I,

o if V3 € E(Ul, Uz), take 13 = 12 \ {U3}; if U3 ;ﬁ L(vl, Uz), take 13 = 12,
e [terate the steps above.

The whole procedure consists in examining any element in the starting /; = I, and
deleting it if it is a linear combination of the previous ones. After s steps, one ends
upwithachain/; 2 --- 2D ;D 1.

Notice that, for any j =2,...,s,itis £(I;) = L(I;_;). Itis indeed either /; =
I;_1 (which makes the claim obvious)or I;_; = I; U {v;}, withv; € L(vy, ..., vj_1)
C L(Ij_1); from Proposition 2.3.6, it follows that £L(I;) = L(I;—;).

One has then £(I) = L(I}) = --- = L(Iy), and [ is a system of generators of
V. Since no element in I is a linear combination of the previous ones, the Proposi-
tion 2.4.1 shows that /I, is free. O

Definition 2.4.3 Let V be a real vector space. An ordered system of vectors [ =
(v1,...,v,)in Vis called a basis of V if I is a free system of generators for V, that
isV =L(vy,...,v,) and vy, ..., v, are linearly independent.

Corollary 2.4.4 Any finite system of generators for a vector space contains (at least)
a basis. This means also that any finitely generated vector space has a basis.
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Proof 1t follows directly from the Theorem 2.4.2. (]
Exercise 2.4.5 Consider the vector space R? and the system of vectors I = {vy, ..., vs}
with

vi=(,1, =D, v=(-2,-22), =201, vu=(1-12), vs=(0,11D.

Following Theorem 2.4.2, we determine a basis for L£(vy, vy, v3, v4, Vs).

At the first step I} = 1.

Since v; = —2vy, so that v, € L(vy), delete v, and take I, = I \ {v,}.

One has v ¢ L(v), so keep v; and take I3 = 1.

One has v4 € L(vy, v3) if and only if there exist «, 5 € R such that vy =
avy + fus, thatis (1, —1, 2) = (a 4+ 206, a, —a + (). By equating components,
one has a« = —1, 3 = 1. This shows that v4 = —v; + v3 € L(vy, v3); therefore
delete vy and take Iy = I3\ {v4}.

e Similarly one shows that vs ¢ L(v;, v3). A basis for £(I) is then Is = I, =
(v1, v3, vs).

The next theorem characterises free systems.

Theorem 2.4.6 A system I = {vy, ..., v,} of vectors in V is free if and only if any
element in L(vy, ..., v,) can be written in a unique way as a linear combination of
the elements vy, ..., v,.

Proof We assume that [ is free and that L(vy, .. ., v,) contains a vector, say v, which
has two linear decompositions with respect to the vectors v;:

U=/\1U1+"‘+)\,1Un:M1U1+"'+/.L,1Un.

This identity would give (A\; — p1)vy + - - - + (A — ) v, = Oy ; since the elements
v; are linearly independent it would read

)\1_,[1/1:07 e 7)\n_un=05

thatis \; = p; forany i = 1, ..., n. This says that the two linear expressions above
coincide and v is written in a unique way.

We assume next that any element in L(vy, ..., v,) as a unique linear decomposi-
tion with respect to the vectors v;. This means that the zero vector Oy € L(vy, ..., v,)
has the unique decomposition Oy = Ogrv; + - - - + Ogrv,. Let us consider the expres-
sion A\jv; 4 - -+ 4+ A,v, = Oy; since the linear decomposition of Oy is unique, it

is \; =0 for any i =1, ..., n. This says that the vectors vy, ..., v, are linearly
independent. (]
Corollary 2.4.7 Let vy, ..., v, be elements of a real vector space V. The system
I = (vy,...,vy) is a basis for V if and only if any element v € V can be written in

a unique way as v = A\jv; + - - - + A\, vy
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Definition 2.4.8 Let I = (v, ..., v,) be a basis for the real vector space V. Any
v € V is then written as a linear combination v = A\jv; + - -+ + \,v, is a unique
way. The scalars Ay, ..., A, (which are uniquely determined by Corollary 2.4.7) are
called the components of v on the basis /. We denote this by

v=(A1 L A

Remark 2.4.9 Notice that we have taken a free system in a vector space V and
a system of generators for V not to be ordered sets while on the other hand, the
Definition 2.4.3 refers to a basis as an ordered set. This choice is motivated by the
fact that it is more useful to consider the components of a vector on a given basis
as an ordered array of scalars. For example, if I = (v, vp) is a basis for V, so it is
J = (v2, v1). But one considers I equivalent to J as systems of generators for V,
not as bases.

Exercise 2.4.10 With £ = (i, j) and £ = (j, i) two bases for Vf), the vector v =
2i + 3j has the following components

v=(2,3)e=(3,2¢

when expressed with respect to them.

Remark 2.4.11 Consider the real vector space R” and the vectors

er =(1,0,...,0),
622(0’17-~-10)1

en = (0,0,...,1).

Since any element v = (x1, ..., X,) can be uniquely written as
(X1, -0y X)) = X101 + - -+ X,
the system £ = (ey, ..., ¢,) is a basis for R".
Definition 2.4.12 The system £ = (ey, ..., e,) above is called the canonical basis
for R".

The canonical basis for R? is £ = (e, 3), with e; = (1, 0) and e, = (0, 1); the
canonical basis for R3 is €& = (e, e, €3), with ¢; = (1,0, 0), e, = (0, 1,0) and
e3 = (0,0, 1).

Remark 2.4.13 We have meaningfully introduced the notion of a canonical basis for
R”". Our analysis so far should nonetheless make it clear that for an arbitrary vector
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space V over R there is no canonical choice of a basis. The exercises that follow
indeed show that some vector spaces have bases which appear more natural than
others, in a sense.

Exercise 2.4.14 We refer to the Exercise 2.1.8 and consider C as a vector space
over R. As such it is generated by the two elements 1 and i since any complex
number can be written as z = a + ib, with a, b € R. Since the elements 1,1 are
linearly independent over R they are a basis over R for C.

As already seen in the Exercise 2.1.8, C" is a vector space both over C and over R.
As a C-vector space, C" has canonical basis £ = (ey, ..., e,), where the elements
e; are given as in the Remark 2.4.11. For example, the canonical basis for C? is
E = (ey, ), withe; = (1,0), e, = (0, 1).

As a real vector space, C" has no canonical basis. It is natural to consider for it
the following basis B = (b1, ¢y ..., b,, ¢,), made of the 2n following elements,

by =(1,0,...,0), ¢ =(G,0,...,0),
b, =(0,1,...,0), c=(0,i,...,0),

b, =(0,0,...,1), ¢, =(0,0,...,1).

For C? such a basis is B = (b1, ¢y, ba, ¢2), with b, = (1,0), ¢; = (i,0), and
by =(0,1),c; = (0,1).

Exercise 2.4.15 The real vector space R[x], has a natural basis given by all the
monomials (1, x,x2,...,x") with degree less than r, since any element
p(x) € R[x], can be written in a unique way as

px) =ap+aix + ax®+ - ax,

with a; € R.

Remark 2.4.16 We have seen in Chap. 1 that, by introducing a cartesian coordinate
system in V3, and with the notion of components for the vectors, the vector space
operations in V}, can be written in terms of operations among components. This fact
is generalised in the following way.

LetI = (vy,...,v,) beabasisfor V.Letv, w € V,withv = (\,..., \,); and
w = (uy, ..., uy)s the corresponding components with respect to /. We compute
the components, with respect to 7, of the vectors v + w. We have

vt+w = ()\lvl +"'+)\nvn)+(,ulvl +"'+ann)
= (>\1 +N1)U1 +--+ ()\n +/ffn)vns

SO We can write
U+w=(>\l +M19~~-,An+,un)l'



32 2 Vector Spaces
Next, with a € R we also have
av = a()\lvl +--+ )\nvn) = ((1)\1)01 + -+ (a)\n)vn’

SO We can write
av = (a\,...,a\,);.

If z = av + bw with, z = (&1, ..., &)y, it is immediate to see that

&1y oo &)1 = (@M +bur, ..., aX, + by

or equivalently
& =a)i + by, forany i=1,...,n.

Proposition 2.4.17 Let V be a vector space over R, and I = (vy, ..., v,) a basis
for V. Consider a system

wi = A, oA w2 =ar,c Ao)r e Wy = (A, o, A

of vectors in V, and denote z = (&1, ..., &) 1. One has that

Z=aywi + -+ agw; — S =a i+ +aghg forany i =1,..., n.
The i-th component of the linear combination z of the vectors wy, is given by the
same linear combination of the i-th components of the vectors wy.

Proof Tt comes as a direct generalisation of the previous remark. (]

Corollary 2.4.18 With the same notations as before, one has that

(a) the vectors wy, ..., wy are linearly independent in V if and only if the corre-
sponding n-tuples of components (A1, ..., AMn)s - - oy (As1, « - - s Asn) are linearly
independent in R",

(b) the vectors wy, ..., ws form a system of generators for V if and only if the cor-
responding n-tuples of components (Ai1, ..., An)s - -« (g1, - . ., Asn) generate
R™.

A free system can be completed to a basis for a given vector space.

Theorem 2.4.19 Let V be a finitely generated real vector space. Any free finite
system is contained in a basis for V.

Proof Let I = {vy, ..., vs} be a free system for the real vector space V. By the
Corollary 2.4.4, V has a basis, that we denote B = (eq, ..., e,). The set ] UB =
{vi,..., v, eq,...,e,} obviously generates V. By applying the procedure given

in the Theorem 2.4.2, the first s vectors are not deleted, since they are linearly
independent by hypothesis; the subsystem /3’ one ends up with at the end of the
procedure will then be a basis for V' that contains /. ]
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2.5 The Dimension of a Vector Space

The following (somewhat intuitive) result is given without proof.

Theorem 2.5.1 Let V be a vector space over R with a basis made of n elements.
Then,

(i) any free system I in 'V contains at most n elements,
(ii) any system of generators for V has at least n elements,
(iii) any basis for V has n elements.

This theorem makes sure that the following definition is consistent.

Definition 2.5.2 If there exists a positive integer n > 0, such that the real vector
space V has a basis with n elements, we say that V has dimension n, and write
dimV =n. If V is not finitely generated we set dimV = oo. If V = {0y} we set
dimV =0.

Exercise 2.5.3 Following what we have extensively described above, it is clear that
dim V% = 2 and dim V% = 3. Also dim R" = n, with dim R = 1, and we have that
dim R[x] = oo while dim R[x], = r + 1. Referring to the Exercise 2.4.14, one has
that dim¢ C" = n while dimp C" = 2n.

We omit the proof of the following results.

Proposition 2.5.4 Let V be a n-dimensional vector space, and W a vector subspace
of V. Then, dim(W) < n, while dim(W) = n if and only if W = V.

Corollary 2.5.5 Let V be a n-dimensional vector space, and vy, ..., v, € V. The
following facts are equivalent:

(i) the system (vy, ..., v,) is a basis for V,
(ii) the system {vy, ..., v,} is free,
(iii) the system {vy, ..., v,} generates V.

Theorem 2.5.6 (Grassmann) Let V a finite dimensional vector space, with U and
W two vector subspaces of V. It holds that

dim(U + W) = dim(U) + dim(W) — dim(U N W).

Proof Denote r = dim(U), s = dim(W) and p = dim(U N W). We need to show
that U + W has a basis with r + s — p elements.

Let (v, ..., v,) be a basis for U N W. By the Theorem 2.4.19 such a free sys-
tem can be completed to a basis (vi,...,v,, Uy, ...,u,—p) for U and to a basis
Wiy .oV, Wi, ., we—p) for W

We then show that I = (v, ..., vp, Uy, ..., Ur—p, Wi, ..., Ws—p) is a basis for

the vector space U + W. Since any vectorin U + W has the formu + w, withu € U
and w € W, and since u is a linear combination of vy, ..., v,, uy, ..., u,_,, while w
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is a linear combination of vy, ..., v,, wy, ..., wy_,, the system I generates U + W.
Next, consider the combination

avy + - oy + iy o+ B pltp—p V1w F - F Y pWs—p = Oy

Denoting forbrevity v = 37 cyvi,u = 3 °\2 Bjujand w = 37, 7Y yewy, we write
this equality as
v+u—+w =0y,

withveUNW,uelU, we W.Sincev,u e U,thenw=—-v—uecU;sow e
U N W. This implies

w = YW +"'+stfpwsfp = )\lvl +"'+)\pvp

for suitable scalars A;: in fact we know that {vy, ..., v,, wy, ..., ws—,} is a free
system, so any -y, must be zero. We need then to prove that, from

avy + - apvp + B+ A+ Bepty—p = Oy

it follows that all the coefficients «; and 3; are zero. This is true, since (vy, ..., vp,
ui,...,ur_p)is abasis for U. Thus I is a free system. [l

Corollary 2.5.7 Let W, and W, be vector subspaces of V. If W\ & W, can be
defined, then
dim(W; @ W,) = dim(W;) 4 dim(W5).

Also, if By = (w), ..., w;) and B, = (w{, ..., w)) are basis for Wy and W, respec-
tively, a basis for Wi @ W, is given by B = (w}, ..., w,, w{, ..., w/).

Proof By the Grassmann theorem, one has
dim(W; + W,) + dim(W; N W,) = dim(W;) + dim(W,)

and from the Definition 2.2.12 we also have dim(W; N W,) = 0, which gives the
first claim.

With the basis B; and B3, one considers B = 3; U B, which obviously generates
W @ W,. The second claim directly follows from the Corollary 2.5.5. ]

The following proposition is a direct generalization.

Proposition 2.5.8 Let Wy, ..., W, be subspaces of a real vector space V and let
the direct sum W, @ - - - @ W, be defined. One has that

dm(W, @ --- @ W,) = dim(W;) + - - - + dim(W,,).



Chapter 3 ®)
Euclidean Vector Spaces oo

When dealing with vectors of V% in Chap. 1, we have somehow implicitly used the
notions of length for a vector and of orthogonality of vectors as well as amplitude of
plane angle between vectors. In order to generalise all of this, in the present chapter
we introduce the structure of scalar product for any vector space, thus coming to the
notion of euclidean vector space. A scalar product allows one to speak, among other
things, of orthogonality of vectors or of the length of a vector in an arbitrary vector
space.

3.1 Scalar Product, Norm

We start by recalling, through an example, how the vector space R* can be endowed
with a euclidean scalar product using the usual scalar product in the space V?).

Example 3.1.1 The usual scalar product in V3, under the isomorphism R ~ V3
(see the Proposition 1.3.9), induces a map

T RIxR— R

defined as
(x1, X2, x3) - (Y1, Y2, ¥3) = x1y1 + X2y2 + X33.

For vectors (x1, x2, x3), (y1, Y2, ¥3), (21,22, 23) € R3 and scalars a, b € R, the fol-
lowing properties are easy to verify.
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(i) Symmetry, that is:

(x1, X2, x3) - (¥1, Y2, ¥3) = X1¥1 + X2y2 + x3)3
= y1x1 + yax2 + y3x3 = (¥1, y2, ¥3) - (X1, X2, X3).

(i1) Linearity, that is:

(a(xy, x2, x3) + b(y1, ¥2. ¥3)) - (21, 22, 23)
= (ax1 +by1)z1 + (axz + by2)za + (ax3 + by3)z3
=a(x1z1 + x222 +x323) + b(y121 + y222 + by323)
=a(xy, x2, x3) - (21, 22, 23) + b(y1, ¥2, ¥3) - (21, 22, 23)-

(iii) Non negativity, that is:
(x1, %2, x3) - (x1, X2, X3) = x] + x5 + x5 > 0.
(iv) Non degeneracy, that is:
(1, x2,x3) - (X1, X2, x3) =0 < (x1,x2,x3) = (0,0,0).

These last two properties are summarised by saying that the scalar product in R?
is positive definite.
The above properties suggest the following definition.

Definition 3.1.2 Let V be a finite dimensional real vector space. A scalar product
on V is a map
2 VxV — R (wwrv-w

that fulfils the following properties. For any v, w, v;, v, € V and a, a; € R it holds
that:

Hv-w=w-v,

(i) (a1v1 +a2v2) - w = a1 (vy - w) + azx(v2 - w),
@iii) v-v >0,

Gv) v-v=0 < v=0y.

A finite dimensional real vector space V equipped with a scalar product will be
denoted (V, -) and will be referred to as a euclidean vector space.

Clearly the properties (i) and (ii) in the previous definition allows one to prove
that the scalar product map - is linear also with respect to the second argument.
A scalar product is then a suitable bilinear symmetric map, also called a bilinear
symmetric real form since its range is in R.

Exercise 3.1.3 Itis clear that the scalar product considered in V}, satisfies the condi-
tions given in the Definition 3.1.2. The map in the Example 3.1.1 is a scalar product on
the vector space R>. This scalar product is not unique. Indeed, consider for instance
p :R?® x R} — R given by
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p((x1, x2, x3), (V1, ¥2, ¥3)) = 2x1y1 + 3x2)2 + X3)3.

Itis easy to verify that such a map p is bilinear and symmetric. With v = (v, v, v3),
from p(v, v) = 2v]2 + 3v§ + v% onehas p(v,v) > 0and p(v,v) =0 & v =0.We
have then that p is a scalar product on R3.

Definition 3.1.4 On R” there is a canonical scalar product
SRR — R

defined by
(xl"--’xn)‘(ylv--wyn) =XY1+ -+ Xy = ijyj'
j=1

The datum (R”, -) is referred to as the canonical euclidean space and denoted E".

The following lines sketch the proof that the above map satisfies the conditions
of Definition 3.1.2.

. n
1) (xXpyeesxn) -1y eeeyyn) = ijlxjyj
= Zj:]ijj = s ) - (X, X)),
(i) left to the reader,
(i) (rpy ooy X)) - (X1y ey X)) = D X2 >0,

(V) (X1, ooy X)) (X1, .o X)) =0 & Y1 =0 & x; =0, Vi &
(x1,...,x,)=1(0,...,0).

Definition 3.1.5 Let (V, -) be a finite dimensional euclidean vector space. The map
||—||V—>R, U|—>||U||=4/‘U-U

is called norm. For any v € V, the real number | v| is the norm or the length of the
vector v.

Exercise 3.1.6 The norm of a vector v = (x1,...,x,) in E" = (R", ) is

”(Xl, u-»xn)” =

n
2
3
i-1
In particular, for E3 one has || (x1, X2, x3)|| = /X7 + x3 4+ x3 .

The proof of the following proposition is immediate.

Proposition 3.1.7 Let (V, -) be a finite dimensional euclidean vector space. For any
v € V and any a € R, the following properties hold:
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(1) llvll =0,
(2) vl =0 < v =0y,
(3) llav| = lal llv]l.

Proposition 3.1.8 Let (V, -) be a finite dimensional euclidean vector space. For any
v, w € V the following inequality holds:

lv-w| < [l flw].

This is called the Schwarz inequality.

Proof 1If either v = Oy or w = Oy the claim is obvious, so we may assume that both
vectors v, w # Oy. Seta = ||w| and b = ||v||; from (iii) in the Definition 3.1.2, one
can write

0 < |lav + bw]|* = (av £ bw) - (av £ bw)
=a*|v|* £ 2ab(v - w) + b*|w|?
=2ab(vlllw] £ v - w).

Since both a, b are real positive scalars, the above expression reads
Frow= | flwl
which is the claim. (]

Definition 3.1.9 The Schwarz inequality can be written in the form

v - w| . v-w
< that is -1 < — <
vll [wl]

= 3

vl {fwll

Then one can define then angle o between the vectors v, w, by requiring that

v-w
— = COS «x
ol flwl

with 0 < a < 7. Notice the analogy between such a definition and the one in Defi-
nition (1.3.2) for the geometric vectors in Vg).

Proposition 3.1.10 Let (V, -) be a finite dimensional euclidean vector space. For
any v, w € V the following inequality holds:

lv+wl < [vll + llw].

This is called the triangle, or Minkowski inequality.



3.1 Scalar Product, Norm 39

Proof From the definition of the norm and the Schwarz inequality in Proposi-
tion 3.1.8, one has v - w < |v - w| < ||v]| |lw|. The following relations are imme-
diate,
v+ wl* = v+ w) (v+w)
= [l + 2@ - w) + [lw]®
< oll? + 2llvll llwll + f[w]
= (vl + f[wl?

and prove the claim. O

3.2 Orthogonality

As mentioned, with a scalar product one generalises the notion of orthogonality
between vectors and then between vector subspaces.

Definition 3.2.1 Let (V, -) be a finite dimensional euclidean vector space. Two vec-
tors v, w € V are said to be orthogonal if v - w = 0.

Proposition 3.2.2 Let (V, -) be a finite dimensional euclidean vector space, and let
wy, -+, wy and v be vectors in V. If v is orthogonal to each w;, then v is orthogonal
to any vector in the linear span L(wy, . .., w;).

Proof From the bilinearity of the scalar product, one has
V- ()\111)1 + -+ )\st) = )\1(1) . LU1) + -+ )\S(U . ws).

The right hand side of such expression is obviously zero under the hypothesis of

orthogonality, that is v - w; = 0 for any i. (I
Proposition 3.2.3 Let (V, ) be a finite dimensional euclidean vector space. If
Vi, ..., Us IS a collection of non zero vectors which are mutually orthogonal, that is
v; -v; = 0fori # j, then the vectors vy, ..., vy are linearly independent.

Proof Let us equate to the zero vector a linear combination of the vectors vy, .. ., vy,
that is, let

AU + - -+ Agug = Oy
For v; € {vy, ..., vy}, we have
0 =0 - v+ 4+ Av) = A - vp) + - 4 A0 - vg) = A [l 1%

Being v; # Oy it must be \; = 0. One gets A} = ... = \; = 0, with the same
argument for any vector v;. O
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Definition 3.2.4 Let (V, -) be a finite dimensional euclidean vector space. f W C V
is a vector subspace of V, then the set

Wt={veV :sv-w=0VYwe W)

is called the orthogonal complement to W.

Proposition 3.2.5 Let W C V be a vector subspace of a euclidean vector space
(V, ). Then,

(i) W+ is a vector subspace of V,
(ii) W N WL = {0y}, and the sum between W and W+ is direct.

Proof (i) Letv;, v, € W, thatisv; - w = 0and v, - w = O for any w € W. With
arbitrary scalars A\j, A, € R, one has

Mvr +Xov) - w = A (v - w) + A2 -w) =0

for any w € W; thus A\jv; + M, € W+, The claim follows by recalling the

Proposition 2.2.2.
(i) f w € WN W+, then w - w = 0, which then gives w = Oy . O
Remark 3.2.6 Let W = L(wy, ..., w,) C V.One has

Wr=weV|iv-w=0Vi=1,...,s}.

The inclusion W € L(w;, ..., v,) is obvious, while the opposite inclusion
L(wy, ..., ws) € W follows from the Proposition 3.2.2.

Exercise 3.2.7 Consider the vector subspace W = £((1, 0, 1)) C E>. From the pre-
vious remark we have

Wh={(x,y,2) € E|(x,y,2) - (1,0,1) =0} = {(x, y,2) € E’|[x + 2z =0},
thatis W = £((1, 0, —1), (0, 1, 0)).
Exercise 3.2.8 Let W C E* be defined by
W =L((1,-1,1,0), (2,1,0, 1)).

By recalling the Proposition 3.2.3 and the Corollary 2.5.7 we know that the
orthogonal subspace W+ has dimension 2. From the Remark 3.2.6, it is given by

WJ_Z{()C y z t)€E4 . {(xﬂyazvt)'(lv_lalvo):()}

x,y,z,t)-(2,1,0,1) =0

that is by the common solutions of the following linear equations,
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x—=y+z=0
2x+y+1t=0.

Such solutions can be written as
Z=y—x
t=-2x—y

for arbitrary values of x, y. By choosing, for example, (x, y) = (1,0) and (x, y) =
(0, 1), for the orthogonal subspace W+ one can show that W = £((1, 0, —1, —2),
(0,1, 1, —1)) (this kind of examples and exercises will be clearer after studying
homogeneous linear systems of equations).

3.3 Orthonormal Basis

We have seen in Chap. 2 that the orthogonal cartesian coordinate system (O, i, j, k)
for the vector space V30 can be seen as having a basis whose vectors are mutually
orthogonal and have norm one.

In this section we analyse how to select in a finite dimensional euclidean vector
space (V, -), a basis whose vectors are mutually orthogonal and have norm one.

Definition 3.3.1 Let/ = {v, ..., v.} be a system of vectors of a vector space V. If
V is endowed with a scalar product, [ is called orthonormal if

o [rif =

Remark 3.3.2 From the Proposition 3.2.3 one has that any orthonormal system of
vectors if free, that is its vectors are linearly independent.

Definition 3.3.3 A basis B for (V, -) is called orthonormal if it is an orthonormal
system.

By such a definition, the basis (i, j, k) of Vg as well as the canonical basis for E"
are orthonormal.

Remark 3.3.4 LetB = (ey, ..., e,) be an orthonormal basis for (V, -) andletv € V.
The vector v can be written with respect to B as

v=w-eDer+ -+ (V-eye,.

Indeed, from
v=ae + -+ ae,
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one can consider the scalar products of v with each e;, and the orthogonality of these
yields
a=v-€, ... ,4,=10V"-¢y,.

Thus the components of a vector with respect to an orthonormal basis are given by
the scalar products of the vector with the corresponding basis elements.

Definition 3.3.5 Let B = (ey,...,e,) be an orthonormal basis for (V,-). With
v € V, the vectors
(v-eper, ..., (v-eyen,

which give a linear decomposition of v, are called the orthogonal projections of v
alongey, ..., e,.

The next proposition shows that in an any finite dimensional real vector space
(V, -), with respect to an orthonormal basis for V the scalar product has the same
form than the canonical scalar product in E”.

Proposition 3.3.6 Let B = (ey, ..., e,) be an orthonormal basis for (V, ). With
v,weV, letithev= (ay,...,a,)gandw = (by, ..., b,)s. Then one has

v~w=a1b1+-~-+anbn.

Proof This follows by using the bilinearity of the scalar product and the relations
é; - ej = 6ij' O

Any finite dimensional real vector space can be shown to admit an orthonormal
basis. This is done via the so called Gram-Schmidt orthonormalisation method. Its
proof is constructive since, out of any given basis, the method provides an explicit
orthonormal basis via linear algebra computations.

Proposition 3.3.7 (Gram-Schmidt method) Let B = (vy, ..., v,) be a basis for the
finite dimensional euclidean space (V, -). The vectors
1
€L =T
ol
vy — (v - €1)eg
6= ——"—"—
vz — (v2 - eyl
v = 20 (v - e
en =

—1
v, — Z?:] (v, - edeil

form an orthonormal basis (ey, ..., e,) for V.
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Proof We start by noticing that |le;|| = 1, for j =1, ..., n, from the way these
vectors are defined. The proof of orthogonality is done by induction. As induction
basis we prove explicitly that ¢; - e; = 0. Being e; - ¢; = 1, one has

el -vy — (v2-eper-eg

e| ey = =

il flvz — (v2 - epenl
We then assume that ey, ..., e, are pairwise orthogonal (this is the inductive
hypothesis) and show that ey, . .., e;4 are pairwise orthogonal. Consider an integer

k such that 1 < k < h. Then,

h
Unt = D (Vnt1 - €)e; .
h
lvnsr = D im (Vigr - el
h
g e = iy ((ngr - @) (ei - er))

= 7
lvner — Doy (ngr - €eil
Uh+41 * €k — Up41 * €k

Chtl " €k =

= h =
lvnsr = D imy (Vi - el

where the last equality follows from the inductive hypothesis ¢; - ¢, = 0. The system
(e1, ..., ey) is free by Remark 3.3.2, thus giving an orthonormal basis for V. O

Exercise 3.3.8 LetV = L(v, v2) C E* withv; = (1, 1,0, 0),andv, = (0,2, 1, 1).
With the Gram-Schmidt orthogonalization method, we obtain an orthonormal basis
for V. Firstly, we have

V1 1

el = — =
ol V2

Set f> = vy — (v; - e1)e;. We have then

(1,1,0,0).

1

V2

1

1,1,0,0
ﬁ( )

f=0,2,1,1) — ((O, 2,1,1)-

=(0,2,1,1) = (1,1,0,0)
=(=1,1,1,1).

(1, 1,0, O))

Then, the second vector e, = H;_zll is

1
e = 3 (-1, 1,1, 1).
Theorem 3.3.9 Any finite dimensional euclidean vector space (V,-) admits an
orthonormal basis.

Proof Since V is finite dimensional, by the Corollary 2.4.4 it has a basis, which can
be orthonormalised using the Gram-Schmidt method. ]
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Theorem 3.3.10 Let (V,-) be finite dimensional with {ey, ..., e} an orthonor-
mal system of vectors of V. The system can be completed to an orthonormal basis
(ery....er,€415...,ey) for V.

Proof From the Theorem 2.4.19 the free system {ey, ..., e,} can be completed to a
basis for V, say
B=(e,....,e,V11,...,0p).

The Gram-Schmidt method for the system B does not alter the first r vectors, and
provides an orthonormal basis for V. ]

Corollary 3.3.11 Let (V, -) have finite dimension n and let W be a vector subspace
of V. Then,

(1) dim(W) + dim(W+) = n,
2) V=wewh

(3) WHt=w.
Proof
(1) Let (eq, ..., e,) be an orthonormal basis for W completed (by the theorem
above) to an orthonormal basis (ey, ..., e, €41, ..., ¢,) for V. Since the vec-
tors €,41, . . ., e, are then orthogonal to the vectors ey, . . ., ¢,, they are (see the
Definition 3.2.1) orthogonal to any vector in W, so e, 4, ..., e, € W, This

gives dim(W+) > n — r, that is dim(W) + dim(W+~) > n. From the Defini-
tion 3.2.4 the sum of W and W+ is direct, so, recalling the Corollary 2.5.7,
one has dim(W) 4+ dim(W+) = dim(W @ W+) < n, thus proving the claim.
(2) From(1)wehavedim(W @ W) = dim(W) + dim(W') = n = dim(V); thus
Wowt=V.
(3) We start by proving the inclusion (W) > W.
By definition, itis (WHt ={v e V]|v-w =0, Yw € Wt}. If v € W, then
v-w =0 forany w € W+, thus W € (W4)*. Apply now the result in point
1) to W+: one has
dim(W+) + dim(WH1) = n.

This inequality, together with the point 1) gives dim((W+)*) = dim(W); the
spaces W and (W)* are each other subspace with the same dimension, thus
they coincide. ([

It is worth stressing that for the identity (W1)* = W it is crucial that the vector
space V be finite dimensional. For infinite dimensional vector spaces in general only
the inclusion (W) D W holds.

Exercise 3.3.12 In Exercise 3.2.7 we considered the subspace of E3 given by W =
L((1, 0, 1)), and computed Wt =L£((1,0,-1), (0, 1, 0)). It is immediate to verify
that

dim(W) + dim(W+) = 1 + 2 = 3 = dim(E?).
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3.4 Hermitian Products

The canonical scalar product in R” can be naturally extended to the complex vector
space C" with a minor modification.

Definition 3.4.1 The canonical hermitian product on C" is the map
:C'xC"—C

defined by
@1y Z0) (Wi, wy) = 21w+ -+ ZW,

where z denotes the complex conjugate of z (see the Sect. A.5). The datum (C", -) is
called the canonical hermitian vector space of dimension n.

The following proposition—whose straightforward proof we omit—generalises
to the complex case the properties of the canonical scalar product on R” shown
after Definition 3.1.4. For easy of notation, we shall denote the vectors in C" by
2=, 2n)-

Proposition 3.4.2 Foranyz, w,v € C"anda, b € C, the following properties hold:

(i) w-z=7-w, .
(ii) (az+bw)-v=a(z-v)+b(w-v)
while v-(az+bw)=a(w-z)+b(v- -w),
(iii) z-z=Y 1, lz|* >0,
(iv) z:z=0 & z=(0,...,0)0eC"

Notice that the complex conjugation for the first entry of the hermitian scalar prod-
uct implies that the hermitian product of a vector with itself is a real positive number.
It is this number that gives the real norm of a complex vector z = (zy, ..., Zu),

defined as
> Izl
i=1

||Z|| = \/(Zla '-'7Zl‘l) : (Zla "'7Zn) =




Chapter 4 )
Matrices Check for

Matrices are an important tool when dealing with many problems, notably the theory
of systems of linear equations and the study of maps (operators) between vector
spaces. This chapter is devoted to their basic notions and properties.

4.1 Basic Notions

Definition 4.1.1 A matrix M with entries in R (or a real matrix) is a collection

of elements ¢;; e R, withi =1,...,m; j=1,...,n and m,n € N, displayed as
follows
ay aypp ... dyy
azy dyy ... dyy
M =
Al A2 - - . Qmn

The matrix M above is said to be made of m row vectors in R”, that is
Ry=(n,....,a1,), ..., Ru=~(am,...,anu)
or by n column vectors in R™, that is
Cir=(a,.-sam), ..., Cp=(a,...,aum)-

Thus the matrix M above is a m x n-matrix (m rows R; € R"” and n columns
R; € R"). As a shorthand, by M = (a;;) we shall denote a matrix M with entry
a;j at the i-th row and j-th column. We denote by R™" the collection of all
m X n-matrices whose entries are in R.
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Remark 4.1.2 1t is sometime useful to consider a matrix M € R™" as the collection
of its n columns, or as the collection of its m rows, that is to write

Ry
R,
M=(C C ... C)= .
R
An element M € R"" is called a n-dimensional row matrix,

M= (a1 ap ... ap)

while an element M € R™! is called a m-dimensional column matrix,

am1

A square matrices of order n is an x n matrix, that is an element in R™”. An element
M € R'!is a scalar, that is a single element in R. If A = (a;;) € R™" is a square
matrix, the entries (a;y, a2, . . ., dy,) give the (principal) diagonal of A.

Example 4.1.3 The bold typeset entries in

122
A=1|-103
2 47

give the diagonal of A.

Proposition 4.1.4 The set R™" is a real vector space whose dimension is mn. With
A = (a;j), B = (b;j) € R™" and X € R, the vector space operations are defined by

A+ B = (a;j + bij), M = (\ajj).

Proof We task the reader to show that R™" equipped with the above defined oper-
ations is a vector space. We only remark that the zero element in R™" is given by
the matrix A with entries g;; = Or; such a matrix is also called the null matrix and
denoted Opm.n.

In order to show that the dimension of R™" is mn, consider the elementary
m X n-matrices

_ o (rs) . (rs) __ 1if (]’ k) = (I’, S)
Ere=(epl) . with e = {0 if (k) # (ns)
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Thus the matrix E,; has entries all zero but for the entry (r, s) which is 1. Clearly
there are mn of them and it is immediate to show that they form a basis for R”". [

0-1 1
12 =1\ _(100),,(010) (001
0-11 )= ooo 000) o000

000) _(000Y, (000
+O<100>_<010>+(001)

=E +2E— E;3— Exn + Eo.

Exercise 4.1.5 Let A = (1 2 -1 ) € R?3, One computes

In addition to forming a vector space, matrices of ‘matching size’ can be multiplied.
Definition 4.1.6 If A = (a;;) € R™" and B = (bj;) € R"? the product between A
and B is the matrix in R™” defined by

n
C = (C,'k) = AB e R™? s where Cik = Rl-(A) . CIEB) = Z a,-_,-bjk,
j=1

withi =1,...,mandk =1,..., p. Here Ri(A) . C,EB) denotes the scalar product in

R” between the i-th row vector R\ of A with the k-th column vector C,>’ of B.

Remark 4.1.7 Notice that the product A B—also called the row by column product—
is defined only if the number of columns of A equals the number of rows of B.

Exercise 4.1.8 Consider the matrices

12

A:Gé]veR& B=[21]cr2
34

One has AB = C = (cix) € R*>? with

20
C::<610)'

On the other hand, BA = C’ = (c},) € R*? with

Clearly, comparing C with C’ is meaningless, since they are in different spaces.
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Remark 4.1.9 With A € R™" and B € R”9, the product AB is defined only if
n = p, giving a matrix AB € R™9. It is clear that the product B A is defined only if
m = ¢ and in such a case one has BA € R”". When both the conditions m = ¢ and
n = p are satisfied both products are defined. This is the case of the matrices A and
B in the previous exercise.

Let us consider the space R™" of square matrices of order n. If A, B are in R™" then
both AB and B A are square matrices of order n. An example shows that in general
one has AB # BA.If

12 1 -1
3 -1 03
i (371) w man (02).

Thus the product of matrices is non commutative. We shall say that two matrices
A, B € R"" commute if AB = BA. On the other hand, the associativity of the prod-
uct in R and its distributivity with respect to the sum, allow one to prove analogous
properties for the space of matrices.

one computes that

Proposition 4.1.10 The following identities hold:

(i) A(BC) = (AB)C, forany AeR™" B ecR"P C eRr,
(i) A(B+C)=AB+ AC, forany AcR™" B C eR"P,
(iii) N(AB) = (\MA)B = A(\B), forany A € R"" B eR"P, \eR.

Proof (i) Consider three matrices A = (a;;) € R™", B = (by) € R™? and
C = (cxj) € R”49. From the definition of row by column product one has
= (d;p) withd;, = ZZ:I a;nbpr, while BC = (ehj)withehj = Zlf:l bhkckj.
The ij-entries of (AB)C and A(BC) are

P V4 n
D dicyj = Z (Z azhbhk) cj =Y Y (ambucy)),
k=1

k=1 k=1 h=1

=

14

n n
E aipenj = E ajn (E bhkckj> = E (ainbnrcyj).
h=1 k=1 1

h=1 h=1 k=

These two expressions coincide (the last equality on both lines follows from
the distributivity in R of the product with respect to the sum).

(ii) Take matrices A = (a;;) € R™", B = (by;) € R"? and C = (cp;) € R™7.The
equality A(B + C) = AB + AC is proven again by a direct computation of
the i j-entry for both sides:
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n

[AB+O)lij = Y ain(byj + cny)
h=1

=" ambij+ Y anci
h=1 h=1
= [AB];; + [AC];;
=[AB + ACJ;;.
(iii) This is immediate. ([l
The matrix product in R™” is inner and it has a neutral element, a multiplication unit.

Definition 4.1.11 The unit matrix of order n, denoted by I,, is the element in R™"
given by

, 1 ifi=j
In = (8) . with 5,;,:{0 if;';éj"

The diagonal entries of [, are all 1, while its off-diagonal entries are all zero.

Remark 4.1.12 Tt is easy to prove that, with A € R"™", one has
Al,=A and I[,A=A.

Proposition 4.1.13 The space R™" of square matrices of order n, endowed with the
sum and the product as defined above, is a non abelian ring.

Proof Recall the definition of a ring given in A.1.6. The matrix product is an inner
operation in R™", so the claim follows from the fact that (R™", 4, Og».) is an abelian
group and the results of the Proposition 4.1.10. (]

Definition 4.1.14 A matrix A € R™" is said to be invertible (also non-singular or
non-degenerate) if there exists a matrix B € R™", such that AB = BA = I,,. Such
a matrix B is denoted by A~! and is called the inverse of A.

Definition 4.1.15 If a matrix is non invertible, then it is called singular or degener-
ate.

Exercise 4.1.16 An element of the ring R"" needs not be invertible. The matrix

A=<(1)i>eR2’2
o (1-1
A —<o 1

as it can be easily checked. On the other hand, the matrix

is invertible, with inverse
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, (10 22
A_<k0>eR

is non invertible, for any value of the parameter k € R. It is easy to verify that the
matrix equation
10 xy\ (10
(ko) (27)=(5Y)

Proposition 4.1.17 The subset of invertible elements in R™" is a group with respect
to the matrix product. It is called the general linear group of order n and is denoted
by GL(n, R) or simply by GL(n).

has no solutions.

Proof Recall the definition of a group in A.2.7. We observe first that if A and B are
both invertible then A B is invertible since AB(B~'A~") = (B~'A~")AB = I,; this

means that (AB)~! = B~'A~! so GL(n) is closed under the matrix product. It is
evident that /- I'= J, and that if A is invertible, then A is the inverse of A~!, thus
the latter is invertible. |

Notice that since A B is in general different from B A the group GL(n) is non abelian.
As an example, the non commuting matrices A and B considered in the Remark 4.1.9
are both invertible.

Definition 4.1.18 Given A = (a;;) € R™" its transpose, denoted by ‘A, is the matrix
obtained from A when exchanging its rows with its columns, thatis‘A = (b;;) € R™"™
with b[j =daj;.

Exercise 4.1.19 The matrix

(121 'y
A—<3o 1)€R

has transpose ‘A € R*? given by

Proposition 4.1.20 The following identities hold:

(i) (A+ B) ='A+'B, forany A, B € R™",
(ii) '(AB) ='B'A, for A € R™" and B € R™"?,
(iii) if A € GL(n) then'A € GL(n) that is, if A is invertible its transpose is invertible
as well with (fA)~! = (A™1).
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Proof (i) Itis immediate.

(ii) Given A = (a;;) and B = (b;;), denote’A = (a;j) and'B = (bfj) witha[j =aj
and blfj =b;;. IfAB = (c;j), thenc;; = Y ) _; aiybp;. Theij-elementin’(AB)
is then )7 _, @;by;; the i j-element in 'B'Ais 75, bj,a;; and these elements
clearly coincide, for any i and j.

(iii) It is enough to show that (A~") ‘A = I,,. From (ii) one has indeed

A HYA="AAH="T,=1,.

This finishes the proof. (]

Definition 4.1.21 A square matrix of order n, A = (a;;) € R™", is said to be sym-
metric if ‘A = A that is, if for any i, j it holds that a;; = aj;.

1 2-1
Exercise 4.1.22 The matrix A= | 2 0 1 | is symmetric.
—11-1

4.2 The Rank of a Matrix

Definition 4.2.1 Let A = (a;;) be a matrix in R™". We have seen that the m rows
of A,

Ry = (a1, ..., a1n),

R, = (am, ---aamn)

are elements (vectors, indeed) in R”. By R(A) we denote the vector subspace of R"
generated by the vectors Ry, ..., R, thatis,

R(A) = LRy, ..., Ry).

We call R(A) the row space of A. Analogously, given the columns

ar Alin

azg ap
Ci = N

am1 Amn

of A, we define the vector subspace C(A) in R”,

C(A) = L(Cy,...,Cy)
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as the column space of A.
Remark 4.2.2 Clearly C("A) = R(A) since the columns of ‘A are the rows of A.
Theorem 4.2.3 Given A = (a;;) € R™" one has that dim(R(A)) = dim(C(A)).

Proof Since A is fixed, to simplify notations we set R = R(A) and C = C(A).
The first step is to show that dim(C) < dim(R). Let dim R = r; up to a permuta-
tion, we can take the first 7 rows in A as linearly independent. The remaining rows

R,y1,..., Ry are elements in R = L(Ry, ..., R,) and we can write
R ap e aip
A= Rr _ ary e Arp
- r r+l1 - r r+1 r r+1
dia N TR D A ai e 2 AN i

r m r m r m
Dot AR D Al e Yo Al'din

forsuitablescalars)\lf (withi e 1,...,r,andj er+1,...,m).Givenh =1, ...,n,
consider the A-th column,

a 1 0

asp 0 0

Ch= arp =ay| O |+-+an]| 1
S A At pas

Y Alain AT AT

This means that C is generated by the r columns

1 0
0 0
0 9 9 1 b
/\;Jrl )\r+1
N A

so we have dim(C) < r = dim R. By exchanging the rows with columns, a similar
argument shows also that dim(C) > dim(R) thus the claim. ([l

This theorem shows that dim(R(A)) = dim(C(A)) is an integer number that char-
acterises A.
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Definition 4.2.4 Given a matrix A € R™" its rank is the number
rk(A) = dim(C(A)) = dim(R(A))

that is the common dimension of its space of rows, or columns.

Corollary 4.2.5 For any A € R™" one has tk(A) = rk('A).

Proof This follows from Remark 4.2.2 since C('A) = R(A). [
It is clear that tk(A) < min(m, n).

Definition 4.2.6 A matrix A € R™" has maximal rank if rk(A) = min(m, n).

Our task next is to give methods to compute the rank of a given matrix. We first
identify a class of matrices whose rank is easy to determine.

Remark 4.2.7 Itisimmediate to convince one-self that the rank of a matrix A does not
change by enlarging it with an arbitrary number of zero rows or columns. Moreover,
if a matrix B is obtained from a matrix A by a permutation of either its rows or
columns, that is, if it is

R, Rs1y

R, Rs2)
A= . and B = .

Rm Ra(m)

(where o denotes a permutation of m objects) or if
A= (C],...,Cn) and B = (Cg/(1), ...,Cgf(n))

(where ¢’ denotes a permutation of n objects), then rk(A) = rk(B) = rk(B’). These
equalities are true since the dimension of a vector space does not depend on the
ordering of its basis.

Definition 4.2.8 A square matrix A = (a;;) € R™" is called diagonal if a;; = 0 for
i #j.

Exercise 4.2.9 The following matrix is diagonal,

100 0
020 0
A= 000 O
000-3
Its rows and columns are vectors in R*, with R| = e, R, = 2e5, R3 = 0, Ry = —3eq4

with respect to the canonical basis. As a consequence R(A) = L(R}, Ry, R3, Ry) =
L(ey, er, e4) so that tk(A) = 3.
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The rank of a diagonal matrix of order n coincides with the number of its non zero
diagonal elements, since, as the previous exercise shows, its non zero rows or columns
correspond to multiples of vectors of the canonical basis of R”. Beside the diagonal
ones, a larger class of matrices for which the rank is easy to compute is given in the
following definition.

Definition 4.2.10 Let A = (a;;) be a square matrix in R"". The matrix A is called
upper triangular if a;; = 0 for i > j. An upper triangular matrix for which a;; # 0
for any i, is called a complete upper triangular matrix.

Exercise 4.2.11 Given

10 3 10 3
A=100 2 |, B=1022 |,
00 -1 00 -1

then A is upper triangular and B is complete upper triangular.

Theorem 4.2.12 Let A € R™" be a complete upper triangular matrix. Then,

rk(A) = n.
Proof Let
app dyp --- A
0 axn ---ay
A=
0 0 - ay,
To prove the claim we show that the n columns Cy, ..., C, of A are linearly inde-

pendent. The equation A;C; + - - - + \,C,, = 0 can be written in the form

Aair + -+ As1ain—1 + Mg 0
)\n—lan—ln—l + )\nan—ln a 0
)\nann 0

Equating term by term, one has for the n-th component \,a,, = 0, which gives
A = 0 since a,, # 0. For the (n — 1)-th component, one has

)\n—lan—l,n—l + )\nan—l,n =0

which gives, from )\, = 0 and a,_; ,—1 # 0, that A\,_; = 0. This can be extended
step by step to all components, thus getting A, = \,_; =--- = \; = 0. O

The notion of upper triangularity can be extended to non square matrices.
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Definition 4.2.13 A matrix A = (a;;) € R™" is called upper triangular if it satisfies
a;j = 0fori > j and complete upper triangular if it is upper triangular with a;; # 0
for any i.

Remark 4.2.14 Given a matrix A € R™" set p = min(m, n). If A is a complete
upper triangular matrix, the submatrix B made by the first p rows of A whenm > n,
or the first p columns of A whenm < n, is a square complete upper triangular matrix
of order p.

Exercise 4.2.15 The following matrices are complete upper triangular:

(1)8_03 1239
A= , A=1020 7
00-1 004 -3

00 0

The submatrices

10-3 123
B=]1020 |, B=]1020
00 -1 004

are (square) complete upper triangular as mentioned in the previous remark.

Corollary 4.2.16 If A € R™" is a complete upper triangular matrix then tk(A) =
min(m, n).

Proof We consider two cases.

e n > m. One has rtk(A) < min(m, n) = m, with

ayip aip Az ... Ayp—1 A * .0 %

0(122023...612,,,_] Ay k... %
A= 0 Oa33...a3m_1 Az, * ... %
0 0 O ... O amm*...x%

Let B be the submatrix of A given by the its first m columns. Since B is
(Remark 4.2.14) a complete upper triangular square matrix of order m, the columns
Cy, ..., C, are linearly independent. This means that rk(A) > m and the claim
follows.

e n < m.One has tk(A) < min(m, n) = n, with
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ajp apz ais ... dp
0 azy azz ... dyy,
0 0 assy ... dz,

A= 0 0 0 ...am
0 0 0..0
00 0..0

By deleting all zero rows, one gets a matrix of the previous type, thus
rk(A) = n. O

The matrices A and A’ in the Exercise 4.2.15 are both complete upper triangular.
Their rank is 3.

Remark 4.2.17 The notions introduced in the present section can be formulated by
considering columns instead of rows. One has:

e A matrix A € R"™" is called lower triangular if a;; = 0 fori < j. A lower trian-
gular matrix is called complete if a;; # 0 for any i.

e Given A € R™", one has that A is (complete) upper triangular if and only if ‘A is
(complete) lower triangular.

e If A € R™" is a complete lower triangular matrix then rk(A) = min(m, n).

4.3 Reduced Matrices

Definition 4.3.1 A matrix A € R™" is said to be reduced by rows if any non zero
row has a non zero element such that the entries below it are all zero. Such an element,
which is not necessarily unique if m < n, is called the pivot of its row.

Exercise 4.3.2 The matrix
01 3

000
200
00-1

is reduced by row. The pivot element for the first row is 1, the pivot element for the
third row is 2, the pivot element for the fourth row is —1. Note that rk(A) = 3 since
the three non zero rows are linearly independent.

Exercise 4.3.3 Any complete upper triangular matrix is reduced by rows.

Theorem 4.3.4 The rank of a matrix A which is reduced by row coincides with the
number of its non zero rows. Indeed, the non zero rows of a reduced by rows matrix
are linearly independent.
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Proof Let A be a reduced by rows matrix and let A’ be the submatrix of A obtained
by deleting the zero rows of A. From the Remark 4.2.7, tk(A") = rk(A). Let A”
be the matrix obtained by A’ by the following permutation of its columns: the first
column of A” is the column of A’ containing the pivot element for the first row of
A’, the second column of A” is the column of A’ containing the pivot element for the
second row of A’ and so on. By such a permutation A” turns out to be a complete
upper triangular matrix and again from the Remark 4.2.7 itis rk(A”") = rk(A”). Since
A” is complete upper triangular its rank is given by the number of its rows, the rank
of A is given by the number of non zero rows of A. (]

Since the proof of such a theorem is constructive, an example clarifies it.

Example 4.3.5 Let us consider the following matrix A which is reduced by rows (its
pivot elements are bold typed):

I
[

SO N~

1
1

SN O =
o O O

0
1

The first column of A’ is the column containing the pivot element for the first row
of A, the second column of A’ is the column containing the pivot element for the
second row of A and so on. The matrix A’ is then

—-111 1
020-1
0020
0001

A=

and A’ is complete upper triangular; so rk(A) = rk(A") = 4.

Remark 4.3.6 As we noticed in Remark 4.2.17, the notions introduced above can be
formulated by exchanging the role of the columns with that of the rows of a matrix.

e A matrix A € R™" is said to be reduced by columns if any non zero column has
a non zero element such that the entries at its right are all zero. Such an element,
which is not necessarily unique, is called the pivot of its column.

e If A is areduced by columns matrix its rank coincides with the number of its non
zero columns. The non zero columns are linearly independent.

e By mimicking the proof of the Theorem 4.3.4 it is clear that a matrix A is reduced
by rows if and only if ‘A is reduced by column.
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4.4 Reduction of Matrices

In the previous section we have learnt how to compute the rank of a reduced matrix.
In this section we outline a procedure that associates to any given matrix a reduced
matrix having the same rank.

We shall consider the following set of transformations acting on the rows of a matrix.
They are called elementary transformations of rows and their action preserves the
vector space structure of the space of rows.

e ()\) The transformation R; + AR; that replace the row R; with its multiple AR;,
withR > A #0,

e (e) The transformation R; <> R;, that exchanges the rows R; and R;,

e (D) The transformation R; — R; + aR; that replace the row R; with the linear
combination R; +aR;, witha € Randi # j.

Given a matrix A € R™” the matrix A" € R™" is said to be row-transformed from
A if A’ is obtained from A by the action of a finite number of the elementary trans-
formations (), (e) and (D) listed above.

Proposition 4.4.1 Let A € R™" and A’ € R™" be row-transformed form A. Then
R(A) = R(A) as vector spaces and tk(A) = rk(A").

Proof Itis obvious that for an elementary transformation (e) or (\) the vector spaces
R(A) and R(A’) coincide. Let us take A’ to be row-transformed from A by a trans-
formation (D). Since

R(A) = ‘C(Rla ) Ri—lv Ris Ri+l’ ceey Rm)

and
R(A/) = ,C(Rl, ceay Rl’*lv R,’ +CZRJ‘, RI'Jrl, ey Rm)

it is clear that R(A") € R(A). To prove the opposite inclusion, R(A) C R(A"), itis
enough to show that the row R; in A is in the linear span of the rows of A’. Indeed

R; = (R; +aR;) — aR;, thus the claim. O
Exercise 4.4.2 Let
1 01
A= 2 1-1
—-110

We act on A with the following (D) elementary transformations:
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Ror>Ry—2R, 101
A A= 01-3
-110
Ry~ Ry+R, 10 1
A A"=|01-3
011
Ry R{—R} 101
AH A/// — 0 1 _3

00 4

The matrix A” is reduced by rows with rk(A”) = 3. From the proposition above, we
conclude that tk(A) = rk(A”) = 3. This exercise shows how the so called Gauss’
algorithm works.

Proposition 4.4.3 Given any matrix A it is always possible to find a finite sequence
of type (D) elementary transformations whose action results in a matrix (say B)
which is reduced by rows.

Proof Let A = (a;;) € R™". We denote by R; the first non zero row in A and by a;;
the first non zero element in R;. In order to obtain a matrix A’ such that the elements
under ¢;; are zero one acts with the following (D) transformation

R, — Rk—akjaij_lRi, forany k > i.

We denote such a transformed matrix by A" = (a;;). Notice that the first i rows in
A’ coincide with the first i rows in A, with all the elements in the column j below
the element a; = a;; being null. Next, let R; be the first non zero row in A’ with
h > i and let a;lp be the first non zero element in R;. As before we now act with the
following (D) elementary transformation

IR;l, for any k > h.

/ / ! /A

Rk Rk — papp
Let A” the matrix obtained with this transformation and iterate. It is clear that a finite
number of iterations of this procedure yield a matrix B which is—by construction—
reduced by row. (I

With the expression of reduction by rows of a matrix A we mean a finite sequence of
elementary transformations on the rows of A whose final image is a matrix A’ which
is reduced by rows.

Remark 4.4.4 The proof of the Proposition 4.4.3 made use only of type (D) trans-
formations. It is clear that, depending on the specific elements of the matrix one is
considering, it can be easier to use also type (¢) and (\) transformations. The claim
of the Proposition 4.4.1 does not change.
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Exercise 4.4.5 Let us reduce by rows the following matrix

0100
012 -1
000 9
1315

This matrix can be reduced as in the proof of the Proposition 4.4.3 by type (D)
transformations alone. A look at it shows that it is convenient to swap the first row
with the fourth. We have

131 5
RieRy 012 -1
A 0009 |=5

0100

It is evident that the matrix B is already reduced by row so we can write
tk(A) =rk(B) = 4.

Exercise 4.4.6 Let us consider the matrix

21-11
A=1311 -1
011 9

To reduce A we start with the type (D) transformation R, — R, — 3/2 R, that leads
to

2 1 -1 1
A=[0-1/252-5/2
01 1 9

Since we are interested in computing the rank of the matrix A in order to avoid
non integers matrix entries (which would give heavier computations) we can instead
reduce by rows the matrix A’ as

Ra>2R; 21 -11
A’ A”=10-1 5 -5
01 1 9

Ry R)+R} 21 —-11

A A7 =lo-15 =5

00 6 4

The matrix A" is upper triangular so we have rk(A) = 3.

The method of reducing by rows a matrix can be used to select a basis for a vec-
tor space V given as a linear span of a system of vectors in some R”, that is
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V = L(vy, ..., v,). To this end, given the vectors vy, ..., v, spanning V, one con-
siders the matrix A with rows vy, ..., v, or alternatively a matrix B with columns
Vi, .nn, Uyt
V]
a=|:]. B=( ).
Uy

One then has R(A) = V using A, which is reduced by rows to a matrix

wi
A=

w,

Clearly V = R(A) = R(A’) and dim(V) = dim(R(A)) = rk(A) = rk(A’). That is
dim (V) is the number of non zero rows in A’ and these non zero rows in A’ are a
basis for V.

Exercise 4.4.7 In R* consider the system of vectors I = {vy, va, v3, V4, U5} With
v = (13 _17 21 1)9U2 = (_27 21 _4’1 _2)5 V3 = (19 17 11 _1), Vg = (_17 3a _37 _3)a
vs = (1, 2, 1, 2). We would like to

(a) exhibit a basis Bfor V = £(I) c R*, with B C I,
(b) complete B to a basis C for R*.

For point (a) we let A be the matrix whose rows are the vectors in / that is,

o 1 12 1
s 22 —4-2
A=lul=11 11 -1
Vs -13 -3-3
Vs 1 21 2

We reduce the matrix A by rows using the following transformations:

Ry Ry+2R, 1-1 2 1
Ry R3—R, 00 0 O
A A=]102 —-1-=2
Ry R4+R, 02 —-1-=-2
Rs>Rs—R, 03 —11
1-12 1
Rj>R,—R, 0 0
A A = 1-2

00

02 —
Ri—>2R; 3R} 00 0 O

00 1 8
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As a result we have rk(A) = 3 and then dim(V) = 3. A basis for V is for example
given by the three non zero rows in A” since R(A) = R(A”). The basis 5 is made by
the vectors in / corresponding to the three non zerorows in A” thatis B = (vy, v3, vs).
Cleary, with the transformations given above one has also that

o 1-12 1
B = | v = B =[02 —-1-2
vs 00 1 8

To complete the basis B to a basis for R* one can use the vectors of the canonical
basis. From the form of the matrix B’ it is clear that it suffices to add the vector e4 to
the three row vectors in B to meet the requirement:

vy 1-12 1
V3 . 02 —-1-2
Vs 00 1 8
e4 00 0 1

We can conclude that C = (vy, v3, vs, e4).

Exercise 4.4.8 Let I = {v, vy, v3, 14} C R* be given by v; =(0,1,2,1),
vy =1(0,1,1,1),v3 =(0,2,3,2), va = (1,2,2,1). With V = L(I) C R*:

(a) determine a basis B for V, with B C I,
(b) complete B to a basis C for R*.

Let A be the matrix whose rows are given by the vectors in / that is,

o 0121
e ] o111
A=1w] = [o232
vy 1221

After swapping R; <> R4, the matrix can be reduced following the lines above,
leading to

1221 1221
0111 | Bk 0111
0232 >loo10
0121 R Ra=Ro 0010

1221

0111

>loo10

Ry Ry — R3

0000
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We can then take B = (vg4, v2, v3). Analogously to what we did in the Exercise 4.4.7,
we have

V4 1221
() . 0111
U3 0010
ey 0001

and such a matrix shows that we can tale C = (v4, V2, v3, €4) as a basis for R*.

Exercise 4.4.9 Consider again the set / given in the previous exercise. We now look
for a basis B C I via the constructive proof of the Theorem 2.4.2. The reduction by
rows procedure can be used in this case as well. Start again with

o 0121
e ] o111
A=1w] 7 [o232
vy 1221

The swap operated in Exercise 4.4.8 is not admissible with the procedure in the
Theorem 2.4.2 so we use type (D) transformations:

PR 01 21 01 21

A 00-10 00-10
Ry Ry —2R, 00-10 Ry R, — R, 00 00
o T 1100 o 1100
Ri—Ri—R,

These computations show that R} — R, =0, Ry = R3 — 2R, and R, = R, — R;.
From these relations we have that R; — R, — R; =0 which is equivalent to
v3 = vy + v,: this shows that v; is a linear combination of v and v,, so we recover
the set {vy, va, v4} as a basis for L£(1).

The method we just illustrated in order to exhibit the basis of a vector subspace of
R" can be used with any vector space: the entries of the relevant matrix will be given
by the components of a system of vectors with respect to a fixed basis.

Exercise 4.4.10 Let V = £(I) C R?3 with I = {M,, M,, M3, M} given by

111 121
M1=<010>’ M2=<011>’

232 01 1
M3=<021>’ M4=(01—1>’

(a) exhibit a basis B for V, with B C I,
(b) complete B to a basis C for R>3.
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In order to use the reduction method we need to represent the matrices M, M,, M3, My
as row vectors. The components of these vectors will be given by the components

of the matrices in a basis. This we may take to be the basis £ = (E;; |i =1,2;

j =1,2,3) of R*3 made of elementary matrices as introduced in the proof of the

Proposition 4.1.4. One has, for example,

Mi=En+En+Esz+Exn=(,1,101,0)¢.

Proceeding analogously we write the matrix

M, 11101 0
Ao | M| _ 121011
M, 23202 1
M, 01101 —1

With a suitable reduction we have

11101 0 111010
A 01000 1 . 010001

01000 1 000000 |

01101 -1 021010

from which we have B = (M, M>, My).
We complete B to a basis C for R*? by considering 3 elements in £ and the same
reduction:

M, 111010
M, 010001
M, . 021010
Es 001000
Ey 000100
Ex» 000010

Since this matrix is reduced by row, the vectors {M, M, M4, E\3, E3;, Ex} are 6
linearly independent vectors in R?3 (whose dimension is 6). This is enough to say
that they give a basis C for R>3 completing 3.

4.5 The Trace of a Matrix

We end this chapter with another useful notion for square matrices.

Definition 4.5.1 The trace of a square matrix is the function tr : R™" — R defined
as follows. If A = (a;;) its trace is given by



4.5 The Trace of a Matrix 67
n
r(A) = an+an+-+am=) aj.
Jj=1

That is, the trace of a matrix is the sum of its diagonal elements.

The following proposition proves an important property of the trace function for a
matrix.

Proposition 4.5.2 With A = (a;;) and B = (b;;) € R"" it holds that
tr(AB) = tr(BA).

Proof Theentry (i, j) in AB is (AB);; = Y _;_, aixby;, while the entry (i, j) in BA
is (BA);j = Y y_, biray;. From the row by column product of square matrices one
obtaines

t(AB) =) (AB)j; =) > auby
j=1

j=1 k=1

=22 byaj

k=1 j=1

= (BA) = r(BA),

k=1
which is the claim. O

Because of the above property one says that the trace is cyclic.



Chapter 5 ®)
The Determinant Geda

The notion of determinant of a matrix plays an important role in linear algebra.
While the rank measures the linear independence of the row (or column) vectors of a
matrix, the determinant (which is defined only for square matrices) is used to control
the invertibility of a matrix and in explicitly constructing the inverse of an invertible
matrix.

5.1 A Multilinear Alternating Mapping

The determinant can be defined as an abstract function by using multilinear algebra.
We shall define it constructively and using a recursive procedure.

Definition 5.1.1 The determinant of a 2 x 2 matrix is the map
det: R*? > R, A det(A) = |A|

defined as

A= ("“ “‘2) > det(A) =

azy ax

ap ar

= dapdz — apazg.
azy ax

The above definition shows that the determinant can be though of as a function
of the column vectors of A = (Cy, C,), that is

det: R? x R? > R, (C1, Cy) = ajay — apnas;.
It is immediate to see that the map det is bilinear on the column of A, that is
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det(ACy + X' C}, C3) = Adet(Cy, C) + N det(C}, Cy)
det(Cy, AC, + N'C) = Adet(Cy, Cy) + N det(Cy, C)) (5.1)

forany Cy, Cj, C5, C; € R? and any \, ' € R.
The map det is indeed alternating (or skew-symmetric), that is

det(C,, Cy) = —det(Cq, C»). 5.2)

From (5.2) the determinant of A vanishes if the columns C; and C, coincide.
More generally, det(A) = 0 if C, = AC; for A € R, since, from (5.1)

det(Cy, Cy) = det(Cy, ACy) = Adet(Cy, Cy) = 0.
Since the determinant map is bilinear and alternating, one also has
det(Cy + ACy, Cy) = det(Cy, C) + det(ACy, Ca) = det(Cy, Cy).
Exercise 5.1.2 Given the canonical basis (e, e,) for R?, we compute

11 10

det(el,el):‘oo'zo, det(el,ez):‘OI‘:l
det(€2,€1)=‘(l)(l)'=—1, det(€2,€2)=‘(l)(l)’=0.

We generalise the definition of determinant to 3 x 3 and further ton x n matrices.

Definition 5.1.3 Given a 3 x 3 matrix

ay ap a
A= | ay axn ax;
az| azx a
one defines det : R>3 — Ras
app a2 a3
det(A) = |A| = | a2 a2 a3 (5.3)
asy asz ass
— ajzy azs _ aj] azs azy az
ax as a3y a3 las azn

= a11a22a33 — A11a23a32 — A12021433 + a12a23a3] + a13421432 — 413022431 .

Exercise 5.1.4 Let us compute the determinant of the following matrix,
10-1

A=|11-1
210
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Using the first row as above one gets:

1-1 11
o = |1 9[- |11 =2
It is evident that the map det can be read, as we showed above, as defined on the

column vectors of A = (Cy, C,, C3), that is
det :RPxR3x R > R, (Cy,Ca, C3) > det(A).

Remark 5.1.5 1Tt is easy to see that the map det defined in (5.3) is multilinear, that
is it is linear in each column argument. Also, for any swap of the columns of A,
det(A) changes its sign. This means that (5.3) is an alternating map (this property
generalises the skew-symmetry of the det map on 2 x 2 matrices). For example,

det(Cs, Cy, C3) = —det(Cy, €2, C3),

with analogous relations holding for any swap of the columns of A. Then det(A) = 0
if one of the columns of A is a multiple of the others, like in

det(Cy, Cy, ACy) = A det(Cq, Cy, C3) = —A det(Cy, Ca, Cr) = 0.

More generally det(A) = 0 if one of the columns of A is a linear combination of the
others as in

det(ACy + uCs, Cy, C3) = A det(Ca, Cy, C3) 4+ p det(Cs, Ca, C3) = 0.

Exercise 5.1.6 If (e1, e, ¢3) is the canonical basis for R3, generalising Exer-
cise 5.1.2 one finds det(e;, ¢;, e;) =0, det(e;, e;,e;) =0 and det(ey, ez, e3) =
det(I3) = 1, with I5 the 3 x 3 unit matrix.

We have seen that the determinant of a 3 x 3 matrix A makes use of the deter-
minant of a 2 x 2 matrix: such a determinant is given as the alternating sum of the
elements in the first row of A, times the determinant of suitable 2 x 2 submatrices
in A. This procedure is generalised to define the determinant of n x n matrices.

Definition 5.1.7 Consider the matrix A = (a;;) € R™", or

ap ap ... dp
azy ax ... dx,

apl Ay ... Ayp

For any pair (i, j) we denote by A;; the (n — 1) x (n — 1) submatrix of A obtained
by erasing the i-th row and the j-th column of A, Firstly, the number det(A;;) is
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called the minor of the element a;;. Then the cofactor «;; of the element g;; (or
associated with a;;) is defined as

aij = (=1 det(A;)).

Exercise 5.1.8 With A € R*? given by

1 0 -1
A=|3-2-1],
25 0

we easily compute for instance,
-2 -1 3-1
A11—(5 0>, A12—<20>

an = (=D"NAL =5, ap=(=D"?Ap| = -2

and

Definition 5.1.9 Let A = (a;;) € R™". One defines its determinant by the formula
det(A) = ajjaqy +anap + - -+ ap,. (5.4)

Such an expression is also referred to as the expansion of the determinant of the
matrix A with respect to its first row.

The above definition is recursive: the determinant of a n x n matrix involves
the determinants of a (n — 1) x (n — 1) matrices, starting from the definition of the
determinant of a 2 x 2 matrix. The Definition 5.1.3 is indeed the expansion with
respect to the first row as written in (5.4).

That the determinant det(A) of a matrix A can be equivalently defined in terms
of a similar expansion with respect to any row or column of A is the content of the
following important theorem, whose proof we omit.

Theorem 5.1.10 (Laplace) Foranyi =2, ..., n it holds that
det(A) = ajjai1 + @iz + -+ + @inQin. (5.5)
This expression is called the expansion of the determinant of A with respect to its
i-th row.
Forany j =1, ..., n, it holds that

det(A) =ajjorj +axjan; + -t dpjoy; (5.6)

and this expression is the expansion of the determinant of A with respect to its j-th
column.
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The expansions (5.5) or (5.6) are called the cofactor expansion of the determinant
with respect to the corresponding row or column.

Exercise 5.1.11 Let I, € R™" be the n x n unit matrix. It is immediate to compute
det(1,) = 1.

From the Laplace theorem the following statement is obvious.
Corollary 5.1.12 Let A € R™". Then det("A) = det(A).

Also, from the Laplace theorem it is immediate to see that det(A) =0 if A
has a null column or a null row. We can still think of the determinant of the
matrix A as a function defined on its columns. If A = (Cy,---,C,), one has
det(A) = det(Cy, ..., C,), thatis

det: R" x --- xR" — R, (Cy,...,Cy) > det(A).

The following result, that can be proven by using the Definition 5.1.9, generalises
properties already seen for the matrices of order two and three.

Proposition 5.1.13 Let A = (Cy,---, C,) € R™". One has the following proper-
ties:

(i) Forany A\, N € Rand C| € R", it holds that
det (\C1 + N C}, Ca, ..., Cy) = Adet(C1, Ca, ..., Cy) + X det(C}, Ca, . .., Cy).
Analogous properties hold for any other column of A.

(ii) If A" = (Co1y, .- - Comy), where o = (0(1), ..., o(n)) is a permutation of the
columns transforming A +— A’ it holds that

det(A) = (—1)7 det(A),

where (—1) is the parity of the permutation o, that is (—1)° = 1 if o is given

by an even number of swaps, while (—1)° = —1 if o is given by an odd number
of swaps.
Corollary 5.1.14 Let A= (Cy,---,C,) € R"". Then,

(i) det(\Cy, Cy,...,C,) = Adet(A),
(ii) if C; = C; for any pair i, j, then det(A) =0,
(iii) det(axCo + -+ 4+ a,Cy, Ca, ..., C,) = 0, that is the determinant of a matrix
A is zero if a column of A is a linear combination of its other columns,
(iv) det(C; + aCr + - - -+ a,,Cp, Co, ..., C,) = det(A).
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Proof (i) it follows from the Proposition 5.1.13, with A’ = 0,

(i1) if C; = C}, the odd permutation o which swaps C; with C; does not change the
matrix A; then from the Proposition5.1.13,det(A) = — det(A) = det(A) =0,

(iii) from 5.1.13 we can write

det(anCr + -+ - + ,C,, Ca, ..., Cp) = ZO&,‘ det(C;, Cy,...,C,) =0
i=2

since, by point (ii), one has det(C;, C,...,C,) =0foranyi =2,...,n,
(iv) from the previous point we have

det(Cy + Co + - - - + @, Cp,, Ca, ..., Cp)

=det(Cy, Ca.....Co) + )i det(C;, s, ..., C,) = det(A).

i=2
This concludes the proof. O

Remark 5.1.15 From the Laplace theorem it follows that the determinant of A is an
alternating and multilinear function even when it is defined via the expansion with
respect to the rows of A.

‘We conclude this section with the next useful theorem, whose proof we omit.

Theorem 5.1.16 (Binet) Given A, B € R™" it holds that

det(AB) = det(A) det(B). (5.7)

5.2 Computing Determinants via a Reduction Procedure

The Definition 5.1.9 and the Laplace theorem allow one to compute the determinant of
any square matrix. In this section we illustate how the reduction procedure studied
in the previous chapter can be used when computing a determinant. We start by
considering upper triangular matrices.

Proposition 5.2.1 Let A = (a;;) € R"". If A is diagonal then,
det(A) =apaz - dyy-

More generally, if A is an upper (respectively a lower) triangular matrix,
det(A) = aj1az - - - ayy.
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Proof The claim for a diagonal matrix is evident. With A an upper (respectively
a lower) triangular matrix, by expanding det(A) with respect to the first column
(respectively row) the submatrix Ay is upper (respectively lower) triangular. The
result then follows by a recursive argument. (]

Remark 5.2.2 In Sect. 4.4 we defined the type (s), (\) and (D) elementary transfor-
mations on the rows of a matrix. If A is a square matrix, transformed under one of
these transformations into the matrix A’, we have the following results:

e (s): det(A") = —det(A) (Proposition 5.1.13),
e (V) : det(A") = Adet(A) (Corollary 5.1.14),
e (D): det(A’) =det(A) (Corollary 5.1.14).

It is evident that the above relations are valid when A is mapped into A’ with ele-
mentary transformations on its columns.

Exercise 5.2.3 Let us use row transformations on the matrix A:

11-1 Ry+—> R, —2R,
A=1]211 _ A
121 R3+>R3 — Ry
11 -1
A =]10-13 _ A
01 2 Ry~ R, + R,
11 —1
A”=10-13
00 5

Since we have used only type (D) transformations, from the Remark 5.2.2
det(A) = det(A”) and from Proposition 5.2.1 we have det(A”) = 1 (—1) - 5 = —5.

Exercise 5.2.4 Via a sequence of elementary transformations,

01 1 Ci<C
A=|12-1 — A

111

10 1 Ry+> R, — 2R
Al=121-1 _ A
111 R, R, — R,

10 1 R}~ R} —Rj}
A”=101-3 —_— A
010
10 1
A" =101-3
00 3

"
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Since we used once a type (s) transformation det(A) = — det(A”) = —3.

Remark 5.2.5 The sequence of transformations defined in the Exercise 5.2.3 does
not alter the space of rows of the matrix A, thatis R(A) = R(A”). The sequence of
transformations defined in the Exercise 5.2.4 does alter both the spaces of rows and
of columns of the matrix A.

Proposition 5.2.6 Let A = (a;;) € R™" be reduced by rows and without null rows.
It holds that
det(A) = (=1)%a1.501) ** dn.om)

where a; ;) is the pivot element of the i-th row and o is the permutation of the
columns mapping A into the corresponding (complete) upper triangular matrix.
Proof Let B = (b;;) € R™" be the complete upper triangular matrix obtained
from A with the permutation o. From the Proposition 5.1.13 we have det(A) =
(—1)? det(B), with (—1)? the parity of o. From the Proposition 5.2.1 we have
det(B) = b11by - - - byy, with by = aj 51, - .. » byn = an, o) by construction, thus
obtaining the claim. (]

The above proposition suggests that a sequence of type (D) transformations on the
rows of a square matrix simplifies the computation of its determinant. We summarise
this suggestion as a remark.

Remark 5.2.7 In order to compute the determinant of the matrix A € R™":

e riduce A by row with only type (D) transformations to a matrix A’; this is
always possible from the Proposition 4.4.3. Then det(A) = det(A’) from the
Remark 5.2.2;

e compute the determinant of A’. Then,

— if A" has a null row, from the Corollary 5.1.14 one has det(A") = 0;

— if A’ has no null rows, from the Proposition 5.2.6 one has

det(A) = (=1)7a} ,y) -+,

n,o(n)

with o = (o(1),...,0()).
Again, the result continues to hold by exchanging rows with columns.

Exercise 5.2.8 With the above method we have the following equalities,

1211 121 -1
01 11| (o111
—1—111[-]012 0
1201 00—1 2
121 -1 121 -1
_jor | _jortn |,
00 1 —1 001 -1 '
00—1 2 000 1
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5.3 Invertible Matrices

‘We now illustrate some use of the determinant in the study of invertible matrices.

Proposition 5.3.1 Given A € R™", it holds that
det(A) =0 < T1k(A) <n.

Proof

(<) : By hypothesis, the system of the n columns Cy, ..., C, of A is not free, so
there is least a column of A which is a linear combination of the other columns.
From the Corollary 5.1.14 it is then det(A) = 0.

(=) : Suppose rk(A) = n. With this assumption A could be reduced by row to a
matrix A’ having no null rows since rk(A) = rk(A’) = n. From the Propo-
sition 5.2.6, det(A’) is the product of the pivot elements in A" and since by
hypothesis they would be non zero, we would have det(A’) # 0 and from the
Remark 5.2.2 det(A) = det(A") # 0 thus contradicting the hypothesis. U

Remark 5.3.2 The equivalence in the above proposition can be stated as
det(A) # 0 < r1k(A) =n.

Proposition 5.3.3 A matrix A = (a;;) € R™" is invertible (or non-singular) if and

only if
det(A) # 0.

Proof If A is invertible, the matrix inverse A~ exists with AA~! = I,. From the
Binet theorem, this yields det(A)det(A™!) =det(,) =1 or det(A™') =
(det(A)~! #£ 0.

If det(A) # 0, the inverse of A is the matrix B = (b;;) with elements

|
bij = i
1T det(A) Y

and o j; the cofactor of a; as in the Definition 5.1.7. Indeed, an explicit computation
shows that

1 < ) — 1 ifr=s

AB),, = by = ——— g = | de) T )
A ;“”‘ det(A);“"“k {o if 7 s

The result for r = s is just the cofactor expansion of the determinant given by the
Laplace theorem in Theorem 5.1.10, while the result for  # s is known as the second
Laplace theorem (whose discussion we omit). The above amounts to AB = I, so
that A is invertible with B = A~ O
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Notice that in the inverse matrix B there is an index transposition, that is up to
the determinant factor, the element b;; of B is given by the cofactor «; of A.

Exercise 5.3.4 Let us compute the inverse of the matrix

o ()

This is possible if and only if |A| = ad — bc # 0. In such a case,

AT = 1 fanaxn
|[A] \an axn )’

with o) = d, ap) = —b, a1p = —c, apy = a, so that we get the final result,

L L (d b
A \—¢c a J°

Exercise 5.3.5 Let us compute the inverse of the matrix A from the Exercise 5.1.4,

10 -1
A=|11-1
210

From the computation there det(A) = 2, explicit computations show that

anp=HFH)1 ap==)2 az=H) (1
=) an=H)2 apn=()I
=1 ap=(-=)0 ax=H)1

It is then easy to find that
1 —-11

Al=--220
—1-11



Chapter 6 ®)
Systems of Linear Equations oo

Linear equations and system of them are ubiquitous and an important tool in all
of physics. In this chapter we shall present a systematic approach to them and to
methods for their solutions.

6.1 Basic Notions

Definition 6.1.1 An equation in n unknown variables xi, . .., x, with coefficients
in R is called linear if it has the form

a\xy+ - +ax, =b,

with ¢; € R and b € R. A solution for such a linear equation is an n-tuple of real
numbers («i, ..., a,) € R" which, when substituted for the unknowns, yield an
‘identity’, that is

ajo +---+a,o, =b.

Exercise 6.1.2 It is easy to see that the element (2,6, 1) € R3 is a solution for the
equation with real coefficients given by

3x1 —2xy +7x3 = 1.

Clearly, this is not the only solution for the equation: the element (%, 0, 0) is for
instance a solution of the same equation.

Definition 6.1.3 A collection of m linear equations in the n unknown variables
X1, ..., X, and with real coefficients is called a linear system of m equations in n
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80 6 Systems of Linear Equations
unknowns. We shall adopt the following notation

anxy + apxy + ...+ apx, = b
arix1 + anxs + ...+ ayx, = b

A1 X1 + QuaXo + ...+ QupXn = bm

A solution for a given linear system is an n-tuple (aq, ..., a,) in R" which
simultaneously solves each equation of the system. The collection of the solutions of
the system X is then a subset of R", denoted by Sy, and called the space of solutions
of X.

A system X is called compatible or solvable if its space of solutions is non void,
Sy # (; it will be said to be incompatible if Sy, = 0.

Exercise 6.1.4 The element (1, —1) € R? is a solution of the system

x+y=0

x—y=2"
The following system

x+y=0

x+y=1"

has no solutions.

In the present chapter we study conditions under which a linear system is com-
patible and in such a case find methods to determine its space of solutions. We shall
make a systematic use of the matrix formalism described in the previous Chaps.4
and 5.

Definition 6.1.5 There are two matrices naturally associated to the linear system X
as given in the Definition 6.1.3:

1. the matrix of the coefficients of ¥, A = (a;;) € R™",
2. the matrix of the inhomogeneous terms of ¥, B ="(by, ..., b,) € R™1.

The complete or augmented matrix of the linear system X is given by

ayy ap ... ay | by

ax ay ... axy | b
(A, B) = (a;; | bi) =

Al Am2 - Apn | b

By using these matrices the system X can be represented as follows
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ay; ap ... dp Xy by
az ax ... ay X2 by
> =
aml Am2 - -« Amp Xn bm
or more succinctly as
Y:AX =B
where the array of unknowns is written as X = ’(xy, ..., x,) and (abusing notations)

thought to be an element in R™!.

Definition 6.1.6 Two linear systems ¥ : AX = B and X' : A’X = B’ are called
equivalent if their spaces of solutions coincide, that is ¥ ~ X’ if Sy = Sy/. Notice
that the vector of unknowns for the two systems is the same.

Remark 6.1.7 The linear systems AX = B and A’X = B’ are trivially equivalent

e if (A’, B') results from (A, B) by adding null rows,
e if (A’, B') is given by a row permutation of (A, B).

The following linear systems are evidently equivalent:

x+y=0 x—y=2
x—y=2" x+y=0"

Remark 6.1.8 Notice that for a permutation of the columns of the matrix of its
coefficients a linear system X changes to a system that is in general not equivalent
to the starting one. As an example, consider the compatible linear system AX = B
given in Exercise 6.1.4. If the columns of A are swapped one has

1110 CioC 1110 ,
(A’B):<1—1‘2) - (—11’2>:(A’B)'

One checks that the solution (1, —1) of the starting system is not a solution for
the system A’X = B.

6.2 The Space of Solutions for Reduced Systems

Definition 6.2.1 A linear system AX = B is called reduced if the matrix A of its
coefficients is reduced by rows in the sense of Sect.4.4. Solving a reduced system is
quite elementary, as the following exercises show.

Exercise 6.2.2 Let the linear system X be given by
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x+y+2z=4 112 |4
P y—2z=-3 with (A,B)=|01-2]|-3
z=2 001 |2

Itis reduced, and has the only solution (x, y, z) = (—1, 1, 2). This is easily found
by noticing that the third equation gives z = 2. By inserting this value into the second
equation one has y = 1, and by inserting both these values into the first equation one
eventually gets x = —1.

Exercise 6.2.3 To solve the linear system

2x+y+2z+t=1 21 2 1|1
Y:32x+3y—z=3 with (A,B)=|23-10]3
x+z=0 101 0]0

one proceeds as in the previous exercise. The last equation gives z = —x. By setting

x = 7, one gets the solutions (x, y, z,t) = (7, —7 + 1, —7, 7) with 7 € R. Clearly
¥ has an infinite number of solutions: the space of solutions for ¥ is bijective to
elements 7 € R.

Exercise 6.2.4 The linear system X : AX = B, with

2

—
S W N =

(A, B) =

—_— DN = W

1

0—
00
00

is trivially not compatible since the last equation would give 0 = 1.

Remark 6.2.5 1f Aisreduced by row, the Exercises 6.2.2 and 6.2.3 show that one first
determines the value of the unknown corresponding to the pivot (special) element
of the bottom row and then replaces such unknown by its value in the remaining
equations. This amounts to delete, or eliminate one of the unknowns. Upon iterating
this procedure one completely solves the system. This procedure is showed in the
following displays where the pivot elements are bold typed:

112 |4
A,By=[01-2|-3
001 ]2

Here one determines z at first then y and finally x. As for the Exercise 6.2.3, one

writes
21 2 1|1

A, B)=123-10|3
101 0/0

where one determines z, then y and after those one determines 7.
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The previous exercises suggest the following method that we describe as a propo-
sition.

Proposition 6.2.6 (The method of eliminations) Let ¥ : AX = B be a reduced sys-
tem.

(1) From the Remark 6.1.7 we may assume that (A, B) has no null rows.

(2) If A has null rows they correspond to equations like 0 = b; with b; # 0 since
the augmented matrix (A, B) has no null rows. This means that the system is not
compatible, Sy, = .

(3) If A has no null rows, thenm < n. Since A is reduced, it has m pivot elements, so
its rank is m. Starting from the bottom row one can then determine the unknown
corresponding to the pivot element and then, by substituting such an unknown
in the remaining equations, iterate the procedure thus determining the space of
solutions.

We describe the general procedure when A is a complete upper triangular matrix.

ail app az ... Ay * ... % dyy b]
0 axy a3 ... dyy, * ... % dyy b2
(A,B): 0 0 aszz ... A3y k... % d3y, b3
0 0 O ...apm*...%au, |by

with all diagonal elements a;; % 0. The equation corresponding to the bottom line
of the matrix is
A Xm + Amm+1Xm+1 + st appxy, = bm

with a,,, # 0. By dividing both sides of the equation by a,,, one has

—1
Xm = amm(bm — Qum+1Xm+1 + -0 — amn-xn)-

Then x,, is a function of X;y+1, - .., Xn. From the (m — 1)-th row one analogously
obtains

-1
Xm—1 = am_lm_l(bmfl — Am—1mXm — Am—1m+1Xm+1 + - amfln-xn)~

By replacing x,, with its value (as a function of x,;+1, . .., Xn) previously deter-
mined, one writes x,,— as a function of the last unknowns Xy, 11, . . . , X,. The natural
iterations of this process leads to write the unknowns x,, _», X,u_3, . . ., X1 as functions
of the remaining ones X, 11, ..., Xy.

Remark 6.2.7 Since the m unknowns xy, ..., x,, can be expressed as functions of
the remaining ones, the n — m unknowns x,, 11, ..., X,, the latter are said to be free
unknowns. By choosing an arbitrary numerical value for them, x,, .1 = A, ..., x, =
Mi—m»> With \; € R, one obtains a solution, since the matrix A is reduced, of the linear
system. This allows one to define a bijection
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R"™ & Sy

where n is the number of unknowns of ¥ and m = rk(A). One usually labels this
result by saying that the linear system has oo™~ solutions.

6.3 The Space of Solutions for a General Linear System

One of the possible methods to solve a general linear system AX = B uses the
notions of row reduction for a matrix as described in Sect.4.4. From the definition
at the beginning of that section one has the following proposition.

Theorem 6.3.1 Let = : AX = B be a linear system, and let (A’, B') be a trans-
formed by row matrix of (A, B). The linear systems ¥ and the transformed one
¥’ : A’X = B’ are equivalent.

Proof We denote as usual A = (a;;) and B ="(by, ..., by,). If (A’, B') is obtained
from (A, B) under a type (e) elementary transformation, the claim is obvious as seen
in Remark 6.1.7.If (A’, B’) is obtained from (A, B) under a type (\) transformation
by the row R; the claim follows by noticing that, for any A # 0, the linear equation
a1 xy+ -+ QipXy = bi
is equivalent to the equation
Aaj1xy + -+ Aaipnx, = Ab;.

Let now (A’, B’) be obtained from (A, B) via a type (D) elementary transforma-

tion,

R,‘ = Rl-f-)\Rj

with j # i. To be definite we take i = 2 and j = 1. We then have

Ry
Ry + AR,
(A',B) = )
Ry
Let us assume that o« = (o, ..., @) is a solution for X, that is

ajrog + -+ aipo, = by

for any i =1, ..., m. That all but the second equation of X’ are solved by « is
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obvious; it remains to verify whether « solves also the second equation in it that is,
to show that

(@21 + Aai)xy + -+ + (a2n + Aain)x, = by + Aby.
If we add the equation for i = 2 to A times the equation for i = 1, we obtain
(@21 + Aan)ag + -+ -+ (a2 + Aa) oy, = by + Aby

thus (ayq, ..., a,) is a solution for ¥’ and Sy € Sy. The inclusion Sy C Sy is
proven in an analogous way. O

By using the above theorem one proves a general method to solve linear systems
known as Gauss’ elimination method or Gauss’ algorithm.

Theorem 6.3.2 The space Sx, of the solutions of the linear system ¥ : AX = B is
determined via the following steps.

(1) Reduce by rows the matrix (A, B) to (A’, B") with A’ reduced by row.

(2) Using the method given in the Proposition 6.2.6 determine the space Sy of the
solutions for the system %' : A’X = B'.

(3) From the Theorem 6.3.1 it is ¥ ~ X’ that is Sy = Syx.

Exercise 6.3.3 Let us solve the following linear system

2x+y+z=1
Y= qx—-y—2z=0
x+2y+4+2z=1

whose complete matrix is
21 1|1
(A,By=|1-1-110
12 2|1

By reducing such a matrix by rows, we have

Ry Ry+R; 2 111
(A,B) ————> 3001
R3D—>R372R1 —3 0 0 —1
21111
—_——— 13001 = (A, B).

R3 = R3+R; 00010

Since A’ is reduced the linear system X’ : A’X = B’ is reduced and then solvable
by the Gauss’ method. We have
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3x=l X = =

_ 1
Z,:{Z)H-y—i-Z—l . {y+z1—3.
3

It is now clear that one unknown is free so the linear system has oo! solutions.
By choosing z = A the space Sy, of solutions for X is
Sy ={(x, .20 eR|(x.y.0) =G . § = AN, AeR}.
On the other end, by choosing y = « the space Sy can be written as
Sy ={(x,y,2) e R | (x,y,2) = (%,a,%—a), a € R}
It is obvious that we are representing the same subset Sy C R in two different
ways.

Notice that the number of free unknowns is the difference between the total number
of unknowns and the rank of the matrix A.

Exercise 6.3.4 Let us solve the following linear system,

x+y—z=0
Y {2x—y=1
y+2z=2
whose complete matrix is
11 -110
(A,B) =[2-1 0 |1
01 212
The reduction procedure gives
Ry Ry—2R, 11 —-110
A,B) ——— 0-3 2 |1
01 212
11 -110
—> 032 |1] =(A.B).
R3l—>R3—R2 0 O 1

Since A’ is reduced the linear system X' : A’X = B’ is reduced with no free
unknowns. This means that Sy (and then Sy) has oo = 1 solution. The Gauss’
method provides us a way to find such a solution, namely

)C_y+Z:0 X —27=
i 3y4+2r=1 = (2z=17
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This gives Sy = {(x, y,2) = (5, }1, %)}. Once more the number of free unknowns

is the difference between the total number of unknowns and the rank of the matrix A.

The following exercise shows how to solve a linear system with one coefficient
given by areal parameter instead of a fixed real number. By solving such a system we
mean to analyse the conditions on the parameter under which the system is solvable
and to provide its space of solutions as depending on the possible values of the
parameter.

Exercise 6.3.5 Let us study the following linear system,

x+2y+z+1t=-1
x+y—z+2t=1
2x+Ay+ A =0
Ay —2z+ X =2

E,\Z

with A € R. When the complete matrix for such a system is reduced, particular care
must be taken for some critical values of A. We have

12 1 1]=1
11 —12]1
AB =15 02alo
0-XA—2X\|2
R 1 2 1 1 |-1
2 0 -1 -2 1 2
=
. ON—4-—2X—2]2
o el 0 —x =2 A |2
1 2 1 1 |-
R3+— R3—R;

o -1 =2 1 2 = (A, B)).

o rn 0A=3 0 X=3|0
i 0-A+10X=1]0

The transformations R3 +— Rz + R4, then Ry +— %R3 and finally Ry — R4+
(1 — X)R3 give a further reduction of (A’, B') as

12 11 |-l 12 1 1 |-1
0 -1 -2 1 |2 o—1-—2 1 |2 | .. .,
0 =1 oxrx-2lo] ™ lo=10ar-2]0 |=©:B)
0-A+10 A—1]0 00 0 ay |0

with agq = (1 — A\)(A — 3). Notice that the last transformation is meaningful for any
A € R. In the reduced form (A”, B”) we have that Ry is null if and only if either
A =3 or A = 1. For such values of the parameter A either R; or R4 in A’ is indeed
null. We can now conclude that X is solvable for any value of A\ € R and we have
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e If A\ € {1,3}) then ass = 0, sork(A) = 3 and X has co' solutions,
o If A\ ¢ {1,3}then ayy # 0, sork(A) = 4 and X) has a unique solution.

We can now study the following three cases:

(a) A ¢ {1,3}, thatis

x+2y+z+t=-1
-y —2z+t=2
v+ A=2)=0
A=3)A=-Dt=0

2/\1

From our assumption, we have that ass = (A — 3)(A — 1) # 0sowe getr = 0.
By using the Gauss’ method we then write

x=0
z=—1
y=20
t=0

This shows that for A # 1, 3 the space Sy, does not depend on \.
(b) If A = 1 we can delete the fourth equation since it is a trivial identity. We have

then
x+2y+z+t=-1
Yyor § Yy —2z+t=2
y+t=0
The Gauss’ method gives us
x=0
z=t-—1
y=—t

and this set of solutions can be written as

{((x,v,2.) e R* | (x, v, 2, 1) = (0, —a, « — 1, @), o € R}.

(c) If A = 3 the non trivial part of the system turns out to be

x+2y+z+t=-1

Yra3: 3 —y—27+1t=2
—y+t=0
and we write the solutions as
x = -3t
z=-—1
y=t

orequivalently Sy, , = {(x,y,z,1) € R*| (x,v,z,1) = (=3a, o, =1, @), e € R}.
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What we have discussed can be given in the form of the following theorem which
provides general conditions under which a linear system is solvable.

Theorem 6.3.6 (Rouché—Capelli). The linear system % : AX = B is solvable if and
only if tk(A) = 1k(A, B). In such a case, denoting tk(A) = tk(A, B) = p and with
n the number of unknowns in X, the following holds true:

(a) the number of free unknowns is n — p,
(b) the n — p free unknowns have to be selected in such a way that the remaining p
unknowns correspond to linearly independent columns of A.

Proof By noticing that the linear system X can be written as
xCi+---+x,C, =B

with Cy, ..., C, the columns of A, we see that X is solvable if and only if B is a linear
combination of these columns that is if and only if the linear span of the columns of
A coincides with the linear span of the columns of (A, B). This condition is fulfilled
if and only if rk(A) = rk(A, B).

Suppose then that the system is solvable.

(a) Let ¥’ : A’X = B’ be the system obtained from (A, B) by reduction by rows.
From the Remark 6.2.7 the system ¥’ has n — rk(A’) free unknowns. Since
¥ ~ ¥ and rk(A) = rk(A") the claim follows.

(b) Possibly with a swap of the columns in A = (Cy, ..., C,) (which amounts to
renaming the unknown), the result that we aim to prove is the following:

Xpt1, .., Xy are free & Cy, ..., C, are linearly independent.
Eet us at first suppose that Cy,...,C, are linearly independent, and set
A = (Cy,...,C)). By apossible reduction and a swapping of some equations,

with tk(A) = rk(A, B) = p, the matrix for the system can be written as

a11a12a13...a1p*...*b1
Oa22a23...a2p*...*b2
0 Oa33...a3p*...*b3

ABY=10 0 0..ap%...4b,
0O 0 0...00...00
0 0 0...00...00
The claim—that x,, 1, ..., x,, can be taken to be free—follows easily from the
Gauss’ method.
On the other hand, let us assume that x,41, ..., x, are free unknowns for the

linear system and let us also suppose that Cy, . . ., C, are linearly dependent. This



90 6 Systems of Linear Equations

would result in the rank of A be less that p and there would exist a reduction of
(A, B) for which the matrix of the linear system turns out to be

app ... dyp k...0k
a,_ e Ay koL
(A/,B/)Z p—11 p—1p
0 ... 0 =x...x
0 ... 0 =x...x

Since rk(A’, B’) = 1k(A, B) = p there would then be a non zero row R; in
(A’, B") with i > p. The equation corresponding to such an R;, not depending
on the first p unknowns, would provide a relation among the x4y, .. ., x,, which
would then be not free. ([l

Remark 6.3.7 If the linear system X : AX = B, with n unknowns and m equations
is solvable with rk(A) = p, then

(i) X isequivalent to a linear system X’ with p equations arbitrarily chosen among
the m equations in X, provided they are linearly independent.
(ii) there is a bijection between the space Sy and R"~".

Exercise 6.3.8 Let us solve the following linear system depending on a parameter
AeR,
A +z=-1
T3 x+OA—Dy+2z=1.
X+A=-1Dy+3z=0

We reduce by rows the complete matrix corresponding to X as

A0 1|-1
(A,B) =1 )X=-12]1
I1A=-13]0
Ry Ry—2Ry A 0 1]|-1
- 1—-22X—-10] 3
Ry R3—3R, 1-3AA—-10] 3
A 0 1|-1
-
P 1—-2AA—-10] 3 = (A, B).
a TR -A 0 0]0

Depending on the values of the parameter A we have the following cases.
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(a) If A\ = 1, the matrix A’ is not reduced. We then write

1 01|-1 1 01]-—1
(A,B)=1|-100]| 3 R —-100]| 3
—100 O R3>—>R3—R2 0 00 —3

The last row gives the equation 0 = —3 and in this case the system has no

solution.
(b) If X # 1 the matrix A’ is reduced, so we have:

e If A # 0, thenrk(A) = 3 = rk(A, B), so the linear system ¥,_( has a unique
solution. With A ¢ {0, 1} the reduced system is

Ax +z=—1
il d=-2M0x+\N—=-1y=3
—Xx =0

and the Gauss’ method gives Sy, = (x,y,2) = (0,3/(A — 1), —1).
e If A\ = 0 the system we have to solve is

whose solutions are given as
s ={(x,y,2) €RY|(x,y,2) = (@ +3,a,—) a € R}.
Exercise 6.3.9 Let us show that the following system of vectors,
v =(1,1,0), v»=1(0,1,1), v3=(1,0,1),
is free and then write v = (1, 1, 1) as a linear combination of vy, v;, v3.
We start by recalling that v;, v,, vs are linearly independent if and only if the rank

of the matrix whose columns are the vectors themselves is 3. We have the following
reduction,

101 10 1 10 1
() =110 > 01 -1 — 01-1
011 01 1 00 2

The number of non zero rows of the reduced matrix is 3 so the vectors vy, v,, v3
are linearly independent. Then they are a basis for R?, so the following relation,

XV + Yyv2 + 203 =V
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is fullfilled by a unique triple (x, y, z) of coefficients for any v € R3. Such a triple is
the unique solution of the linear system whose complete matrix is
(A, B) = (v; vy v3 v). For the case we are considering in this exercise we have

1011

(A,By= 1101
0111

Using for (A, B) the same reduction we used above for A we have

10 1|1 10 1 |1
A,B) — |o1-1]l0] — [o01-=1]0
01 1 |1 00 2 |1

The linear system we have then to solve is

x+z=1
y—z=0
2z =1

giving (x, y, x) = %(1, 1, 1). One can indeed directly compute that
WL Lo+ LD+ 20D =1, 1)
Exercise 6.3.10 Let us consider the matrix
Al
n=(13)

with A € R. We compute its inverse using the theory of linear systems.
We can indeed write the problem in terms of the linear system

(D)) -61)

that is
A +z=1
I x—i—)\z:O'
Ay+1t=0
y+aAr=1

We reduce the complete matrix of the linear system as follows:
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AO10]1
10AX01|0
(4B =15x01l0
0O10X]1

A 0101

Ry > Ra—\R, 1—=X2000 |-\

- 0 X010

0 10| 1

A 0 101
1-X 0 00|-\ -
- S =
\ 0 A 0110 (4% B).
far famaf 0 1-X200]1
The elementary transformations we used are well defined for any real value of \.
We start by noticing that if 1 — \?> = 0 that is A\ = %1, we have

+1 0 10| 1
;oo |0 0o00]|F1
A.B) =106 t101]0
0 000]1

The second and the fourth rows of this matrix show that the corresponding linear
system is incompatible. This means that when A = 41 the matrix M) is not invertible
(as we would immediately see by computing its determinant).

We assume next that 1 — A2 0. In such a case we have tk(A) = rk(A, B) = 4,
so there exists a unique solution for the linear system. We write it in the reduced
form as

M +z=1
ol (I =XM)x =-)\
Tl Ay+t=0
(1-=X)y=1
Its solution is then
z=1/(1-X?)
x=-=X(1-=X?
t=-M({1-=X»)"
y=1/(1-X%)

that we write in matrix form as

-1
—1 1
= ()
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6.4 Homogeneous Linear Systems

We analyse now an interesting class of linear systems (for easy of notation we write
0 = On).

Definition 6.4.1 A linear system X : AX = B is called homogeneous if B = 0.

Remark 6.4.2 Alinear system ¥ : AX = 0with A € R™" is always solvable since
the null n-tuple (the null vector in R") gives a solution for X, albeit a trivial
one. This also follows form the Rouché-Capelli theorem since one obviously has
rk(A) = rk(A, 0). The same theorem allows one to conclude that such a trivial solu-
tion is indeed the only solution for ¥ if and only if n = p = rk(A).

Theorem 6.4.3 Let ¥ : AX = 0 be a homogeneous linear system with A € R™".
Then Sy is a vector subspace of R" with dim Sy = n — rk(A).

Proof From the Proposition 2.2.2 we have to show that if X, X, € Sy with Aj,
Ay € R, then \; X + A\ X; is in Sy. Since by hypothesis we have AX; = 0 and
AX, = 0 we have also A\;(AX) + \2(AX,) = 0. From the properties of the matrix
calculus we have in turn A\j(AX)) + A (AX2) = A\ X + A2 X»), thus giving
A1 X1 + A2 X5 in Sy. We conclude that Sy is a vector subspace of R”.

With p = rk(A), from the Rouché-Capelli theorem we know that ¥ has n — p
free unknowns. This number coincides with the dimension of Sy. To show this fact
we determine a basis made up of n — p elements. Let us assume for simplicity that

the free unknowns are the last ones x,.1, ..., x,. Any solution of ¥ can then be
written as

Gky ooy %, Xpgty - vy Xp)
where the p symbols * stand for the values of xy, . .., x,, corresponding to each possi-
ble value of x4, ..., x,. We let now the (n — p)-dimensional ‘vector’ x,,1, ..., X,

range over all elements of the canonical basis of R"~” and write the corresponding
elements in Sy, as

v =(x...,%1,0,...,0)
vy =(%...,%0,1,...,0)

Unfpz(*,---,*,O,O,...,l).

The rank of the matrix (vy, ..., v,_,) (thatis the matrix whose rows are these vec-
tors) is clearly equal to n — p, since its last » — p columns are linearly independent.
This means that its rows, the vectors vy, . .., v,_,, are linearly independent. It is easy
to see that such rows generate Sy so they are a basis for it and dim(Sy) = n — p.

It is clear that the general reduction procedure allows one to solve any homoge-
neous linear system X. Since the space Sy is in this case a linear space, one can
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determine a basis for it. The proof of the previous theorem provides indeed an easy
method to get such a basis for Sy. Once the elements in Sy are written in terms of
the n — p free unknowns a basis for Sy, is given by fixing for these unknowns the
values corresponding to the elements of the canonical basis in R" 7.

Exercise 6.4.4 Let us solve the following homogeneous linear system,
X1 —2x3+x5+x5=0
XX —Xo—x3+x4—x5+x5=0

X1 —x2 +2x4 —2x5 +2x6 =0

and let us determine a basis for its space of solutions. The corresponding A matrix is

10 -2011
A=|1-1-11-11
1-1 0 2-22
We reduce it as follows
10 -2011 10 -2011
A — 0-111-20 — 0-111=-20] = A"
0-12 2-31 00 1 1-11

Thus rk(A) = rk(A’) = 3. Since the first three rows in A’ (and then in A) are
linearly independent we choose x4, X5, X¢ to be the free unknowns. One clearly has
¥ ~ % : AX = 0so we can solve

X1 —2x3+ x5+ x5 =0
i —x3—x4+2x5=0 .
X3+ x4 —x5+x6=0

By setting x4 = a, x5 = b and x¢ = ¢ we have
Sy ={(x1,....x¢) =(—2a+b—-3¢c,—b—c,—a+b—c,a,b,c)|a,b,c e R}

To determine a basis for Sy, welet (a, b, ¢) be the vectors (1, 0, 0), (0, 1, 0), (0,0, 1)
of the canonical basis in R? since n — p = 6 — 3 = 3. With this choice we get the
following basis

(5] :(_2901_1a110a0)
v=(1,-1,1,0,1,0)
U3=(_3,—1,_1,0, 07 1)'



Chapter 7 ()
Linear Transformations Check for

Together with the theory of linear equations and matrices, the notion of linear
transformations is crucial in both classical and quantum physics. In this chapter
we introduce them and study their main properties.

7.1 Linear Transformations and Matrices

We have already seen that differently looking sets may have the same vector space
structure. In this chapter we study mappings between vector spaces which are, in a
proper sense, compatible with the vector space structure. The action of such maps
will be represented by matrices.

Example 7.1.1 Let A = (i z) € R?2, Let us define the map f : R*? — R? by

f(X) = AX

where X = (x, y) is a (column) vector representing a generic element in R?> and AX
denotes the usual row by column product, that is

X ab X
()= () )
With X = (x1, x2) and Y = (y1, y2) two elements in R?, using the properties of
the matrix calculus it is easy to show that

fFX+Y)=AX+Y)=AX+AY = f(X)+ f(Y)
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98 7 Linear Transformations
as well as, with A € R, that
FOX) =AMNX) = MAX) =\ f(X).
This example is easily generalised to matrices of arbitrary dimensions.
Exercise 7.1.2 Given A = (g;;) € R™" one considers the map f : R* — R”
f(X) = AX,
with X ='(x1,...,x,) and AX the usual row by column product. The above

properties are easily generalised so this map satisfies the identities f(X +Y) =
fX)+ f(Y)forany X,Y € R" and f(AX) = A f(X) forany X € R", A e R.

1 21
1-10

121\ (F 2
fWJJD=G_m>y =C§f;ﬁ~
Z

The above lines motivate the following.

Example 7.1.3 Let A = ( ) € R%3. The associated map f : R — RZis

given by

Definition 7.1.4 Let V and W be two vector spaces over R. Amap f : V — W
is called linear if the following properties hold:

(L) f(X+Y)=f(X)+ f(¥Y) forallX,Y eV,
L2) fOX) = AF(X) forall X e V, AeR.

The proof of the following identities is immediate.

Proposition 7.1.5 If f : V — W is a linear map then,

(a) f(Oy) = Ow,

(b) f(—v)=—f)foranyv eV,

(c) flaivy+---+apv,) =af(v)+---+a,f(vy),foranyvy,...,v, € Vand
ap,...,ap €R

Proof (a) Since Oy = 0z0y the (L2) defining property gives
S Oy) = f(OrOy) = Or f(Ov) = Oy.
(b) Since —v = (—1)v, again from (L2) we have
f(=v) = f((=Dv) = (=D f(v) = = f(v).

(c) This is proved by induction on p. If p = 2 the claim follows directly from (L1)
and (L2) with
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flaivy +axv) = flaivy) + faxvz) = ay f(vy) + az f(v2).

Let us assume it to be true for p — 1. By setting w = ajv; + -+ a,_1v,_1,
we have

flajvy +--- +apvp) = fw +apvp) = fw) + f(apvp) = f(w) +apf(vp)

(the first equality follows from (L1), the second from (L2)). From the induction
hypothesis, we have f(w) = ay f(v)) 4+ -+ ap—1 f (vp—1), 50

flayvy +--- +apvy) = S (w) +apf(vp) =ayf(v) +--- +ap—1f(vp—1) +apf(vp)7

which is the statement for p.
O

Example 7.1.6 The Example 7.1.1 and the Exercise 7.1.2 show how one associates
a linear map between R"” and R™ to a matrix A € R™". This construction can be
generalised by using bases for vector spaces V and W.

Let us consider a basis B = (vy, ..., v,) for V and a basis C = (wy, ..., w,)
for W. Given the matrix A = (a;;) € R™" we define f : V — W as follows. For
any v € V we have uniquely v = x vy + - - - 4+ x,,v,,, thatis v = (xy, ..., x,,) 3. With
X ="(xy,...,x,),weconsider the vector AX € R" withAX ="(y, ..., ym)c. We
write then

f(U) =Yiwp+ -+ YW

which can be written as

X
f(&x, . x)p) = A
X)) o
. . . 1 2 1 2 3 .
Exercise 7.1.7 Let us consider the matrix A = 1-10 e R, with V = R[X],

and W = R[X];. With respect to the bases B = (1, X, X?) for V and C = (1, X) for
W the map corresponding to A as in the previous example is

fla+bX +cX?) = (A'(a,b,c)c
that is
fla+bX+cX)=(@+2b+c,a—b)ec=a+2b+c+(a—bX.

Proposition 7.1.8 The map f : V — W defined in the Example 7.1.6 is linear.

Proof Let v,v' € V with v = (x,...,x,)g and v' = (x], ..., x,)5. From the
Remark 2.4.16 we have
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v+v =+, X+ X0)B
So we get

F+V)=(AG +x],....x, +x,))c
= (A'(xy, ..., x))e + (AX), ..o x))e
=f+ f()

(notice that the second equality follows from the Proposition 4.1.10). Along the same
line one shows easily that for any A € R one has f(\v) = Af(v). O

The following definition (a rephrasing of Example 7.1.6) plays a central role in
the theory of linear transformations.

Definition 7.1.9 With V and W two vector spaces over Randbases 5 = (vy, ..., v,)
for Vand C = (wy, ..., wy) for W, consider a matrix A = (g;;) € R™". The linear
map

By s ow
defined by
Vosv=xv+-+xv, — f’c(v)zylwl—i----—i—ymwm e W

with
t(yla MR ] )’m) == At(xla AR 7-xn)?
is the linear map corresponding to the matrix A with respect to the basis I3 e C.

Remark 7.1.10 Denoting ff’B = f, one immediately sees that the n columns in A
provide the components with respect to C in W of the vectors f(vy), ..., f(v,),
with (vy, ..., v,) the basis BB for V. One has

v = lvl +0U2+"'+0vn = (1709"'50)6’
thus giving

fw) = (AY(1,0,...,0)c ="(a, ..., amc

= f(v) = anwy + -+ AGpiwy.

It is straightforward now to show that f(v;) = (ay;, ..., an;)c for any index j.

IfA = (a;;) e R™"and f : R" — R™isthelinearmapdefinedby f(X) = AX,
then the columns of A give the images under f of the vectors (ey, ...e,) of the
canonical basis &, in R”. This can be written as

A= (f(er) flea) -+ flew).



7.1 Linear Transformations and Matrices 101

Exercise 7.1.11 Let us consider the matrix
11-1

110

with B = C 53 the canonical basis in R?, and the corresponding linear map
f=fos — R If (x,y,2) € R? then f((x,y,2)) =A'(x,y,z). The
action of f is then given by

f((x,y,Z))Z(x-i-y—Z,y-i-ZZ,x—i—)’)-

Being B the canonical basis, it is also

fle)=(1,0,1), flea)=(1,1,1), fles) =(-1,2,0).

We see that f(e;), f(e2), f(e3) are the columns of A. This is not an accident:
as mentioned the columns of A are, in the general situation, the components of
f(e1), f(ea), f(e3) with respect to a basis C—in this case the canonical one.

The Proposition 7.1.8 shows that, given a matrix A, the map ff’B is linear. Our
aim is now to prove that for any linearmap f : V — W there exists amatrix A such
that f = f f €, with respect to two given bases 553 and C for V and W respectively.

In order to determine such a matrix we use the Remark 7.1.10: given a matrix A
the images under ff’B of the elements in the basis B of V are given by the column
elements in A. This suggests the following definition.

Definition 7.1.12 Let B = (vy, ..., v,) be a basis for the real vector space V and

= (wy, ..., wy) a basis for the real vector space W.Let f : V — W be a linear
map. The matrix associated to f with respect to the basis B and C, that we denote
by M; ¢B is the element in R™" whose columns are given by the components with
respect to C of the images under f of the basis elements in B. That is, the matrix
Mjcc B-aA= (a;j) is given by

f) =anwi+ -+ apwn

f(vn) =ajpw; + -+ dppWpes
which can be equivalently written as

= (fD), ... ., f(a).

Such a definition inverts the one given in the Definition 7.1.9. This is the content
of the following proposition, whose proof we omit.
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Proposition 7.1.13 Let V be a real vector space with basis B = (vy, ..., v,) and
W a real vector space with basis C = (wy, ..., wy). The following results hold.

(i) If f : V. — W isa linear map, by setting A = MESB it holds that
f
AC’B = f.

(ii) If A € R™", by setting [ = ff’B it holds that

c.B _
My" = A.
Proposition 7.1.14 Let V and W be two real vector spaces with (vy, . . ., v,) a basis
for V. For any choice of {uy, ..., u,} of n elements in W there exists a unique linear

map f 'V — W suchthat f(vj) =u; forany j =1,..., n.

Proof To define such a map one uses that any vector v € V can be written uniquely
as

v=av; + -+ a,v,
with respect to the basis (vy, ..., v,). By setting
f)y=a f(v)+- - +anf(v) =au + -+ ayuy

we have a linear (by construction) map f that satisfies the required condition
f;)=u;forany j € 1,...,n.

Let us now suppose this map is not unique and that there exists a second linear
mapg : V — W with g(v;) = u;. From the Proposition 7.1.5 we could then write

g(v) :alg(vl) + - +ang(vn) =auy + -+ au, = f(U),

thus getting g = f. O

What we have discussed so far gives two equivalent ways to define a linear map
between two vector spaces V and W.

I. Once a basis B for V, a basis C for W and a matrix A = (a;;) € R™" are fixed,
from the Proposition 7.1.13 we know that the linear map ff’B is uniquely
determined.

II. Once abasis B = (vy, ..., v,) for V and n vectors {uy, ..., u,}in W are fixed,
we know from the Proposition 7.1.14 that there exists a unique linear map
f:V - Wwith f(vj) =ujforany j =1,...,n.

From now on, if V =R" and B = £ is its canonical basis we shall denote by
f((x1, ..., x,)) what we have previously denoted as f ((xy, ..., x,)5). Analogously,
with C = £ the canonical basis for W = R” we shall write (yy, ..., y,) instead of
()’1, cet )’m)C
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With such a notation, if f : R” — R is the linear map which, with respect to
the canonical basis for both vector spaces corresponds to the matrix A, its action is
written as

Fxp, . x0) = AN(xyg, ..., Xp)

or equivalently
f((xla o Xp)) = (@nxy o F AnXn, oo, QX1 s A Xy).

Exercise 7.1.15 Let fy : V — W be the null (zero) map, that is fy(v) = Oy for
any v € V. With B and C arbitrary bases for V and W respectively, it is clearly

cB _
Mfo = Ogman,
that is the null matrix.

Exercise 7.1.16 If idy(v) = v is the identity map on V then, using any basis
B = (vi, ..., v,) for V, one has the following expression

idy(;) =v; =(0,...,0, 1 ,0,...,0)5

forany j = 1,...,n. Thatis Mg;B is the identity matrix I,,. Notice that ij’VB #* 1,
if B#C.

Exercise 7.1.17 Let us consider for R? both the canonical basis & = (e, 2, €3)
and the basis B = (vy, va, v3) with

v =0, 1 1), vu=(1,0,1), v3=(1,1,0).

A direct computation gives

011 (-1t
mEEP=1[101], Miff”‘fz5 1 -1 1
110 11 -1

and each of these matrices turns out to be the inverse of the other, that is
&,B B.& _
M3 My =1,
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7.2 Basic Notions on Maps

Before we proceed we recall in a compact and direct way some of the basic notions
concerning injectivity, surjectivity and bijectivity of mappings between sets.

Definition 7.2.1 Let X and Y be two non empty sets and f : X — Y a map
between them. The element f(x) in Y is called the image under f of the element
x € X. The set

Im(f) = {yeY[IxeX : y=fx)

is called the image (or range) of f in Y. The set (that might be empty)
Tl =freX : f0)=y)
defines the pre-image of the element y € Y.

Definition 7.2.2 Let X and Y be two non empty sets, withamap f : X — Y.One
says that:

(i) f isinjective if, for any pair x;, x, € X with x| # xp,1itis f(x;) # f(x2),
(i) f is surjective if Im(f) = Y,
(1) f is bijective if f is both injective and surjective.

Definition 7.2.3 Let f : X — Yandg : Y — Z be two maps. The composition
of g with f is the map
gof:X = Z

defined as (g o f)(x) = g(f(x)) for any x € X.

Definition 7.2.4 Amap f : X — Yisinvertibleifthereexistsamapg : ¥ — X
such that g o f = idxy and f o g = idy. In such a case the map g is called the
inverse of f and denoted by f~!. It is possible to prove that, if f is invertible, then
f~"is unique.

Proposition 7.2.5 Amap f : X — Y is invertible if and only if it is bijective. In
such a case the map =" is invertible as well, with (f~1)~! = f.

7.3 Kernel and Image of a Linear Map

Injectivity and surjectivity of a linear map are measured by two vector subspaces
that we now introduce and study.

Definition 7.3.1 Consider a linear map f : V — W. The set

V2 ker(f) ={veV : f(v)=0w}
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is called the kernel of f, while the set
WOoOIm(f) ={fweW :3dJveV:w= f(v)}

is called the image of f.

Theorem 7.3.2 Given a linear map f : V. — W, the set ker(f) is a vector sub-
space in V and Im(f) is a vector subspace in W.

Proof We recall the Proposition 2.2.2. Given v, v' € ker(f) and A\, ' € R weneed to
compute f(Av + N'v'). Since f(v) = Oy = f(v') by hypothesis, from the Proposi-
tion 7.1.5 we have f(Av + Nv') = Af(v) + X f(v') = Oy. This shows that ker( f)
is a vector subspace in V.

Analogously, let w, w’ € Im(f) and A\, \' € R. From the hypothesis there exist
v,v" € V such that w = f(v) and w’ = f(v); thus we can write A\w + Nw' =
Af@)+NfQ) = f(Av+ Nv) e Im(f) again from he Proposition 7.1.5. This
shows that Im( f) is a vector subspace in W. O

Having proved that Im( f) and ker( f) are vector subspaces we look for a system
of generators for them. Such a task is easier for the image of f as the following
lemma shows.

Lemma?7.33 With f:V — W a linear map, one has that
Im(f) = L(f(v1), ..., f(vy)), where B = (vy,...,v,) is an arbitrary basis for
V. The map f is indeed surjective if and only if f(vy), ..., f(v,) generate W.

Proof Letw eIm(f),thatisw= f(v) forsome v € V.Being B abasis for V, one has
v =av| + -+ a,v, and since f islinear,one has w = a; f(vy) + - -+ + a, f (v,),
thus givingw € L(f (vy), ..., f(v,)). WehavethenIm(f) € L(f(vy), ..., f(vy)).
The opposite inclusion is obvious since Im( f) is a vector subspace in W and contains
the vectors f(vy), ..., f(v,).

The last statement is the fact that f is surjective (Definition 7.2.2) if and only if
Im(f)=W. O

Exercise 7.3.4 Let us consider the linear map f : R® — R? given by
fx,y,20)=0+y—z,x—y+2).

From the lemma above, the vector subspace Im(f) is generated by the images
under f of an arbitrary basis in R3. With the canonical basis £ = (e, e, €3) we

have Im(f) = L(f(e1), f(e2), f(e3)), with
fle =0, D,  fle)=(1,-1),  fles) = (=1 1.

It is immediate to see that Im( f) = R?, that is f is surjective.
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Lemma 7.3.5 Let f : V — W be a linear map between two real vector spaces.
Then,

(i) f isinjective if and only ifker(f) = {0y},
(ii) if f isinjective and (vy, ..., v,) is a basis for V, the vectors f(v1), ..., f(v,)
are linearly independent.

Proof (i) Let us assume that f is injective and v € ker(f), that is f(v) = Oy.

From the Proposition 7.1.5 we know that f(0y) = Oy. Since f is injective it
must be v = Oy, that is ker(f) = {Oy}.
Viceversa, let us assume thatker( f) = Oy and let us consider two vectors vy, v,
such that f(v;) = f(v,). Since f is linear this reads Oy = f(vy) — f(v2) =
f(vy —vy), that is vy — vy € ker(f) which, being the latter the null vector
subspace, thus gives v; = v;.

(i) In order to study the linear independence of the system of vectors
{f(v),..., f(vy)} let us take scalars Aj,...,\, € R such that
Af()+ -+ N f(vy) =0w. Being f linear, this gives f(Ajv; +---+
Anvy) = Oy and then A\jv; + -+ - + \,v, € ker(f). Since f is injective, from
(i) wehaveker(f) = {Oy}soitis \jv; + - - - + Ayv, = Oy.Being (vy, ..., v,)
a basis for V, we have that \| =--- = A, = Og thus proving that also
f1), ..., f(v,) are linearly independent.

O

Exercise 7.3.6 Let us consider the linear map f : R> — R3 given by

J(x, ) = (x+y,x =y, 2x + 3y).

The kernel of f is given by

ker(f) = {(x,y) € R?| f((x,y)) = (x +y,x —y,2x +3y) = (0,0,0)}

so we have to solve the linear system

x+y=0
x—y=0 .
2x +3y =0

Its unique solution is (0, 0) so ker(f) = {Og2} and we can conclude, from the
lemma above, that f is injective. From the same lemma we also know that the
images under f of a basis for R?> make a linearly independent set of vectors. If we
take the canonical basis for R? with e; = (1, 0) and e, = (0, 1), we have

f(el):(lvl’2)7 f(ez)z(l,—l,?a)
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7.4 Isomorphisms

Definition 7.4.1 Let V and W be two real vector spaces. A bijective linear map
f V. — Wiscalled an isomorphism. Two vector spaces are said to be isomorphic
if there exists an isomorphism between them. If f : V — W is an isomorphism
we write V = W.

Proposition 7.4.2 If the map f : V — W is an isomorphism, such is its inverse
flaw = V.

Proof From the Proposition 7.2.5 we have that f is invertible, with an invertible
inverse map f~!'. We need to prove that £~ is linear. Let us consider two arbitrary
vectors wy, wy € W with v; = f~'(w;) and v, = f~!(w») in V; this is equivalent
to w; = f(vy) and w, = f(vy). Let us consider also \j, A\, € R. Since f is linear
we can write

Awy + Awy = f(Avr + Aav).

For the action of f~! is then
7 Oqwr 4 Aawa) = Ajvg + Ava = A f 7w + X f T w),

which amounts to say that f~! is a linear map. O
In order to characterise isomorphisms we first prove a preliminary result.

Lemma7.43 Let f : V — W be a linear map with (vy, ..., v,) a basis for V.
The map f is an isomorphism if and only if (f (vy), ..., f(v,)) is a basis for W.

Proof If f is an isomorphism, it is both injective and surjective. From the
Lemma 7.3.3 the system f (vy), ..., f(v,) generates W, while from the Lemma 7.3.5
such a system is linearly independent. This means that ( f (vy), ..., f(v,)) is a basis
for W.

Let us now assume that the vectors ( f (vy), ..., f(v,)) are abasis for W. From the
Proposition 7.1.14 there exists a linear map ¢ : W — V such that g(f(v;)) = v;
forany j = 1, ..., n. This means that the linear maps g o f and idy coincide on the
basis (vy, ..., v,) in V and then (again from Proposition 7.1.14) they coincide, that
is g o f = idy. Along the same lines it is easy to show that f o g = idy, so we have
g = f~';the map f is then invertible so it is an isomorphism. O

Theorem 7.4.4 Let V and W be two real vector spaces. They are isomorphic if and
only if dim(V) = dim(W).

Proof Let us assume V and W to be isomorphic, that is there exists an isomor-
phism f : V — W.From the previous lemma, if (vy, ..., v,) is a basis for V, then
(f(v1), ..., f(vy,)) is abasis for W and this gives dim(V) = n = dim(W).

Let us now assume n = dim(V) = dim(W) and try to define an isomorphism
f 'V — W.Byfixingabasis B = (v, ..., v,) for VandabasisC = (wy, ..., w,)
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for W, we define the linear map f (v;) = w; forany j. Such alinear map exists and it
is unique from the Proposition 7.1.14. From the lemma above, f is an isomorphism
since it maps the basis B to the basis C for W. O

Corollary 7.4.5 If V is a real vector space with dim(V) = n, then V. = R". Any
choice of a basis B for V induces the natural isomorphism

a: V = R givenby (x1,...,x)BH (X1,...,X,).

Proof The first claim follows directly from the Theorem 7.4.4 above. Once the
basis B = (vy, ..., v,) is chosen the map « is defined as the linear map such that
a(vj) =ej forany j =1,...,n. From the Lemma 7.4.3 such a map « is an iso-
morphism. It is indeed immediate to check that the action of « on any vector in V is
givenby a : (x,...,x,)8 — (X1, ...,x,). O

Exercise 7.4.6 Let V = R[X], be the space of the polynomials whose degree is
not higher than 2. As we know, V has dimension 3 and a basis for it is given by
B = (1, X, X?). Theisomorphisma : R[X], —> RR?corresponding to such a basis
reads

a+bX+cX?* — (a,b,c).

It is simple to check whether a given system of polynomials is a basis for R[ X],.
As an example we consider

pi(X)=3X — X%, p(X)=1+X, p3(X)=2+3X"

By setting v; = a(p;) = (0,3, —1), v = a(p2) = (1,1,0) and v3 = a(p;3) =
(2,0, 3), it is clear that the rank of the matrix whose columns are the vectors
vy, U2, v3 is 3, thus proving that (v;, v, v3) is a basis for R3. Since « is an iso-
morphism, the inverse a ! R3 > R[X],is an isomorphism as well: the vectors
a~'(vy), a”'(v2), o !(vy) provide a basis for R[X], and coincide with the given
polynomials p; (X), p2(X), p3(X).

Theorem 7.4.4 shows that a linear isomorphism exists only if its domain has the
same dimension of its image. A condition that characterises isomorphism can then
be introduced only for vector spaces with the same dimensions. This is done in the
following sections.

7.5 Computing the Kernel of a Linear Map

We have seen that isomorphisms can be defined only between spaces with the same
dimension. Being not an isomorphism indeed means for a linear map to fail to be
injective or surjective. In this section and the following one we characterise injectivity
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and surjectivity of a linear map via the study of its kernel and its image. In particular,
we shall describe procedures to exhibit bases for such spaces.

Proposition 7.5.1 Let f : V. — W be a linear map between real vector spaces,
and dim(V') = n. Fix a basis B for V and a basis C for W, with associated matrix
A= M?‘B. Bydenoting ¥ : AX = Othelinear system associatedto A, the following
hold:

(i) Sy = ker(f) via the isomorphism (x1, ..., X,) — (X1, ..., X,)5,
(ii) dim(ker(f)) = n — rk(A),
(iii) if (v, ..., vp) is a basis for Ss, the vectors ((vl)g, ey (v,,)B) are a basis for
ker(f).

Proof (1) With the given hypothesis, from the definition of the kernel of a linear
map we can write

ker(f)={veV : f(v)=0w)}

X1 0
=jv=0p,....,x)B€V : |A] : =\:

Xn) ) ¢ 0/,
={(x1,...,x)B €V : (x1,...,x,) € Sg}

with Sy denoting the space of solutions for ¥. As in Corollary 7.4.5 we can
then write down the isomorphism Sy — ker(f) given by

(X],...,xn) = (xlv--~»xn)B~
(i) From the isomorphism of the previous point we then have
dim(ker(f)) = dim(Sy) = n —rtk(A)

where the last equality follows from the Theorem 6.4.3.
(iii) From the Lemma 7.4.3 we know that, under the isomorphism Sy, — ker(f),
a basis for Sy is mapped into a basis for ker(f).
O

Exercise 7.5.2 Consider the linear map f : R> — R3 defined by
flx,y,98) = +y—z,x —y+2z2x)¢
where B = ((1,1,0), (0,1, 1), (1,0, 1)) and € is the canonical basis for R*. We

determine ker( f) and compute a basis for it with respect to both B and £. Start by
considering the matrix associated to the linear map f with the given basis,
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To solve the linear system ¥ : AX = 0 we reduce the matrix A by rows:

11-1 11-1
A 200 — 200
200 000

and the space Sy of the solutions of X is then given by
Sy = {(0,a,a) : a e R} = L((0, 1, 1)).

This reads
ker(f) ={(0,a,a)p : a e R},

with a basis given by the vector (0, 1, 1) g. With the explicit expression of the elements
of B,
0, 1,Dp = (0,1, )+ (1,0, 1) = (1,1,2).

This shows that the basis vector for ker( f) given by (0, 1, 1) on the basis B is the
same as the basis vector (1, 1, 2) with respect to the canonical basis £ for R3.

Exercise 7.5.3 With canonical bases £, consider the linear map f : R® — R3
given by
f((x1y7z)) = (x+y_zv-x_y+zﬂz-x)'

To determine the space ker(f), we observe that the matrix associated to f is
the same matrix of the previous exercise, so the linear system X : AX = 0 has
solutions Sy = L((0, 1, 1)) = ker(f), since £ is the canonical basis.

Since the kernel of a linear map is the preimage of the null vector in the image
space, we can generalise the above procedure to compute the preimage of any element
we W.Wedenoteitas f~'(w) ={v eV : fv)=w}, withker(f) = f~'(Ow).
Notice that we denote the preimage of a set under f by writing f~! also when f is
not invertible.

Proposition 7.5.4 Consider a real vector space V with basis B and a real vec-
tor space W with basis C. Let f : V — W be a linear map with A = MJC»'B its
corresponding matrix. Given any w = (¥1, ..., Ym)c € W, it is

) ={@, ) eV s Al x) = T v

Proof 1Tt is indeed true that, with v = (xy, ..., x,)5, one has



7.5 Computing the Kernel of a Linear Map 111

f) = f((x1,....,x)8) = (A'(x1,...,x)c.

The equality f(v) =w 1is the equality of components, given by
Al(x1, ..., %) ="y, ..., Ym), on the basis C. O

Remark 7.5.5 Thisfactcanbe expressed vialinear systems. Given w € W, its preim-
age f~!(w) is made of vectors in V whose components with respect to 3 solve the
linear system AX = B, where B is the column of the components of w with respect

toC.

Exercise 7.5.6 Consider the linear map f : R? — R given in the Exercise 7.5.2.
We compute Y (w) forw = (1, 1, 1). We have then to solve the systemX : AX = B,
with B = (1, 1, 1). We reduce the matrix (A, B) as follows

11 —11 11-11 11-11
A,By=|1-111|— (2002|1001
20 01 200 1 000 1

This shows that the system X has no solution, that is w ¢ Im(f).
Next, let us compute f ~l(u) for u = (2,0,2), so we have the linear system
¥ : AX = B with B ='(2, 0, 2). Reducing by row, we have

11 —-12 11-12 11-12
A,By=|1-110)— [(2002]+ |200 2
20 02 20 0 2 0000

The system X is then equivalent to

x=1
y=z+1
whose space of solutions is Sy, = {(1,a + 1, a) : a € R}. We can then write

f’1(2,0,2) ={(l,a+1l,a)p:aeR} ={a+1,a+2,2a+1) : a € R}

7.6 Computing the Image of a Linear Map

We next turn to the study of the image of a linear map.

Proposition 7.6.1 Let f : V — W be a linear map between real vector spaces,
with dim(V) = n and dim(W) = m. Fix a basis B for V and a basis C for W, with
associated matrix A = M?B and with C(A) its space of columns. The following
results hold:

(i) Im(f) = C(A) via the isomorphism (y1, ..., Ym)c > Vis vy Ym),



112 7 Linear Transformations

(it) dim(Im(f)) = rk(A),
(iii) if (wi, ..., w,) is a basis for C(A), then ((wi)¢c, ..., (w,)c) is a basis for
Im(f).

Proof (i) With the given hypothesis, from the definition of the image of a linear
map we can write

Im(f)={fweW:3veV:w=[f(v)

i X
=1w=0U..., Ym)e € W I(xy,..., X)) €V : =1A
Ym/ o Xn c
v x|
=101+, Ymde €W 1 I(x1, ..., Xy) € R” cl=A
Ym Xn
Representing the matrix A by its columns, thatis A = (C; --- C,), we have
X1
Al - | = x1C + -+ + x,C.
X
We can therefore write
Y1
Im(f) = (y1a--«’)’m)C€W:El(xl,---»xn)GRH: = x1C1 + - x,Cy
Ym
Y1
=101, ymc €W | 1| € C(A)
Ym

We have then the isomorphism C(A) — Im(f) defined by

Ot oo ¥m) = O Ymde

(compare this with the one in the Corollary 7.4.5).
(i) Being Im(f) = C(A), itis dim(Im(f)) = dim(C(A)) = rk(A).
(iii) The claim follows from (i) and the Lemma 7.4.3.
O

Remark 7.6.2 To determine a basis for C(A) as in (iii) above, one can proceed as
follows.

(a) If the rank of A is known, one has to select n linearly independent columns:
they will give a basis for C(A).
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(b) If the rank of A is not known, by denoting A’ the matrix obtained from A by
reduction by columns, a basis for C (A) is given by the r non zero columns of A’.

Exercise 7.6.3 Let f : R® — R3 be the linear map with associated matrix

112
A=Mj£-5= 01 -3
211

for the canonical basis £ and basis C = (wy, wy, wz), with wy; = (1, 1, 0),
wy = (0,1, 1), ws = (1,0, 1). We reduce A by columns

Cor> C1+C) 10 0 Ci— C3+3C) 100
A —m8m 01-3 _ 010 = A"
C3 C3 —2C, 21-3 210

Being A’ reduced by columns, its non zero columns yield a basis for the space
C(A). Thus, C(A) = C(A") = L£((1,0,2),(0, 1, 1)). From the Proposition 7.6.1
a basis for Im( f) is given by the pair (1, u»),

uy = (1507 2)C = w +2w3 = (37 17 2)
uy = (0,1, D =wr + w3 = (1, 1,2).

Clearly, dim(Im(f)) = 2 = rk(A).
From the previous results we have the following theorem.

Theorem 7.6.4 Let f : V — W be a linear map. It holds that
dim(ker(f)) + dim(Im(f)) = dim(V).

Proof Let A be any matrix associated to f (that is irrespective of the bases chosen
in V and W). From the Proposition 7.5.1 one has dim(ker(f)) = dim(V) — rk(A),
while from the Proposition 7.6.1 one has dim(Im(f)) = rk(A). The claim follows.

O

From this theorem, the next corollary follows easily.

Corollary 7.6.5 Let f : V — W be a linear map, with dim(V) = dim(W). The
following statements are equivalent.

(i) f isinjective,

(ii) f is surjective,
(iii) f is an isomorphism.
Proof Clearly it is sufficient to prove the equivalence (i) < (ii). From the Lemma
7.3.5 we know that f is injective if and only if dim(ker(f)) = 0. We also known
that f is surjective if and only if dim(Im( f)) = dim(W). Since dim(V) = dim(W)
by hypothesis, the statement thus follows from the Theorem 7.6.4. O
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7.7 Injectivity and Surjectivity Criteria
In this section we study conditions for injectivity and surjectivity of a linear map
through properties of its associated matrix.

Proposition 7.7.1 (Injectivity criterion) Let f : V. — W be a linear map. Then f
is injective if and only if tk(A) = dim(V) for any matrix A associated to f (that is,
irrespective of the bases with respect to which the matrix A is given).

Proof From (i) in the Lemma 7.3.5 we know that f is injective if and only if
ker(f) = {Oy}, which means dim(ker(f)) = 0. From the Proposition 7.5.1 we have
that dim(ker(f)) = dim(V) — rk(A) for any matrix A associated to f. We then have
that f is injective if and only if dim(V) — rk(A) = 0. m|

Exercise 7.7.2 Let f : R[X], — R?? be the linear map associated to the matrix

210
-101
A=1,11
100

with respect to two given basis. SinceA is already reduced by column, rk(A) = 3,
the number of its non zero columns. Being dim(R[X],) = 3 we have, from the
Proposition 7.7.1, that f is injective.

Proposition 7.7.3 (Surjectivity criterion) Let f : V. — W be a linear map. The
map f is surjective if and only if tk(A) = dim(W) for any matrix associated to f
(again irrespective of the bases with respect to which the matrix A is given).

Proof This follows directly from the Proposition 7.6.1. O
Exercise 7.7.4 Let f : R® — R? be the linear map given by
f,y,)=(x+y—2z2x —y+2z).

With £ the canonical basis in R? and C the canonical basis in R2, we have
e (11 —1Y
amwe = (315):
11-1 ,
A (3 01 ) = A

We know that rk(A) = rk(A") = 2, the number of non zero rows in A’. Being
dim(R?) = 2, the map f is surjective from the Proposition 7.7.3.

by reducing by rows,
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We have seen in the Proposition 7.4.2 that if a linear map f is an isomorphism,
then its domain and image have the same dimension. Injectivity and surjectivity of
a linear map provide necessary conditions on the relative dimensions of the domain
and the image of the map.

Remark 7.7.5 Let f : V — W be a linear map. One has:

(a) If f is injective, then dim(V) < dim(W). This claim easily follows from
the Lemma 7.3.5, since the images under f of a basis for V gives linearly
independent vectors in W.

(b) If fissurjective, thendim(V) > dim(W). This claim follows from the Lemma
7.3.3, since the images under f of a basis for V generate (that is they linearly
span) W.

Remark 7.7.6 Let f : V — W be a linear map, with A its corresponding matrix

with respect to any basis. One has:

(a) Withdim(V) < dim(W), f is injective if and only if rk(A) is maximal;
(b) With dim(V) > dim(W), f is surjective if and only if tk(A) is maximal;
(¢) Withdim(V) = dim(W), f is an isomorphism if and only if rk(A) is maximal.

Exercise 7.7.7 The following linear maps are represented with respect to canonical
bases.
(1) Letthe map f : R* — R*be defined by

x,y,2) > (x—=—y+2z,y+2z,—x+2z2x+y).

To compute the rank of the corresponding matrix A with respect to the canonical
basis, as usual we reduce it by rows. We have

1

—_—

S = =N

1
0
A= 1

HOH'
O = =N
[ R
oo~ |

2
and the rank of A is maximal, rk(A) = 3. Since dim(V) < dim(W) we have that f
is injective.

(2) Letthe map f : R* — R? be defined by

(x,y,2,1) > (x—y+2z+t,y+z+3t,x —y+2z+21).
We proceed as above and compute, via the following reduction,
1-121 1-121

A=10113} (01 13},
1-122 0001
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that rk(A) = 3. Since rk(A) is maximal, with dim(V) > dim(W), f turns out to be
surjective.
(3) Let f : R® — R3 be represented as before by the matrix

1 21
A=1211],
1—-12
which, by reduction, becomes
12 1
A~ |0-3-1],
00 2

whose rank is clearly maximal. Thus f is an isomorphism since dim(V) = dim(W).

7.8 Composition of Linear Maps

We rephrase the general Definition 7.2.3 of composing maps.

Definition 7.8.1 Let f : V — Wandg : W — Z be two linear maps between
real vector spaces. The composition between g and f is the map

gof X - Z
defined as (g o f)(v) = g(f(v)), forany v € X.

Proposition7.8.2 If f : V — Wandg : W — Z are two linear maps, the com-
positionmap go f 1 'V — Z islinear as well.

Proof Forany v,v" € V and A\, X' € R, the linearity of both f and g allows one to
write:

(g o AU+ XNv) = g(f(Av+ Nv))
=g\ f() + N f)
= Xg(f(v)) +Ng(f(")
=Ago HW)+N(go H),

showing the linearity of the composition map. O

The following proposition, whose proof we omit, characterises the matrix corre-
sponding to the composition of two linear maps.
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Proposition 7.8.3 Let V, W, Z be real vector spaces with basis B, C, D respectively.
Givenlinearmaps f : V. — Wandg : W — Z, the corresponding matrices with
respect to the given bases are related by

D.B _ 2D,C 3sC.B
M, =M, M.

The following theorem characterises an isomorphism in terms of its corresponding
matrix.

Theorem 7.8.4 Let f : V — W be a linear map. The map f is an isomorphism
if and only if, for any choice of the bases B for V and C for W, the corresponding
matrix M with respect to the given bases is invertible, with

~1
B.C _ c.B
MBS = (Mf ) .

Proof Letusassumethat f is anisomorphism: we can then write dim(V) = dim(W),
SO M;‘B is a square matrix whose size is n x n (say). From the Proposition 7.4.2 we

know that f~! exists as a linear map whose corresponding matrix, with the given
bases, will be M f;lc. From the Proposition 7.8.3 we can write

-1
BC ,,CB _ BB _ BB _ BC _ (1,CB
Mpr M= =M, =My, =1L, = Moo= (Mf ) :

We set now A = M?‘B . By hypothesis A is a square invertible matrix, with
inverse A~!, so we can consider the linear map

g=fil W —> V.

In order to show that g is the inverse of f, consider the matrix corresponding to
g o f with respect to the basis . From the Proposition 7.8.3,

BB __ B.C C.B _ ,-1 _
MEP = MPBC - MGP=A"1 A =1,

Since linear maps are in bijection with matrices, we have that g o f = idy.
Along the same lines we can show that f o g = idy, thus provingg = f~!. O

Exercise 7.8.5 Consider the linear map f : R* — R? defined by
f((x,y,2) = (x—y+2z,2y+2z2).
With the canonical basis £ for R? the corresponding matrix is

1

111
A:ang: 021
001
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Since rk(A) = 3, f is an isomorphism, with f~! the linear map corresponding to
A~!. From the Proposition 5.3.3, we have

| 11/2 =3/2
= — (ay) =012 =172 = MEE.
det(A) (Oé]) 0 é / £

1

7.9 Change of Basis in a Vector Space

In this section we study how to relate the components of the same vector in a vector
space with respect to different bases. This problem has a natural counterpart in
physics, where different bases for the same vector space represent different reference
systems. Thus different observers measuring observables of the same physical system
in a compatible way.

Example 7.9.1 We start by considering the vector space R? with two bases given by
E=(e1=(1,0),e2=(0,1), B=(by=(,2), by=(3,4).
Any vector v € R? will then be written as
v = (x1,x)8 = (1, »e,

or, more explicitly,
v = x1by + x2by = yier + yae.

By writing the components of the elements in B in the basis &, that is
bl = €] +26‘2, b2 = 361 +4€2,
we have

yier + y2ex = xi(e; + 2e2) + x2(3e; + 4er)
= (x1 + 3x2)e; + (2x1 4+ 4xp)es.

We have then obtained
yi = x1+3x2,  y2 = 2x; +4x;.

These expression can be written in matrix form

Y1 _ X1 +3X2 N Vi _ 13 X1
2 B 2x1 + 4XQ i) B 24 X2 ’
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Such a relation can be written as
()-6)
2 X2
13
= ()

Notice that the columns of A above are given by the components of the vectors
in B with respect to the basis £. We have the following general result.

where

Proposition 7.9.2 Let V be a real vector space with dim(V) = n. Let B and C be
two bases for V and denote by (x1, ..., x,)p and (y1, ..., Yy.)c the component of
the same vector v with respect to them. It is

V1 X1
_ C,B
- Mldv

Yn Xn

Such an expression will also be written as

Oy = MEE TG ).
Proof This is clear, by recalling the Definition 7.1.12 and the Proposition 7.1.13. O

Definition 7.9.3 The matrix M¢ 5 = MS’VB is called the matrix of the change of
basis from B to C. The columns of this matrix are given by the components with
respect to C of the vectors in B.

Exercise 7.9.4 Let B = (v, va, v3) and C = (wq, wy, wsz) two different bases for
R3, with

vy =(0,1,-1), vu=(1,0,-1), v3=(2,-2,2),
w; = (0,1, 1), wy=(1,0,1), ws=(110).

We consider the vector v = (1, —1, 1)z and we wish to determine its components
with respect to C. The solution to the linear system

v = ajw; + axwy + azws
vy = apw) +apws +anws

V3 = aj3wy + a;ws + azws

give the entries for the matrix of the change of basis, which is found to be
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0 —1-1
MCB=|-10 3
1 1 -1
‘We can then write
1 X1 0 —1-1 1 0
_ _ c.B _ _
v=|wm = |\M X2 = -1 0 3 -1 = 2
/e X3 c 1 1 -1 1 c —1 c

Theorem 7.9.5 Let B and C be two bases for the vector space V over R. The matrix
MC B is invertible, with
(MC,B)—l — MBC.

Proof This easily follows by applying the Theorem 7.8.4 to M5 = Miﬁ'VB, since

idy = idy". a]
Theorem 7.9.6 Let A € R™" be an invertible matrix. Denoting by vy, ..., v, the
column vectors in A and setting B = (vy, ..., vy,), it holds that:

(i) Bis a basis for R",
(ii) A = MB-€ with & the canonical basis in R".

Proof (i) From the Remark 7.7.6, we know that A has maximal rank, that is
rk(A) = n. Being the column vectors in A, the system vy, ..., v, is then free.
A system of n linearly independent vectors in R” is indeed a basis for R" (see
the Corollary 2.5.5 in Chap. 2).
(i) It directly follows from the Definition 7.9.3.
O

Remark 7.9.7 From the Theorems 7.9.5 and 7.9.6 we have that the group GL(n, R)
of invertible matrices of order n, is the same as (the group of) matrices providing
change of basis in R”.

Exercise 7.9.8 The matrix
11-1
A=1012
00 1

is invertible since rk(A) = 3 (the matrix A is reduced by rows, so its rank is the
number of non zero columns). The column vectors in A, that is

vy = (1,0,0), vo = (1,1,0), vz = (—=1,2,1),

form a basis for R?. Ttis also clear that A = M&B = M

B .
ids with B = (vy, v, v3).
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We next turn to study how M f’B , the matrix associatedtoalinearmap f : V — W
with respect to the bases 3 for V and C in W, is transformed under a change of basis
in V and W. In the following pages we shall denote by Vs the vector space V referred
to its basis .

Theorem 7.9.9 Let B and B’ be two bases for the real vector space V and C and
C' two bases for the real vector space W. With f : V. — W a linear map, one has
that ,

MGF =M€ mGE . MBE

Proof The commutative diagram

f
Vg —— W¢

idy T J' idw

Vg ——— We

shows the claim: going from V), to W, along the bottom line is equivalent to going
around the diagram, that is

f =idwo foidy.
Such a relation can be translated in a matrix form,
C.B _ a,C.B
Mf - Midwofoidv
and, by recalling the Proposition 7.8.3, we have

c.B _ a.CC C.B BB
Midwofoidv = Midw 'Mf ‘Midv ’

which proves the claim. O

Exercise 7.9.10 Consider the linear map f : ]R% — R% whose corresponding

matrix is
12

A:M?’BI -10
11

withrespectto B = ((1, 1), (0, 1)) andC = ((1, 1,0), (1,0, 1), (0, 1, 1)). We deter-
mine the matrix B = M %’52 , with &, the canonical basis for R? and &; the canonical

basis for R3. The commutative diagram above turns out to be
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idge T J idgs 5

2 3
R%e, — R°g,
£3.6

Is

which reads

B = M7% = M5C AMPE,
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We have to compute the matrices M€ and M52, Clearly,

110
M&€ =1[101],
011

and, from the Theorem 7.9.5, it is

e (1)

10
—11

(the last equality follows from the Proposition 5.3.3). We have then

110\ (12
B=|101][-10 (_11(1))2
0o11) \ 11

-22
—-13
—11

We close this section by studying how to construct linear maps with specific

properties.

Exercise 7.9.11 We ask whether there is a linear map f : R* — R3 which fulfils
the conditions f(1,0,2) = 0and Im(f) = L£((1, 1,0), (2, —1, 0)). Also, if such a

map exists, is it unique?

We start by setting v; = (1,0, 2), v, = (1, 1,0), v3 = (2, —1, 0). Since a linear
map is characterised by its action on the elements of a basis and v; is required to
be in the kernel of f, we complete v, to a basis for R3. By using the elements of
the canonical basis &3, we may take the set (v, e1, €2), which is indeed a basis: the

matrix
102

100},
010
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whose rows are given by (vi, e;, e>) has rank 3 (the matrix is already reduced by
rows). So we can take the basis B = (vy, e1, ¢») and define

f 1) = Ops,
fle) = v,
fle2) =vs.

Such a linear map satisfies the required conditions, since ker(f) = {v,} and

Im(f) = L(f(v1), f(e1), fe2)) = L(v2, v3).
With respect to the bases £ and 3 we have

01 2
MEP = [01-1
00 0

In order to understand whether the required conditions can be satisfied by a dif-
ferent linear map f, we start by analysing whether the set (v;, v,, v3) itself provides
a basis for R3. As usual, we reduce by rows the matrix associated to the vectors,

2 102
O — (110
0 300

10
A=111
2 -1

Such a reduction gives rk(A) = 3, thatis C = (vy, v, v3) is a basis for R3. Then,
let g : R® — R?be defined by

g(v1) = Ops,
g(v2) = vy,
g(v3) = vs.

Also the linear map g satisfies the conditions we set at the beginning and the

matrix
000

M€ =010
001

represents its action by the basis C. It seems clear that f and g are different.
In order to prove this claim, we shall see that their corresponding matrices with
respect to the same pair of bases differ. We need then to find M f ‘B_We know that
MEE = MEC MCEP, with
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01 2
Mjcz 01-1],
00 0

since the column vectors in M 5 € are given by g(v1), g(v2), g(v3). The columns of
the matrix M g are indeed the components with respect to C of the vectors in 55,
that is

v = vy,
1 1
€1=§Uz+§v3,
2 1
e2=§v2—§v3.
Thus we have
300
MEF =1lo1 2 |,
01 -1
and in turn,
01 2 300 010
MEP = MECMEF = [o1—-1] 5|01 2] =001
00 0 01 -1 000

This shows that MZ-P # M_f’B, sothat g # f.
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Dual Spaces e

8.1 The Dual of a Vector Space

Let us consider two finite dimensional real vector spaces V and W, and denote by
Lin(V — W) the collection of all linear maps f : V — W.Itis easy to show that
Lin(V — W) is itself a vector space over R. This is with respect to a sum ( f; + f>)
and a product by a scalar (A f), forany fi, f>, f € Lin(V — W) and A € R, defined
pointwise, that is by

(fi + )W) = fiw) + f2(v)
AH@) =Af(v)

for any v € V. If B is a basis for V (of dimension n) and C a basis for W (of
dimension m), the map Lin(V — W) — R™" given by

c.B
o= M;
is an isomorphism of real vector spaces and the following relations
c.B _ 3,CB c.B
Myir = My~ + Mg
c.B c.B
My = AM; (8.1)
hold (see the Proposition 4.1.4). It is then clear that dim(Lin(V — W)) = mn.
In particular, the vector space of linear maps from a vector space V to R, that is
the set of linear forms on V, deserves a name of its own.

Definition 8.1.1 Given a finite dimensional vector space V, the space of linear maps
Lin(V — R) is called the dual space to V and is denoted by V* = Lin(V — R).

The next result follows from the general discussion above.
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Proposition 8.1.2 Given a finite dimensional real vector space V, its dual space V*
is a real vector space with dim(V*) = dim(V).

Let B= (b1, ..., b,) be abasis for V. We define elements {p;};—;,., in V* by
. . 1ifi=j
wi(b;) = &;; with {0 it 8.2)

With V 5 v = x1by + ... + x,b,, we have for the components that x; = ; (v). If
f € V* we write

f@) = fb)xi+...4 fby) x,
= f(bl) 901(11) + e + f(bn) (pn(v)
(Fb)@1+ -+ fBa)n) ).

This shows that the action of f upon the vector v is the same as the action on v of the
linearmap f = f(b1)p1 + ...+ f(by)pn, thatiswehavethat V* = L(p1, ..., p,).
It is indeed immediate to prove that, with respect to the linear structure in V*, the
linear maps ¢; are linearly independent, so they provide a basis for V*. We have then
sketched the proof of the following proposition.

Proposition 8.1.3 Given a basis B for a n-dimensional real vector space V, the
elements @; defined in (8.2) provide a basis for V*. Such a basis, denoted B*, is
called the dual basis to B.

We can also write

J) =) ... fa)) |+ |- (8.3)

Xn

Referring to the Definition 7.1.12 (and implicitly fixing a basis for W = R), the
relation (8.3) provides us the single row matrix M2 = (f(b;) ... f(by,)) associated
to f with respect to the basis B for V. Its entries are the image under f of the basis
elements in B. The proof of the proposition above shows that such entries are the
components of f € V* with respect to the dual basis B*.

Let B’ be another basis for V, with elements {b}};—; _,. With

v=xib+...+x,b, = x;b]+...+x,b|

we can write, following the Definition 7.9.3,

xo= ) (MEFyx, b= ) (MPE) b

s=1 j=1
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or, in a matrix notation,

X} X1
— MBB . (br. b)) MBE = (b .b).  (8.4)

/7

X, X,

From the Theorem 7.9.9 we have the matrix associated to f with respect to 5’
B _ B BB
M7 =M;iM>",
which we write as

(f(b1)... fF(b)) MBE = (f(by)... F(B.)). (8.5)

Since the entries of M fB/ provide the components of the element /' € V* with respect

to the basis B*, a comparison between (8.4) and (8.5) shows that, under a change
of basis B+ B’ for V and the corresponding change of the dual basis in V*, the
components of a vector in V* are transformed under a map which is the inverse of
the map that transforms the components of a vector in V.

The above is usually referred to by saying that the transformation law for vectors
in V* is contravariant with respect to the covariant one for vectors in V. In Sect. 13.3
we shall describe these facts with an important physical example, the study of the
electromagnetic field.

If we express f € V* with respect to the dual bases B* and B as

@)=Y fbden =Y FODH;
i=1 k=1

and consider the rule for the change of basis, we have

n

Y ME By f e = ) )L

k,i=1 k=1

Since this must be valid for any f € V*, we can write the transformation law
B* > B*:

- (‘0/1 ®1
Y = Z(MB,’B)M% that is : — yBB :
i=1 M N

It is straightforward to extend to the complex case, mutatis mutandis, all the
results of the present chapter given above. In particular, one has the following natural
definition.
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Definition 8.1.4 Let V be a finite dimensional complex vector space. The set
V* = Lin(V — C) is called the dual space to V.

Indeed, the space V* is a complex vector space, with dim(V*) = dim(V), and a
natural extension of (8.2) to the complex case allows one to introduce a dual basis
B* for any basis B of V.

Also, we could consider linear maps between finite dimensional complex vector
spaces. In the next section we shall explicitly consider linear transformations of the
complex vector space C".

8.2 The Dirac’s Bra-Ket Formalism

Referring to Sect.3.4 let us denote by H" = (C", -) the canonical hermitian vector
space. Following Dirac (and by now a standard practice in textbooks on quantum
mechanics), the hermitian product is denoted as

(1):C"xC" - C, (zlw)=Z1w1 + -+ Zyw,

foranyz = (z1, ..., zn),w = (wy, ..., w,) € C". Thusits properties (see the Propo-
sition 3.4.2) are written as follows. For any z, w,v € C" and a, b € C,

@ B
(i) (az +bwlv) = a(z|v) + b{w|v) while (v|az+ bw) = a(v|z) + b{v|w),
(i) (zlz) =0,
i) (zlz) =0 & z=1(0,...,00C".

Since the hermitian product is bilinear (for the sum), for any fixed w € H", the
mapping

wlz) = (z|w),

Jo v = (wlz)
provides indeed a linear map from C” to C, that is f, is an element of the dual space

(C™*. Given a hermitian basis B = {ey, ..., e,} for H", with w = (w1, ..., w,)zs
and z = (21, ..., Z,)B, one has

Jw@) = wizi + ...+ Wyz,.

The corresponding dual basis B* = {¢y, ..., &,} for (C")* is defined in analogy to
(8.2) for the real case by taking €; (¢;) = ¢;;. In terms of the hermitian product, these
linear maps can be defined as €;(z) = (e;|z). Then, to any w = (wy, ..., w,)B We

can associate an element f,, = wie; + ... 4+ w,&, in (C*)*, whose action on C" can
be written as

fw(v) = (w|v>~
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Thus, via the hermitian product, to any vector w € C" one associates a unique dual
element f,, € (C")*; viceversa, to any element f € (C")* one associates a unique
element w € C" in such a way that f = f,:

w=wie;+...+wye, < fu=wiE+...+ WyE,.

Remark 8.2.1 Notice that this bijection between C" and (C")* is anti-linear (for the
product by complex numbers), since we have to complex conjugate the components
of the vectors in order to satisfy the defining requirement of the hermitian product
in H", that is

frw =Afw, for AeC,weC".

For the canonical euclidean space E" one could proceed in a similar manner and
in such a case the bijection between E" and its dual (E")* given by the euclidean
product is linear.

Given the bijection above, Dirac’s idea was to split the hermitian product bracket.
Any element w € H" provides a ket element |w) and a bra element (w| € (C")*.
A basis for H" is then written as made of elements |e;) while the bra elements (¢/|
form the dual basis for (C")*, with

w=wie+...+wue, < |w)=wile))+...+ w,le,),

fo=wie+...+wue, < (w|=wile|+...+w,le,l.
The action of a bra element on a ket element is just given as a bra-ket juxtapposition,

with
fuw(z) = (wlz) € C.

We are now indeed allowed to define a ket-bra juxtaposition, that is we have elements
T = |z){(w|. The action of such a T’ from the left upon a |u), is then defined as

T : |u) — |z2){(wlu).
Since (w|u) is a complex number, we see that for this action the element 7" maps a

ket vector linearly into a ket vector, so 7 is a linear map from H" to H".

Definition 8.2.2 With z, w € H", the ket-braelement T = |z)(w]| is the linear oper-
ator whose action is defined as v — T (v) = (w|v)z = (w - v)Z.

It is then natural to consider linear combination of the form 7= Y/ | Tisler) (e
with Ty, € C the entries of a matrix 7 € C™" so to compute

n n
Tle)) = Y Tislex)lesle;) =Y Tijlex)
k=1

k,s=1
Tyj = (exlT (e)))- (8.6)
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In order to relate this formalism to the one we have already developed in this
chapter, consider a linear map ¢ : H" — H" and its associated matrix Mf‘B = (ags)
with respect to a given hermitian basis 5 = (ey, ..., e,). From the Propositions
7.1.13 and 7.1.14 it is easy to show that one has

aij = ex - (A(ej)) = (ex|A(e))). (8.7)

The analogy between (8.6) and (8.7) shows that, for a fixed basis of H", the action
of a linear map ¢ with associated matrix A = Mf’B = (ayy) is equivalently written
as the action of the operator

TA(=Ty) = ) aslec)(es|

k,s=1

in the Dirac’s notation. The association A — T is indeed an isomorphism of (com-
plex) vector space of dimension 7r2.

Next, let ¢, ¥ be two linear maps on H" with associated matrices A, B with
respect to the hermitian basis B. They correspond to the operators that we write as
Ta =37 i arsles){es| and Ty = 3 bjxle;)(ex]. With a natural juxtaposition
we write the composition of the linear maps as

dop= Y > anbile)lesle;)fexl

rs=1 j.k=1

DO arbjles) e -

rk=1 j=l1

We see that the matrix associated, via the isomorphism A — T4 above, to the com-
position ¢ o v has entries (r, k) given by ij 1 arjbj, thus coinciding with the row
by column product between the matrices A and B associated to ¢ and v, that is

TAB = TATB.

Thus, the Proposition 7.8.3 for composition of matrices associated to linear maps is
valid when we represent linear maps on H" using the Dirac’s notation.

All of this section has clearly a real version and could be repeated for the (real)
euclidean space E" with its linear maps and associated real matrices 7 € R™".



Chapter 9 ®)
Endomorphisms and Diagonalization i

Both in classical and quantum physics, and in several branches of mathematics, it
is hard to overestimate the role that the notion of diagonal action of a linear map
has. The aim of this chapter is to introduce this topic which will be crucial in all the
following chapters.

9.1 Endomorphisms

Definition 9.1.1 Let V be a real vector space. A linear map ¢ : V — V is called
an endomorphism of V. The set of all endomorphisms of V is denoted End(V'). Non
invertible endomorphisms are also called singular or degenerate.

Asseenin Sect. 8.1, the set End(V) is areal vector space with dim(End(V)) = n?
if dim(V) = n.

The question we address now is whether there exists a class of bases of the vector
space V, with respect to which a matrix M f B hasa particular (diagonal, say) form.
We start with a definition.

Definition 9.1.2 The matrices A, B € R™" are called similar if there exists a real
vector space V and an endomorphism ¢ € End(V) such that A = M 5.5 and

1)
B = Mg’c, where B and C are bases for V. We denote similar matrices by A ~ B.

Similarity between matrices can be described in a purely algebraic way.

Proposition 9.1.3 The matrices A, B € R™" are similar if and only if there exists
an invertible matrix P € GL(n), such that P"'AP = B.
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Proof Letus assume A ~ B: we then have a real vector space V, bases B and C for
it and an endomorphism ¢ € End(V) such that A = Mf’B eB = M([c),c. From the
Theorem 7.9.9 we have ‘

B = M“% A MPEC.

Since the matrix M 8 is invertible, with (MS58)~!1 = MB-C the claim follows with
P = MBC,

Next, let us assume there exists a matrix P € GL(n) such that P"'AP = B.
From the Theorem7.9.6 and the Remark7.9.7 we know that the invertible matrix
P gives a change of basis in R": there exists a basis C for R" (the columns of P),
with P = M&C and P~' = M. Let ¢ = ff’g be the endomorphism in R”
corresponding to the matrix A with respect to the canonical bases, A = Mﬁ’g. We
then have

Plap
_ MC,E Mf,f MS.C

_ ..CC
—Mo .

B

This shows that B corresponds to the endomorphism ¢ with respect to the different
basis C, that is A and B are similar. O

Remark 9.1.4 The similarity we have introduced is an equivalence relation in R"",
since it is

(a) reflexive, thatis A ~ A since A = I,Al,,

(b) symmetric, thatis A ~ B = B ~ A since

P'AP=B = PBP'=A,

(c) transitive, thatis A ~ Band B ~ C imply A ~ C, since P'AP = Band
Q'BQ = Cclearlyimply Q"' P~'APQ = (PQ)"'A(PQ) = C.

If A € R™", we denote its equivalence class by similarity as [A] = {B € R"" :
B ~ A}.

Proposition 9.1.5 Let matrices A, B € R™" be similar. Then
det(B) = det(A) and tr(B) =tr(A).

Proof FromProposition9.1.3, we know there exists an invertible matrix P € GL(n),
such that P~' AP = B. From the Binet Theorem 5.1.16 and the Proposition4.5.2 we
can write

det(P~'AP)
det(P~") det(A) det(P) = det(P~") det(P) det(A)
= det(A)

det(B)

and tr(B) = tr(P~'AP) = tr(PP'A) = tr(A). m]
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A natural question is whether, for a given A, the equivalence class [A] contains a
diagonal element (equivalently, whether A is similar to a diagonal matrix).

Definition 9.1.6 A matrix A € R"" is called diagonalisable if it is similar to a
diagonal (A say) matrix, that is if there is a diagonal matrix A in the equivalence
class [A].

Such a definition has a counterpart in terms of endomorphisms.

Definition 9.1.7 An endomorphism ¢ € End(V) is called simple if there exists a
basis B for V such that the matrix MS’B is diagonalisable.

We expect that for an endomorphism to be simple is an intrinsic property which
does not depend on the basis with respect to which its corresponding matrix is given.
The following proposition confirms this point.

Proposition 9.1.8 Let V be a real vector space, with ¢ € End(V). The following
are equivalent:
(i) ¢ is simple, there is a basis B for V such that MS’B is diagonalisable,

(ii) there exists a basis C for V such that Mg'c is diagonal,

(iii) given any basis D for V, the matrix Mf’D is diagonalisable.

Proof (1) = (ii): Since Mf’B is similar to a diagonal matrix A, from the proof
of the Procposition 9.1.3 we know that there is a basis C with respect to which
A= Mg is diagonal.

(ii) = (iii): Let C be a basis of V such that M(f’c = A is diagonal. For any basis D
we have then Mf’D ~ A, thus Mf’D is diagonalisable.

(iii) = (i): obvious.

9.2 Eigenvalues and Eigenvectors

Remark 9.2.1 Let¢ : V — V beasimple endomorphism, with A = Mg'c adiag-
onal matrix associated to ¢. It is then

A 0O 0
0 X0 0
A = .. 3
000---X,
for scalars \; € R, with j =1, ..., n. By setting C = (vy, ..., v,), we write then

d)(l)j) = )\jl)j.
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The vectors of the basis C and the scalars A; plays a prominent role in the analysis
of endomorphisms. This motivates the following definition.

Definition 9.2.2 Let ¢ € End(V) with V a real vector space. If there exists a non
zero vector v € V and a scalar A € R, such that

P(v) = Av,

then A is called an eigenvalue of ¢ and v is called an eigenvector of ¢ associated to
. The spectrum of an endomorphism is the collection of its eigenvalues.

Remark 9.2.3 Let ¢ € End(V) and C be a basis of V. With the definition above,
the content of the Remark 9.2.1 can be rephrased as follow:

(a) Mg’c is diagonal if and only if C is a basis of eigenvectors for ¢,
(b) ¢ is simple if and only if V has a basis of eigenvectors for ¢ (from the Defini-
tion9.1.7).

Notice that each eigenvector v for an endomorphism ¢ is uniquely associated to
an eigenvalue )\ of ¢. On the other hand, more than one eigenvector can be associated
to a given eigenvalue \. It is indeed easy to see that, if v is associated to A, also awv,
with @ € R, is associated to the same A since p(av) = ap(v) = a(Av) = A(av).

Proposition 9.2.4 IfV is a real vector space , and ¢ € End(V), the set
Vi={veV: o = Av}

is a vector subspace in V.

Proof We explicitly check that V), is closed under linear combinations. With vy, v, €
Vyand a;, a, € R, we can write

Plarv) + arv2) = a19(v1) + a2p(v2) = a1 Avy + a2 vy = AMa vy + axvy),

showing that V) is a vector subspace of V O

Definition 9.2.5 If A € R is an eigenvalue of ¢ € End(V), the space V), is called
the eigenspace corresponding to .

Remark 9.2.6 Itiseasytoseethatif A\ € Risnotan eigenvalue for the endomorphism
¢, then the set V), = {v € V | ¢(v) = Av} contains only the zero vector. It is indeed
clear that, if V), contains the zero vector only, then A is not an eigenvalue for ¢. We
have that A € R is an eigenvalue for ¢ if and only if dim(V)) > 1.

Exercise 9.2.7 Let ¢ € End(R?) be defined by ¢((x,y)) = (y,x). Is A =2 an
eigenvalue for ¢? The corresponding set V, would then be

Vi = veR?: ¢(v) =20} = {(x,y) € R? : (y,x) =2(x, »)},
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that is, V, would be given by the solutions of the system

y=2x N y =2x N x=0
x =2y x =4x y=0"

Since V, = {(0, 0)}, we conclude that A\ = 2 is not an eigenvalue for ¢.

Exercise 9.2.8 The endomorphism ¢ € End(R?) given by ¢((x, y)) = (2x, 3y) is
simple since the corresponding matrix with respect to the canonical basis £ = (ey, e2)

is diagonal,
ge _ (20
M5 = (0 3>.

Its eigenvalues are \; = 2 (with eigenvector e;) and A\, = 3 (with eigenvector e;).
The corresponding eigenspaces are then Vo = L(e;) and V3 = L(ey).

Exercise 9.2.9 We consider again the endomorphism ¢((x, y)) = (v, x) in R? given
in the Exercise 9.2.7. We wonder whether it is simple. We start by noticing that its
corresponding matrix with respect to the canonical basis is the following,

£& 01
M —<10)’

which is not diagonal. We look then for a basis (if it exists) with respect to which
the matrix corresponding to ¢ is diagonal. By recalling the Remark9.2.3 we look
for a basis of R? made up of eigenvectors for ¢. In order for v = (a, b) to be an
eigenvector for ¢, there must exist a real scalar A such that ¢((a, b)) = A(a, b),

b=\
a=M\b’

It follows that the eigenvalues, if they exist, must fulfill the condition A\> = 1. For
A = 1 the corresponding eigenspace is

Vi = {(,y) €R?: o((x,y) = (x. 1)) = {(x.x) e R} = L((1, 1)).
And for A = —1 the corresponding eigenspace is

Vop = {(x,y) e R* 1 ¢((x,y) = —(x,»)} = {(x, —x) e R*} = L((1, —1)).

Since the vectors (1, 1), (1, —1) form a basis B for R? with respect to which the

matrix of ¢ is
BB _ 10
= (65),
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we conclude that ¢ is simple. We expect M f B Mg’g, since they are associated
to the same endomorphism; the algebraic proof of this claim is easy. By defining

11
— pmEB
P=M _<1_1>

the matrix of the change of basis, we compute explicitly,

(15) (9 (1) =65

that is P’IM(f’gP = Mf’B (see the Proposition9.1.3).
Not any endomorphism is simple as the following exercise shows.

Exercise 9.2.10 The endomorphism in R? defined as ¢((x, y)) = (—y, x) is not
simple. For v = (a, b) to be an eigenvector, ¢((a, b)) = A(a, b) it would be equiv-
alent to (—b, a) = A(a, b), leading to \> = —1. The only solution in R is then
a = b = 0, showing that ¢ is not simple.

Proposition 9.2.11 Let V be a real vector space with ¢ € End(V). If \j, \»
are distinct eigenvalues, any two corresponding eigenvectors, 0 # v, € Vy, and
0 # vy € V), are linearly independent. Also, the sum Vy, + V., is direct.

Proof Let us assume that v; = avy, with R 5 a # 0. By applying the linear map
¢ to both members, we have ¢(v;) = ad(v;). Since v and v, are eigenvectors with
eigenvalues \; and \,,

p(v1) = Ay
p(2) = vy

and the relation ¢(v,) = a¢(vy), using v, = av; become
Avy = a(Avy) = Aj(auy) = Ajvg,

that is
(A2 = ApDvy =0y

Since A\, # A1, this would lead to the contradiction v, = Oy . We therefore conclude
that v; and v, are linearly independent.

For the last claim we use the Proposition2.2.13 and show that V), N V), = {Oy}.
If v € V), NV),, we could write both ¢(v) = Ajv (since v € V),) and ¢(v) = \v
(since v € V),): it would then be A\jv = v, that is (A\; — X\p)v = Oy. From the
hypothesis A\; # \,, we would get v = Oy. O

The following proposition is proven along the same lines.



9.2 Eigenvalues and Eigenvectors 137

Proposition 9.2.12 Let V be a real vector space, with ¢ € End(V). Let Ay, ...,
As € Rbedistinct eigenvalues of p withOy # vj € Vi, j = 1,..., s corresponding
eigenvectors. The set {vy, ..., vs} is free, and the sum V), + --- 4+ V) is direct.

Corollary 9.2.13 If ¢ is an endomorphism of the real vector space V, withdim(V) =
n, then ¢ has at most n distinct eigenvalues.

Proof 1If ¢ had s > n distinct eigenvalues, there would exist a set vy, ..., vy of non
zero corresponding eigenvectors. From the proposition above, such a system should
be free, thus contradicting the fact that the dimension of V is n. O

Remark 9.2.14 Let ¢ and 1 be two commuting endomorphisms, that is they are
such that ¢(1p(w)) = Y(p(w)) for any v € V. If v € V) is an eigenvector for ¢
corresponding to A, it follows that

P(h() = Y(9()) = AY(v).
Thus the endomorphism 1) maps any eigenspace V), of ¢ into itself, and analogously

¢ preserves any eigenspace V, of 1.

Finding the eigenspaces of an endomorphism amounts to compute suitable ker-
nels. Let f : V — W be a linear map between real vector spaces with bases B and
C. We recall (see Proposition 7.5.1) thatif A = M]Cc’B and ¥ : AX = Ois the linear
system associated to A, the map Sy — ker(f) given by

X1, ...,x) = (X1,...,X%)58

is an isomorphism of vector spaces.

Lemma 9.2.15 If'V is a real vector space with basis B, let € End(V) and )\ € R.
Then
Vi = ker(¢p — Aidy) = Sy,

where Sy, is the space of the solutions of the linear homogeneous system
Sz, 0 (MEP =L)X = 0.
Proof From the Definition9.2.4 we write

Vi={veV: o =}
={veV: ¢ — =0y}
= ker(¢ — \idy).

Such a kernel is isomorphic (as recalled above) to the space of solutions of the linear
system given by the matrix M fil;dv’ where B is an arbitrary basis of V. We conclude

by noticing that Mf_‘fidv = MS'B — A,. O
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Proposition 9.2.16 Ler ¢ € End(V) be an endomorphism of the real vector space
V, with dim(V) = n, and let A € R. The following are equivalent:

(i) A is an eigenvalue for ¢,
(ii) dim(Vy) > 1,
(iii) det(Mf’B — Al,) =0 forany basis Bin V.

Proof (i) < (ii) is the content of the Remark 9.2.6;
(i) < (iii). Let B be an arbitrary basis of V, and consider the linear system

Sy : (Mf’B _ )\In)
X = 0. We have

dim(Vy) = dim(Sx,)
=n —1k (MOB’B — )\I,,) ;

the first and the second equality follow from Definition 6.2.1 and Theorem 6.4.3
respectively. From Proposition 5.3.1 we finally write

dim(Vy) >1 & 1k (Mf’B - /\I,,> <n o det (Mf’B - Aln) —0,

which concludes the proof. O

This proposition shows that the computation of an eigenspace reduces to finding
the kernel of a linear map, a computation which has been described in the Proposi-
tion7.5.1.

9.3 The Characteristic Polynomial of an Endomorphism

In this section we describe how to compute the eigenvalues of an endomorphism.
These will be the roots of a canonical polynomial associate with the endomorphism.

Definition 9.3.1 Given a square matrix A € R™", the expression
pa(T) = det(A—T1,)

is a polynomial of order n in T with real coefficients. Such a polynomial is called
the characteristic polynomial of the matrix A.

ap ap

Exercise 9.3.2 If A = (
a1 an

) is a square 2 x 2 matrix, then

pa(T) =

ayn—T ap
ay ap—T

=T? — (a +an) T + (aj1a2 — apa)

T? — (tr(A) T + (det(A)).
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If A\; and X, are the zeros (the roots) of the polynomial p4(T), with elementary
algebra we write
pa(T) =T — M+ X)) T + A

thus obtaining

A+ = an +an = tr(A), Ay = (anan — apax) = det(A).

Proposition 9.3.3 Let V be a real vector space with dim(V) =n, and let
¢ € End(V). For any choice of bases B and C in V, with corresponding matri-
ces A= MP and B = MSC, itis

pa(T) = pp(T).

Proof We know that B = P~'AP, with P = M5C the matrix of change of basis.
So we write

B—TI, =P 'AP — P (TI,)P = P"'(A = TI,)P.

From the Binet Theorem 5.1.16 we have then

det(B — T1,) = det(P~"(A — TI1,)P) = det(P~")det(A — T1,)det(P)
= det(A — T1,),
which yields a proof of the claim, since det(P~') det(P) = det(I,) = 1. O

Given a matrix A € R™", an explicit computation of det(A — T I,,) shows that
pa(T) = (=D)"T" 4+ (=1)""'tr(A) T" ' 4+ ... 4 det(A).

The case n = 2 is the Exercise 9.3.2.
Given ¢ € End(V), the Proposition9.3.3 shows that the characteristic polyno-
mial of the matrix associated to ¢ does not depend on the given basis of V.

Definition 9.3.4 For any matrix A associated to the endomorphism ¢ € End(V),
the polynomial p,(T) = pa(T) is called the characteristic polynomial of ¢.

From the Proposition9.2.16 and the Definition 9.3.4 we have the following result.

Corollary 9.3.5 The eigenvalues of the endomorphism ¢ € End(V) (the spectrum
of @) are the real roots of the characteristic polynomial p4(T).

Exercise 9.3.6 Let ¢ € End(R?) be associated to the matrix

ge (01
e = (1),

Since p,(T) = T? + 1, the endomorphism has no (real) eigenvalues.
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Definition 9.3.7 Let p(X) be a polynomial with real coefficients, and let « be one of
its real root. From the fundamental theorem of algebra (see the Proposition A.5.7) we
know that then (X — «) is a divisor for p(X), and that we have the decomposition

pX) =X — )"(@) - q(X)

where g (X) is not divisible by (X — a) and 1 < m(«) is an integer depending on
a. Such an integer is called the multiplicity of a.

Exercise 9.3.8 Let p(X) = (X —2)(X — 3)(X? + 1).Itsreal roots are 2 (with mul-
tiplicity m(2) = 1, since (X — 3)(X 2 4+ 1) cannot be divided by 2) and 3 (with multi-
plicity m(3) = 1). Clearly the polynomial p(X) has also two imaginary roots, given
by =i.

Proposition 9.3.9 Let V be a real vector space with ¢ € End(V). If X is an eigen-
value for ¢ with multiplicity m(\) and eigenspace V), it holds that

1 < dim(Vy) < m(N).

Proof Letr = dim(V)) and C be a basis of V). We complete C to a basis 5 for V. We
then have B = (vy, ..., vy, Uy41, ..., Uy), Where the first elements vy, ..., v, € V)
are eigenvectors for \. The matrix M f ‘5 has the following block form,

AO...0 alr4+1 ... Qinp
0OMN...0 arr+1 ... A2p
A MB’B 00... A Arr+1 -+ Qrp
= ° =
! 00...0 Ar41,r+1 -+ Ar4ln
00...0 Ar42r+1 « -+ Ar42.n
00...0 apry1 --- aun

If det(A — T1,) is computed by the Laplace theorem (with respect to the first row,
say), we have
po(T) = det(A =T I,) = (A — T) g(T),

where g(T') is the characteristic polynomial of the lower diagonal (n — r) x (n —r)
square block of A. We can then conclude that r < m(}\). O

Definition 9.3.10 The integer dim(V)) is called the geometric multiplicity of the
eigenvalue A\, while m () is called the algebraic multiplicity of the eigenvalue \.

Remark 9.3.11 Let ¢ € End(V).

(a) If A = 0is an eigenvalue for ¢, the corresponding eigenspace V) is ker(¢).
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(b) If A # 0 is an eigenvalue for ¢, then V) C Im(¢):
let us indeed consider Oy # v € V) with ¢(v) = Av. Since A # 0, we divide
by A and write

v = Ao = s\ 'v) € Im(¢).

(c) If A\ # Ay # .-+ # ) aredistinct non zero eigenvalues for ¢, from the Propo-
sition9.2.12 we have the direct sum of corresponding eigenspaces and

Vy®---@Vy < Im(9).
Exercise 9.3.12 Let ¢ € End(R*) be given by
o((x,y,z,1)) = 2x +4y, x +2y,—z—=2t,z2+1).

The corresponding matrix with respect to the canonical basis &y is

24 0 0
ee 1200
A=M" = 10012
001 1

Its characteristic polynomial reads

ps(T) = pa(T) = det(A — T1)

2-T 4 0 0

1 2-T 0 0

0 0 —-1-T -2

0 0 1 1-7
2-T 4 —-1-T -2

1 2-T 1 1-7

= T(T —4)(T*+1).

The eigenvalues (the real roots of such a polynomial) of ¢ are A = 0, 4. It is easy to
compute that

Vo = ker(6) = L£((—=2, 1,0, 0)),
Vi = ker(¢ — 41,) = £((2, 1,0, 0)).

This shows that V; is the only eigenspace corresponding to a non zero eigenvalue
for ¢.
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From the Theorem 7.6.4 we know that dim Im(¢) = 4 — dim ker(¢) = 3, with a
basis of the image of ¢ given by 3 linearly independent columns in A. It is immediate
to notice that the second column is a multiple of the first one, so we have

Im(¢) = £((2,1,0,0), (0,0,—1,1), (0,0,-2,1)).
It is evident that V, C Im(¢), as shown in general in the Remark 9.3.11.
Exercise 9.3.13 We consider the endomorphism in R* given by
o((x,y,z,1) = Qx +4y,x +2y, —z,2+1),
whose corresponding matrix with respect to the canonical basis &, is

24 00
1200
00-10
0011

£E _
A=M® =

The characteristic polynomial reads

po(T) = pa(T) = det(A — T1y)

2-T 4 0 0
1 2-T7 0 0
0 0 —-1-T7 O
0 0 1 1-T

= T(T — (T + 1)(T —1).
The eigenvalues are given by A = 0,4, —1, 1. The corresponding eigenspaces are

Vo = ker(¢) = L((=2,1,0,0)),

Vy =ker(¢p —41) = £((2,1,0,0)),
Vo =ker(¢ + Is) = L((0,0, -2, 1)),
Vi =ker(¢ — Lh) = L£((0,0,0, 1)),

with
Im@)=V_i@ Vi@ Vs

The characteristic polynomial p4(7T) of an endomorphism over areal vector space

has real coefficients. If A, ..., \; are its non zero real distinct roots (that is, the
eigenvalues of ¢), we can write

po(T) = (T — A)™ - (T = Ap)™ - q(T),
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where m;, j =1, ..., s are the algebraic multiplicities and ¢ (7T") has no real roots.
We have then
deg(py(T)) = my + -+ + m;.

This proves the following proposition.

Proposition 9.3.14 Let V be a real vector space with dim(V) = n, and let ¢ €
End(V). By denoting A1, ..., A\ the distinct eigenvalues of ¢ with corresponding
algebraic multiplicities my, . .., mg, one has

mi+ - +mg <n,

with the equality holding if and only if every root in py(T) is real. O

9.4 Diagonalisation of an Endomorphism

In this section we describe conditions under which an endomorphism is simple. As we
have seen, this problem is equivalent to study conditions under which a square matrix
is diagonalisable. The first theorem we prove characterises simple endomorphims.

Theorem 9.4.1 Let V be a real n-dimensional vector space, with ¢ € End(V).
If \i, ..., Ay are the different roots of p,(T) with multiplicities m, ..., my, the
following claims are equivalent:

(a) ¢ is a simple endomorphism,

(b) V has a basis of eigenvectors for ¢,

(c) NieRforanyi =1,...,5,withV =V, ®---® V),
(d) A\i e Randm; =dim(V),) foranyi =1,...,s.

When ¢ is simple, each basis of V of eigenvectors for ¢ contains m; eigenvectors for
each distinct eigenvalues \;, fori = 1,...,s.

Proof e (a) < (b): this has been shown in the Remark 9.2.3.
e (b) = (¢c):letB = (vy,...,v,) beabasis of V of eigenvectors for ¢. Any vector
v; belongs to one of the eigenspaces, so we can write

V = L(vy,...,v,) C V)\] + -+ V)\X’

while the opposite inclusion is obvious. Since the sum of eigenspaces corre-
sponding to distinct eigenvalues is direct (see the Proposition9.2.12), we have
V=V,& - dV),.

e (c) = (b): let B; be a basis of V), for any i. Since V is the direct sum of all the
eigenspaces V), theset 3 = B U ... U B;isabasis of V made by eigenvectors
for ¢.
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e (¢) = (d): from the Grassmann Theorem?2.5.8, we have

n=dim(V) = dim(Vy, @--- @ Vy)
= dim(Vy) +--- +dim(Vy)
mi + e + mg

-

= n,
where the inequalities follow from the Propositions 9.3.9 and 9.3.14. We can then
conclude that dim(V),) = m()\;) for any i.

e (d) = (c): from the hypothesis m; = dim(V),) for any i =1,...,s, and the
Proposition9.3.14 we have

n=m+---+m; =dim(Vy) + --- + dim(V),).

We have then n = dim(V), @ --- @ V),) and this equality amounts to prove the
claim, since V), @ - - - @ V), has dimension n and therefore coincides with V. O

Corollary 9.4.2 If\; e Rand m(\;) = 1 foranyi =1, ..., n, then is ¢ simple.

Proof It is immediate, by recalling the Proposition9.3.9 and (d) in the Theorem
94.1. O

Exercise 9.4.3 Let ¢ be the endomorphism in R? whose corresponding matrix with
respect to the canonical basis is the matrix

= (3D,

It is po(T) = (1 — T)?: such a polynomial has only one root A = 1 with alge-
braic multiplicity m = 2. It is indeed easy to compute that V; = £((1, 0)), so the
geometric multiplicity is 1. This proves that the matrix A is not diagonalisable, the
corresponding endomorphism is not simple.

Proposition 9.4.4 Let ¢ € End(V) be a simple endomorphism and C be a basis of
V such that A = M(fc Then,

(a) the eigenvalues A, ..., s for ¢, counted with their multiplicities m(\), ...,
m(\), are the diagonal elements for A;

(b) the diagonal matrix A is uniquely determined up to permutations of the eigen-
values (such a permutation corresponds to a permutation in the ordering of the
basis elements in C).

Proof (a) From the Remark9.2.1 we know that the diagonal elements in A =

Mg’c € R™" are given by the eigenvalues Ay, ..., A;: each eigenvalue \; must

be counted as many times as the geometric multiplicity of the eigenvector v;,
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since C is a basis of eigenvectors. From the claim (d) in the Theorem 9.4.1, the
geometric multiplicity of each eigenvalue coincides with its algebraic multiplic-
ity.

(a) This is obvious. O

Proposition 9.4.5 Let ¢ be a simple endomorphism on V, with IB an arbitrary basis
of V. By setting A = Mf’B, let P be a matrix such that

PlAP = A.

Then the columns in P are the components, with respect to I3, of a basis of V made
by eigenvectors for ¢.

Proof LetC be abasis of V such that A = M@C’C. From the Remark 9.2.3 the basis C

is made by eigenvectors for ¢. The claim follows by setting P = MB-C, that is the
matrix of the change of basis. O

Definition 9.4.6 Givenamatrix A € R™", its diagonalisation consists of determin-
ing, (if they exist) a diagonal matrix A ~ A and an invertible matrix P € GL(n)
suchthat P7' AP = A.

The following remark gives a resumé of the steps needed for the diagonalisation
of a given matrix.

Remark 9.4.7 (An algorithm for the diagonalisation) Let A € R™" be a square
matrix. In order to diagonalise it:

(1) Write the characteristic polynomial p4(T) of A and find its roots Aj, ..., A
with the corresponding algebraic multiplicities m, . . ., m;.

(2) If one of the roots \; ¢ R, then A is not diagonalisable.

3) If \; € Rforanyi = 1,...,s, compute the geometric multiplicities

dim(Vy,) = n — rk(A — N\ 1,).

If there is an eigenvalue ); such that m; # dim(V),), then A is not diagonalis-
able.

4) if \; e Rand m(\); = dim(V,,) foranyi =1, ..., s, then A is diagonalisable.
In such a case, A is similar to a diagonal matrix A: the eigenvalues J);, counted
with their multiplicities, give the diagonal elements for A.

) itisA =M f B where B is a basis of V given by eigenvectors for the endomor-
phism corresponding to the matrix A. By defining P = M5B itis A = P~'AP.
Since V is the direct sum of the eigenspaces for A (see Theorem 9.4.1), it follows
that B = B; U--- U By, with B; abasisof V), foranyi = 1, ..., s. (The spaces
V), can be obtained explicitly as in the Lemma 9.2.15.)
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Exercise 9.4.8 We study whether the matrix
311
A=1102
120

is diagonalisable. Its characteristic polynomial is

pa(T) = det(A — TI3)

3—-T 1 1
= 1 =T 2
1 2 T

= —T3 + 37> + 6T — 8 = (T — 1)(T —4)(T +2).

Its eigenvalues are found to be \; = 1, \; = 4, \3 = —2. Since each root of the
characteristic polynomial has algebraic multiplicity m = 1, from the Corollary 9.4.2
the matrix A is diagonalisable, and indeed similar to

100
A=1040
00 -2

We compute a basis B for R? of eigenvectors for A. We know that V; = ker(A — I3),
so Vj is the space of the solutions of the homogeneous linear system (A — I3)X =0
associated to the matrix

21 1
A—-L=1[1-121],
1 2 —1
which is reduced to
211
303
000

The solution of such a linear system are given by (x, y,z) = (x, —x, —x), thus
Vi = L((—1, 1, 1)). Along the same lines we compute

Vi = ker(A — 45) = L((2,1, 1)),
V_, = ker(A + 2I3) = L((0, —1,1)).



9.4 Diagonalisation of an Endomorphism 147
We have then B = ((—1, 1, 1), (2,1, 1), (0, —1, 1)) and

12 0
P=MB=|11-1
111

It is easy to compute that P~' A P = A,

Proposition 9.4.9 Let A € R™" be diagonalisable, with eigenvalues Ay, . . ., A\; and
corresponding multiplicities my, ..., m. Then

det(A) = NI AL\

tr(A) = miA +modo + -+ mg.

Proof Since A is diagonalisable, there exists an invertible n-dimensional matrix P
such that A = P~! A P. The matrix A is diagonal, and its diagonal elements are
(see the Proposition9.4.4) the eigenvalues of A counted with their multiplicities.
Then, from the Proposition9.1.5 on has,

det(A) = det(P™'AP) = det(A) = A" - \J2 - ... LA™
and

tr(A) = tr(P~'AP) = tr(A) = mi A + mada + -+ - + my ).

9.5 The Jordan Normal Form

In this section we briefly describe the notion of Jordan normal form of a matrix. As we
have described before in this chapter, a square matrix is not necessarily diagonalis-
able, that is it is not necessarily similar to a diagonal matrix. It is nonetheless possible
to prove that any square matrix is similar to a triangular matrix J which is not far
from being diagonal. Such a matrix J is diagonal if and only if A is diagonalisable;
if not it has a ‘standard’ block structure.

An example of a so called Jordan block is the non diagonalisable matrix A in
Exercise 9.4.3. We denote it by

11
JL(1) = <0 1) .
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A Jordan block of order k is a k-dimensional upper triangular square matrix of the
form

A10---0
OA1---0
Sy = | -,
IR
000--- X

where the diagonal terms are given by a scalar A € R, the (J;()\)); j+1 entries are
1 and the remaining entries are zero. It is immediate to show that the characteristic
polynomial of such a matrix is given by

Proy(T) = (T — M,

and the parameter \ is the unique eigenvalue with algebraic multiplicity m) = k.
The corresponding eigenspace is

Vi = ker(Jk(\) — A1) = L£((1,0,...,0)),

with geometric multiplicity dim(V)) = 1. Thus, if K > 1, a Jordan block is not diag-
onalisable.

A matrix J is said to be in (canonical or normal) Jordan form if it has a block
diagonal form

JoyA) 0 .. 0
0 Ji,()... 0
J = . . . . ,
0 0 ... J,(N\)
where each Ji,; (Aj) is aJordan block of order k; and eigenvalue A;,for j =1,..., 5.

Notice that nothing prevents from having the same eigenvalue in different Jordan
blocks, thatis A; = A, even with k; # k;. Since each Jordan block Ji; ();) provides
a one dimensional eigenspace for )}, the geometric multiplicity of A; coincides with
the number of Jordan blocks with eigenvalue A;. The algebraic multiplicity of A;
coincides indeed with the sum of the orders of the Jordan blocks having the same
eigenvalue ;.

Theorem 9.5.1 (Jordan) Let A € R™" such that its characteristic polynomial has
only real roots (such roots are all the eigenvalues for A). Then,

(i) the matrix A is similar to a Jordan matrix,
(ii) two Jordan matrices J and J' are similar if and only if one is mapped into the
other under a block permutation.
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We omit a complete proof of this theorem, and we limit ourselves to briefly
introduce the notion of generalised eigenvector of a matrix A. We recall that, when
A is not diagonalisable, the set of eigenvectors for A is not enough for a basis of R”.
The columns of the invertible matrix P that realises the similarity between A and
the Jordan form J (such that P~'AP = J) are the components with respect to the
canonical basis &, of the so called generalised eigenvectors for A.

Given an eigenvalue A for A with algebraic multiplicity m) > 1, a corresponding
generalised eigenvector is a non zero vector v that solves the linear homogeneous
system

(A — A1)"v = Opn.

It is possible to show that such a system has m solutions v; (with v; =1,...,m)
which can be obtained by recursion,

(A = X)v = Ops,
(A — )\I,,)vk = Vj—1, k=2,...m.

The elements v; span the generalised eigenspace V) for A corresponding to the
eigenvalue \. The generalised eigenvectors satisfy the condition

(A= XI)'v =0 forany k=1,2,...m.

Since the characteristic polynomial of A has in general complex roots, we end by
noticing that a more natural version of the Jordan theorem is valid on C.

Exercise 9.5.2 We consider the matrix

5 4 2 1
0 1 —1—1
A=1_1-13 o
11 -1 2

Its characteristic polynomial is computed to be p4(T) = (T — )(T — 2)(T — 4)2,
so its eigenvalues are A = 1, 2, 4, 4. Since the algebraic multiplicity of the eigen-
values A =1 and A =2 is 1, their geometric multiplicity is also 1. An explicit
computation shows that

dim(ker(A — 4 1)) = 1.

We have then that A is not diagonalisable, and that the eigenvalue A\ = 4 corresponds
to a Jordan block. A canonical form for the matrix A is then given by

1000
0200
0041
0004
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Exercise 9.5.3 The matrices

3100 3100
0300 , o300
T=10030]|" T =10031
0003 0003

have the same characteristic polynomial, the same determinant, and the same trace.
They are however not similar, since they are in Jordan form, and there is no block
permutation under which J is mapped into J'.



Chapter 10 ®)
Spectral Theorems on Euclidean Spaces e

In Chap.7 we studied the operation of changing a basis for a real vector space. In
particular, in the Theorem7.9.6 and the Remark7.9.7 there, we showed that any
matrix giving a change of basis for the vector space R” is an invertible n X n matrix,
and noticed that any n x n invertible yields a change of basis for R”.

In this chapter we shall consider the endomorphisms of the euclidean space
E" = (R", ), where the symbol - denotes the euclidean scalar product, that we
have described in Chap. 3.

10.1 Orthogonal Matrices and Isometries

As we noticed, the natural notion of basis for a euclidean space is that of orthonormal
one. This restricts the focus to matrices which gives a change of basis between
orthonormal bases for E”.

Definition 10.1.1 A square matrix A € R™" is called orthogonal if its columns
form an orthonormal basis B for E". In such a case A = M5B, that is A is the
matrix giving the change of basis from the canonical basis £ to the basis B.

It follow from this definition that an orthogonal matrix is invertible.

Exercise 10.1.2 The identity matrix [, is clearly orthogonal for each E”. Since the
vectors

v = 50D, w= 50—
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form an orthonormal basis for E2, the matrix
11
- L
A=17 (1 - 1)

Proposition 10.1.3 A matrix A is orthogonal if and only if

is orthogonal.

'"AA =1,

that is if and only if A~' = 'A.

Proof With (vy, ..., v,) a system of vectors in E", we denote by A = (v ---v,)
the matrix with columns given by the given vectors, and by

IA — :

fvn
its transpose. We have the following equivalences. The matrix A is orthogonal (by
definition) if and only if (v, ..., v,) is an orthonormal basis for E”, that is if and
only if v; - v; = d;; for any i, j. Recalling the representation of the row by column
product of matrices, one has v; - v; = ¢;; if and only if ('AA);; = ¢;; for any i, j,
which amounts to say that ‘AA = I,. |

Exercise 10.1.4 For the matrix A considered in the Exercise 10.1.2 one has easily
compute that A = ‘A and A2 = .

10
= (1)
is not orthogonal, since

coa _ (11) (10) _ (21
AA—(01><11>—<11)7“2'

Proposition 10.1.6 If A is orthogonal, then det(A) = =+1.

Exercise 10.1.5 The matrix

Proof This statement easily follows from the Binet Theorem 5.1.16: with‘AA = I,
one has
det("A) det(A) = det(l,) = 1,

and the Corollary5.1.12, that is det(A) = det(A), which then implies
(det(A))? = 1. [l
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Remark 10.1.7 The converse to this statement does not hold. The matrix A from the
Exercise 10.1.5 is not orthogonal, while det(A) = 1.

Definition 10.1.8 An orthogonal matrix A with det(A) = 1 is called special orthog-
onal.

Proposition 10.1.9 The set O(n) of orthogonal matrices in R™" is a group, with
respect to the usual matrix product. Its subset SO(n) = {A € O(n) : det(A) = 1}
is a subgroup of O(n) with respect to the same product.

Proof We prove that O(n) is stable under the matrix product, has an identity element,
and the inverse of an orthogonal matrix is orthogonal as well.

e The identity matrix 7, is orthogonal, as we already mentioned.
e If A and B are orthogonal, then we can write

'‘B'AAB
'BI,B
= BB = 1I,,

"(AB)AB

that is, AB is orthogonal.
e If A is orthogonal, ’/AA = I, then

Ahat = @A =1,

that proves that A~! is orthogonal.

From the Binet theorem it easily follows that the set of special orthogonal matrices
is stable under the product, and the inverse of a special orthogonal matrix is special
orthogonal. (]

Definition 10.1.10 The group O(n) is called the orthogonal group of order n, its
subset SO(n) is called the special orthogonal group of order n.

We know from the Definition 10.1.1 that a matrix is orthogonal if and only if
it is the matrix of the change of basis between the canonical basis £ (which is
orthonormal) and a second orthonormal basis B. A matrix A is then orthogonal if
and only if A=! = ’A (Proposition 10.1.3).

The next theorem shows that we do not need the canonical basis. If one defines
a matrix A to be orthogonal by the condition A~! = ‘A, then A is the matrix for
a change between two orthonormal bases and viceversa, any matrix A giving the
change between orthonormal bases satisfies the condition A™! = ‘A.

Theorem 10.1.11 Let C be an orthonormal basis for the euclidean vector space E",
with B another (arbitrary) basis for it. The matrix MCB of the change of basis from
C to B is orthogonal if and only if also the basis B is orthonormal.
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Proof We start by noticing that, since C is an orthonormal basis, the matrix M¢-€
giving the change of basis between the canonical basis £ and C is orthogonal by the
Definition 10.1.1. It follows that, being O(n) a group, the inverse M¢-¢ = (M&:€)~!
is orthogonal. With 3 an arbitrary basis, from the Theorem 7.9.9 we can write

MC,B — MC,S MS.S ME,B
— MC,E I, M:‘,‘,B — MC’SMS‘B.

Firstly, let us assume B to be orthonormal. We have then that M £B ig orthogonal;
thus MSB is orthogonal since it is the product of orthogonal matrices.
Next, let us assume that M5 is orthogonal; from the chain relations displayed
above we have
MEB — (MG~ CB = p&CpCB.

This matrix M¢-5 is then orthogonal (being the product of orthogonal matrices), and
therefore B is an orthonormal basis. (]

We pass to endomorphisms corresponding to orthogonal matrices. We start by
recalling, from the Definition3.1.4, that a scalar product has a ‘canonical’ form
when it is given with respect to orthonormal bases.

Remark 10.1.12 Let C be an orthonormal basis for the euclidean space E". If
v,w € E" are given by v = (xq,...,x,)c and w = (y1,..., Y¥,)c, one has that
v-w=2Xx1y1 + -+ X,y,. By denoting X and Y the one-column matrices whose
entries are the components of v, w with respect to C, that is

X1 i
X = , Y = i
Xn yn
we can write
Y1
vew =Xy 4 xy, = (x.ox) | 2| = XY
Yn

Theorem 10.1.13 Let ¢ € End(E"), with £ the canonical basis of E". The follow-
ing statements are equivalent:

(i) The matrix A = M(f’g is orthogonal.
(it) It holds that ¢(v) - p(w) = v - w for any v,w € E".
(iii) IfB = (b1, ..., by,)isanorthonormal basis for E", thenthe set B = (¢(by), ...,
¢(by)) is such.
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Proof (i) = (ii): by denoting X = ‘v and Y = ‘w we can write
v-w= XY, () dw) = "(AX)(AY) ='X(AA)Y,

and since A is orthogonal, ‘"AA = I,,, we conclude that ¢(v) - ¢(w) = v - w for
any v, w € E".

(i) = (iii): let A = Mg'c be the matrix of the endomorphism ¢ with respect to the
basis C. We start by proving that A is invertible. By adopting the notation used
above, we can represent the condition ¢(v) - p(w) = v-w as "(AX)(AY) =
XY forany X,Y € E". It follows that '"AA = I, that is A is orthogonal, and
then invertible. This means (see Theorem 7.8.4) that ¢ is an isomorphism, so it
maps a basis for E” into a basis for E”. If B is an orthonormal basis, then we
can write

obi) - o(bj) = b -b; = 0

which proves that 5 is an orthonormal basis.

(iii) = (i): since &, the canonical basis for E”, is orthonormal, then (¢(e;), ...,
¢(ey)) is orthonormal. Recall the Remark 7.1.10: the components with respect
to £ of the elements ¢(e;) are the column vectors of the matrix M(f‘g ,thus M f'g
is orthogonal. (]

We have seen that, if the action of ¢ € End(E") is represented with respect to the
canonical basis by an orthogonal matrix, then ¢ is an isomorphism and preserves the
scalar product, that is, for any v, w € E” one has that,

v-w = @) - p(w).
The next result is therefore evident.

Corollary 10.1.14 If ¢ € End(E") is an endomorphism of the euclidean space E"
whose corresponding matrix with respect to the canonical basis is orthogonal then
¢ preserves the norms, that is, for any v € E" one has

o)l = llvll.

This is the reason why such an endomorphism is also called an isometry.

The analysis we developed so far allows us to introduce the following definition,
which will be more extensively scrutinised when dealing with rotations maps.

Definition 10.1.15 If ¢ € End(E") takes the orthonormal basis B = (by, ..., by,)
to the orthonormal basis B = (b] = ¢(by), ..., b, = ¢(b,)) in E", we say that B
and B’ have the same orientation if the matrix representing the endomorphism ¢ is
special orthogonal.
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Remark 10.1.16 1t is evident that this definition provides an equivalence relation
within the collection of all orthonormal bases for E”. The corresponding quotient
can be labelled by the values of the determinant of the orthogonal map giving the
change of basis, that is det ¢ = {£1}. This is usually referred to by saying that the
euclidean space E" has two orientations.

10.2 Self-adjoint Endomorphisms

We need to introduce an important class of endomorphisms.

Definition 10.2.1 An endomorphism ¢ of the euclidean vector space E” is called
self-adjoint if
o(w)-w=v-6(w) VYv,weeE.

From the Proposition9.2.11 we know that eigenvectors corresponding to dis-
tinct eigenvalues are linearly independent. When dealing with self-adjoint endomor-
phisms, a stronger property holds.

Proposition 10.2.2 Let ¢ be a self-adjoint endomorphism of E", with A\j, A\, € R
different eigenvalues for it. Any two corresponding eigenvectors, 0 # v, € V), and
0 # vy € V), are orthogonal.

Proof Since ¢ is self-adjoint, one has ¢(v;) - v = vy - ¢(v,) while, v; and v, being
eigenvectors, one has ¢(v;) = \;v; fori = 1, 2. We can then write

(Avy) - v2 = v1 - (Av2)
which reads
AV - v2) = Ao (v - v2) = (M =ADW ) =0.

The assumption that the eigenvalues are different allows one to conclude that
v; - vy = 0, that is v is orthogonal to v;. O

The self-adjointness of an endomorphism can be characterised in terms of proper-
ties of the matrices representing its action on E”. We recall from the Definition4.1.21
that a matrix A = (a;;) € R"" is called symmetric if ‘A = A, that is if one has
a;j = aj;, forany i, j.

Theorem 10.2.3 Let ¢ € End(E") and B an orthonormal basis for E". The endo-
morphism ¢ is self-adjoint if and only if MS’B is symmetric.
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Proof Using the usual notation, weset A = (a;;) = M, f B and X , Y be the columns

giving the components with respect to B of the vectors v, w in E". From the
Remark 10.1.12 we write

b)) -w = "(AX)Y = (X'A)Y = 'X'AY
and v-op(w) = 'X(AY) = 'XAY.

Let us assume A to be symmetric. From the relations above we conclude that ¢(v) -
w=v-¢(w) for any v, w € E", thatis ¢ is self-adjoint.
If we assume ¢ to be self-adjoint, then we can equate

X'AY ='XAY

forany X, Y in R". If we let X and Y to range on the elements of the canonical basis
& =(ey,...,e,) in R", such a condition is just the fact that a;; = a;; for any i, j,
that is A is symmetric. d

Exercise 10.2.4 The following matrix is symmetric:

2 -1
a= (25
Then the endomorphism ¢ € End(E?) corresponding to A with respect to the

canonical basis is self-adjoint. This can also be shown by a direct calculation:
o((x,y)) = (2x —y, —x + 3y); then

(a,b) - ¢((x,y)) = ax —y) + b(—x + 3y)
= 2a —b)x + (—a+3b)y
= ¢((a, b)) - (x,y).

Exercise 10.2.5 The following matrix is not symmetric

11
s (1)
The corresponding (with respect to the canonical basis) endomorphism ¢ € End(E?)
is indeed not self-adjoint since for instance,

Ppe1)-ex = (1, =1 -(0,1) = —1,
er-dlex) = (1,0)-(1,0) = 1.

An important family of self-adjoint endomorphisms is illustrated in the following
exercise.
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Exercise 10.2.6 We know from Sect. 8.2 that, if B = (ey, ..., ¢,) is an orthonormal
basis for E”, then the action of an endomorphism ¢ whose associated matrix is
d=M f ‘B can be written with the Dirac’s notation as

b= Duled)iesl,

a,b=1

with @, = (e,|p(ep)). Then, the endomorphism ¢ is self-adjoint if and only if
®,, = Dp,. Consider vectors u = (uy,...,u,)g, v=(vy,...,v,)5 in E", and
define the operator L = |u)(v|. We have

(ealLey) = (eqlu)(vles) = uqvp,

(ep|Leq) = (eplu)(viea) = upva,

so we conclude that the operator L = |u)(v]| is self-adjoint if and only if u = v.

Exercise 10.2.7 Let ¢ be a self-adjoint endomorphism of the euclidean space E”,
and let the basis B = (ey, . . ., ¢,) made of orthonormal eigenvectors for ¢ with corre-
sponding eigenvalues (A, .. ., A,) (notnecessarily all distinct). A direct computation
shows that, in the Dirac’s notation, the action of ¢ can be written as

¢ = )\1|€1>(€1| +--- 4+ /\nlen)(enla
so that, for any v € E", one writes

P(v) = Atler)(eilv) + - + Ailen) (enlv).

10.3 Orthogonal Projections

As we saw in Chap. 3, given any vector subspace W C E”", with orthogonal com-
plement W+ we have a direct sum decomposition E” = W @& W+, so for any vector
v € E" we have (see the Proposition 3.2.5) a unique decomposition v = vy + vyL.
This suggests the following definition.

Definition 10.3.1 Given the (canonical) euclidean space E" with W C E" a vector
subspace and the orthogonal sum decomposition v = vy + vy, the map

Py : E" — E", V> Uy

is linear, and it is called the orthogonal projection onto the subspace W. The dimen-
sion of W is called the rank of the orthogonal projection Py .

If W C E" itis easy to see that Im(Py) = W while ker(Py) = W+. Moreover,
since Py acts as an identity operator on its range W, one also has PVZV = Py. If
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u, v are vectors in E", with orthogonal sum decomposition # = uy + uy: and v =
vw + vyL, we can explicitly compute

Py -v=uy- - (vy + vys)
=uwy - vy and

u- Py(v) = (uw +uwr) - vy
=Uwy - Vw.
This shows that orthogonal projectors are self-adjoint endomorphisms. To which
extent can one reverse these computations, that is can one characterise, within all
self-adjoint endomorphisms, the collection of orthogonal projectors? This is the
content of the next proposition.

Proposition 10.3.2 Given the euclidean vector space E", an endomorphism
¢ € End(E") is an orthogonal projection if and only if it is self-adjoint and sat-
isfies the condition ¢* = ¢.

Proof We have already shown that the conditions are necessary for an endomorphism
to be an orthogonal projection in E”. Let us now assume that ¢ is a self-adjoint
endomorphism fulfilling ¢*> = ¢. For any choice of u, v € E" we have

(A=) - () = u-pv) — du) - P(v)
=u-¢p() — u-¢*(v)
= u-¢p(v) —u-d) =0

with the second line coming from the self-adjointness of ¢ and the third line from
the condition ¢> = ¢. This shows that the vector subspace Im(1 — ¢) is orthogo-
nal to the vector subspace Im(¢). We can then decompose any vector y € E" as
an orthogonal sum y = yim—¢) + Yime + &, Where  is an element in the vector
subspace orthogonal to the sum Im(1 — ¢) @ Im(¢). For any u € E" and any such
vector £ we have

Pw)-£=0, (A=) -{=0.

These conditions give that # - £ = 0 for any u € E", so we can conclude that £ = 0.
Thus we have the orthogonal vector space decomposition

E" = Im(l = ¢) & Im(¢).

We show next that ker(¢) = Im(1 — ¢). If u € Im(1 — ¢), we have u = (1 — ¢)v
with v € E", thus ¢(u) = ¢(1 — ¢)v = 0, that is Im(1 — ¢) C ker(¢). Conversely,
if u € ker(¢), then ¢(u) - v =0 for any v € E", and u - ¢(v) = 0, since ¢ is self-
adjoint, which gives ker(¢) € (Im(¢))* and ker(¢) € Im(1 — ¢), from the decom-
position of E" above.
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Ifw € Im(¢),thenw = ¢(x) foragivenx € E", thus p(w) = ¢*(x) = p(x) = w.
We have shown that we can identify ¢ = Pyyg). This concludes the proof. O

Exercise 10.3.3 Consider the three dimensional euclidean space E* with canon-
ical basis and take W = L£((1, 1, 1)). Its orthogonal subspace is given by the
vectors (x, y, z) whose components solve the linear equation ¥ : x +y +z =0,
so we get Sy = W+ = L£((1,—1,0), (1,0, —1)). The vectors of the canonical
basis when expressed with respect to the vectors u#; = (1, 1, 1) spanning W and
uy = (1, —1,0), uz = (1,0, —1) spanning W+, are written as

1
e = §(M1+”2+M3),
1
e = 5(“1—2M2+M3),
1
e3 = g(ul+uz—2M3)-
Therefore,
Py (e1) : Py (e2) : Py (e3) :
e)) = —uj, e) = —uj, e3) = —uj,
w (e 3 w(e2 3 w(e3 3
and

1 1 1
Pyi(er) = 3 (w2 +u3z),  Pyi(er) = 3 (—2uz +u3),  Pyir(e3) = 3 (2 — 2u3).

Remark 10.3.4 Given an orthogonal space decomposition E" = W @ W+, the union
of the basis By and By of W and W+, is a basis B for W. It is easy to see that the
matrix associated to the orthogonal projection operator Py with respect to such a
basis 5 has a block diagonal structure

1---00---0
55 |0--10---0
Mp,” = 0---00---01"

0---00---0

where the order of the diagonal identity block is the dimension of W = Im(Py ). This
makes it evident that an orthogonal projection operator is diagonalisable: its spectrum
contains the real eigenvalue A = 1 with multiplicity equal to m—; = dim(W) and
the real eigenvalue A\ = 0 with multiplicity equal to my—o = dim(W1).

It is clear that the rank of Py (the dimension of W) is given by the trace tr(M ff )
irrespectively of the basis chosen to represent the projection (see the Proposi-
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tion9.1.5) since as usual, for a change of basis with matrix M B.C one has that
My C = MCBMpPMEC, with MBC = (MCB)~.

Exercise 10.3.5 The matrix

=i

is symmetric and satisfies M? = M forany a € (0, 1]. With respect to an orthonormal
basis (e, ey) for E?, it is then associated to an orthogonal projection with rank given
by tr(M) = 1. In order to determine its range, we diagonalise M. Its characteristic
polynomial is

pu(T) =detM —TL)=T>—-T

and the eigenvalues are then A =0 and A = 1. Since they are both simple, the
matrix M is diagonalisable. The eigenspace V,—; corresponding to the range of the
orthogonal projection is one dimensional and given as the solution (x, y) of the

system
(=) 0= 6)

that is (x, / ]%x) with x € R. This means that the range of the projection is given

by L((1,,/E=9).
We leave as an exercise to show that M is the most general rank 1 orthogonal
projection in EZ.

Exercise 10.3.6 We know from Exercise 10.2.6 that the operator L = |u) (u] is self-
adjoint. We compute
L? = |u) {ulu) (| = [lul’L.

Thus such an operator L is an orthogonal projection if and only if ||u|| = 1. Itis then
the rank one orthogonal projection L = |u)(u| = Pr ).

Let us assume that W; and W, are two orthogonal subspaces (to be definite we
take W, € Wjb). By using for instance the Remark 10.3.4 it is not difficult to show
that Py, Py, = Pw, Py, = 0. As a consequence,

(Pw, + Pw,)(Pw, + Pw,) = Py, + Py, + Pw, Py, + Pw,Pw, = (Pw, + Py,).

Since the sum of two self-adjoint endomorphisms is self-adjoint, we can conclude
(from Proposition 10.3.2) that the sum Py, + Py, is an orthogonal projector, with
Py, + Pw, = Pw,ew,. This means that with two orthogonal subspaces, the sum of
the corresponding orthogonal projectors is the orthogonal projection onto the direct
sum of the given subspaces.
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These results can be extended. If the euclidean space has a finer orthogonal
decomposition, that is there are mutually orthogonal subspaces {W,},—;. ...
E"=W,®---® W;, then we have a corresponding set of orthogonal projectors
Py,. We omit the proof of the following proposition, which we shall use later on in
the chapter.

Proposition 10.3.7 If E" = W, & - - - & W) with mutually orthogonal subspaces
Wa., a =1,...,k, then the following hold:

(a) Foranya,b=1,...,k, one has
Py, Py, = Oqp Py, .

(b) If W= Wa, @ - @ W,, is the vector subspace given by the direct sum of the
orthogonal subspages {Wy,} with a; any subset of (1, ..., k) without repeti-
tion, then the sum P = Py, + ...+ Pw, is the orthogonal projection operator
P = Py.

(c) Foranyv € E", one has

V= (PW] +---+ Pwk)(v).
Notice that point (c) shows that the identity operator acting on E” can be decom-

posed as the sum of all the orthogonal projectors corresponding to any orthogonal
subspace decomposition of E”".

Remark 10.3.8 All we have described for the euclidean space E" can be natu-
rally extended to the hermitian space (C", -) introduced in Sect. 3.4. If for example
(eq, ..., e,) gives a hermitian orthonormal basis for H", the orthogonal projection
onto W, = L(e,) can be written in the Dirac’s notation (see the Exercise 10.3.6) as

Py, = les){eal,

while the orthogonal projection onto W= Wy @ --- @ W,, (point b) of the Propo-
sition 10.3.7) as
Pﬁ/ = |ea1)(ea|| + 4+ |eu5><eas|'

The decomposition of the identity operator can be now written as
idgn = ler){ei] + -+ len)(enl.
Thus, any vector v € H" can be decomposed as

v=|v) = ler){er]v) + - -+ len)(en|v).
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10.4 The Diagonalization of Self-adjoint Endomorphisms

The following theorem is a central result for the diagonalization of real symmetric
matrices.

Theorem 10.4.1 Let A € R™" be symmetric, 'A = A. Then, any root of its charac-
teristic polynomial p(T) is real.

Proof Let us assume A to be a root of p4(T). Since p4(T) has real coefficients,
its roots are in general complex (see the fundamental theorem of algebra, Theo-
remA.5.7). We therefore think of A as the matrix associate to an endomorphism

¢: C"— C",

with M(f’g = A with respect to the canonical basis £ for C" as a complex vector
space. Let v be a non zero eigenvector for ¢, that is

o(v) = Av.
By denoting with X the column of the components of v = (x4, ..., x,,) with respect
to £, we write
X = "(x1,..., %), AX = M\X.

Under complex conjugation, with A = A since A has real entries, we get
X ="(%,....5), AX = A\X.
From these relations we can write the scalar X AX in the following two ways,

XAX = 'X(AX) = 'XO\X) = AN (XX)
and  XAX = (XA)X = "(AX)X = "OX)X = A(XX).

By equating them, we have o
A=N(XX) = 0.

The quantity XX = Xi1x1 +Xoxa+ -+ Xpxp, IS a positive real number, since

v # Ocn; we can then conclude A = A, thatis A € R. O

Example 10.4.2 The aim of this example is threefold, namely

e it provides an ad hoc proof of the Theorem 10.4.1 for symmetric 2 x 2 matrices;

e it provides a direct proof for the Proposition 10.2.2 for symmetric 2 x 2 matrices;

e itshows that, if ¢ is a self-adjoint endomorphismin E 2 then E? has an orthonormal
basis made up of eigenvectors for ¢. This result anticipates the general result which
will be proven in the Theorem 10.4.5.
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We consider then a symmetric matrix A € R>?,
A = <l111 6112) )
apz axp
Its characteristic polynomial p4(T) = det(A — T I,) is then
pa(T) = T? — (ay; + an)T + ajjaxn — ai,.
The discriminant of this degree 2 characteristic polynomial p4(7') is not negative:

A = (a1 + ax)® — 4(aaxn — ajy)

(a1 — an)* +4a’, > 0

being the sum of two square terms; therefore the roots A;, A\, of p4(7T') are both real.
We prove next that A is diagonalisable, and that the matrix P giving the change of
basis is orthogonal. We consider the endomorphism ¢ corresponding to A = M(f’g,

for the canonical basis € for E2, and compute the eigenspaces V), and V).

e If A =0, then a;; = ay» and @, = 0. The matrix A is already diagonal, so we
may take P = I,. There is only one eigenvalue \; = a;; = ap,. Its algebraic mul-
tiplicity is 2 and its geometric multiplicity is 2, with corresponding eigenspace
Vy, = E%

e If A > O the characteristic polynomial has two simple roots A\; # A, with corre-
sponding one dimensional orthogonal (from the Proposition 10.2.2) eigenspaces
Vy, and V,,. The change of basis matrix P, whose columns are the normalised
eigenvectors

V1 U2

vl lloall”

is then orthogonal by construction. We notice that P can be always chosen to be
an element in SO(2), since a permutation of its columns changes the sign of its
determinant, and is compatible with the permutation of the eigenvalue A, A, in
the diagonal matrix.

In order to explicitly compute the matrix P we see that the eigenspace V), for any
i = 1, 21s given by the solutions of the linear homogeneous system associated to the

matrix
ap — A\ a
A—ND = 11 i 12 '
ap  ap— A\

Since we already know that dim(V),) = I, such a linear system is equivalent to a
single linear equation. We can write

Vi = {(x,y) : (@1 — A)x +apy =0}
= L((—ap,an — \)) = L(v),
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where we set
v = (—an,ain — A1),  va = (—ap,an — A).
For the scalar product,
v vy = aly +al — O+ A)a + A =0
since one has
M+X=an+an, Ml =anan —aj,.
Exercise 10.4.3 We consider again the symmetric matrix
= (57
from the Exercise 10.2.4. Its characteristic polynomial is
pa(T) = det(A — Th) = pa(T) = T? — 5T +5,

with roots |
A =5 (5% V5).

The corresponding eigenspaces V. are the solutions of the homogeneous linear
systems associated to the matrices

A—M\D =

1((—1¢ﬁ) -2 )
2 2 1+

one has dim(V.) = 1, so each system is equivalent to a single linear equation, that
is

Vi = L((=2,1£5) = L(va),
where

vy = (=2,14++5), v = (=2,1-+5),

and one computes that
vy v =4—-4=0,
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that is the eigenspaces are orthogonal. The elements

Uy v_
= M2
oy |

o1l

form an orthonormal basis for E? of eigenvectors for the endomorphism ¢ ,.

We present now the fundamental result of this chapter, that is the spectral theorem
for self-adjoint endomorphisms and for symmetric matrices. Towards this, it is worth
mentioning that the whole theory, presented in this chapter for the euclidean space
E", can be naturally formulated for any finite dimensional real vector space equipped
with a scalar product (see Chap. 3).

Definition 10.4.4 Let ¢ : V — V be an endomorphism of the real vector space
V, and let Vcv be a vector subspace in V. If the image of V for ¢ is asubset of the
same V (that is, qS(V) C V) there is a well defined endomorphism ¢y : V>V
given by ~

oy (v) = d(v), forall veV

(clearly a linear map). The endomorphism ¢ acts in the same way as the endomor-
phism ¢, but on a restricted domain. This is why ¢ is called the restriction to V

of ¢.

Proposition 10.4.5 (Spectral theorem for endomorphisms) Let (V, -) be a real vec-
tor space equipped with a scalar product, and let ¢ € End(V). The endomorphism
¢ is self-adjoint if and only if V has an orthonormal basis of eigenvectors for ¢.

Proof Letus assume the orthonormal basis C for V is made of eigenvectors for ¢. This
implies that Mg’c is diagonal and therefore symmetric. From the Theorem 10.2.3 we
conclude that ¢ is self-adjoint.

The proof of the converse is by induction on n = dim(V'). For n = 2 the state-
ment is true, as we explicitly proved in the Example 10.4.2. Let us then assume it
to be true for any (n — 1)-dimensional vector space. Then, let us consider a real
n-dimensional vector space (V, -) equipped with a scalar product, and let ¢ be a
self-adjoint endomorphism on V. With B an orthonormal basis for V (remember
from the Theorem3.3.9 that such a basis always exists V finite dimensional), the
matrix A = M f B s symmetric (from the Theorem 10.2.3) and thus any root of the
characteristic polynomial p4(7T) is real. Denote by A one such an eigenvalue for ¢,
with v; a corresponding eigenvector that we can assume of norm 1.

Then, let us consider the orthogonal complement to the vector line spanned
by vy,

= (L))"

In order to meaningfully define the restriction to V of ¢, we have to verify that for
any v € V one has ¢(v) € V, that is, we have to prove the implication

v-uyy =0 = ¢Ww) v =0.
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By recalling that ¢ is self-adjoint and ¢(v;) = Av; we can write

p) - v = v-o(w) = v-(Avy)
=A(w-v) =0.

This proves that ¢ can be restricted to a ¢y : V >V, clearly self-adjoint. Since
dim(\7) = n — 1, by the inductive assumption there existn — 1 elements (v, ..., v,)
of eigenvectors for ¢ making up an orthonormal basis for V. Since ¢y isarestriction
of ¢, the elements (v2,~.. ., Uy) are eigenvectors for ¢ as well, and orthogonal to v;
as they all belong to V. Then the elements (v, vy, ..., v,) are orthonormal and
eigenvectors for ¢. Being n = dim(V), they are an orthonormal basis for V. ]

10.5 The Diagonalization of Symmetric Matrices

There is a counterpart of Proposition 10.4.5 for symmetric matrices.

Proposition 10.5.1 (Spectral theorem for symmetric matrices) Let A € R™" be sym-
metric. There exists an orthogonal matrix P such that'P A P is diagonal. This result is
often referred to by saying that symmetric matrices are orthogonally diagonalisable.

Proof Let us consider the endomorphism ¢ = ng‘E : E" — E", which is self-
adjoint since A is symmetric and £ is the canonical basis (see the Theorem 10.2.3).
From the Proposition 10.4.5, the space E" has an orthonormal basis C of eigenvectors
for ¢, so the matrix Mg’c is diagonal. From Theorem 7.9.9 we can write

MC,C — MC,£ Mcf:,ci' ME,C.

¢ 0]

Since MOS’S = A, by setting P = M%¢ we have that P~'AP is diagonal. The
columns of the matrix P are given by the components with respect to £ of the
elements in C, so P is orthogonal since C is orthonormal. O

Remark 10.5.2 The orthogonal matrix P can always be chosen in SO(n), since, as
already mentioned, the sign of its determinant changes under a permutation of two
columns.

Exercise 10.5.3 Consider ¢ € End(R*) given by

d)((x?y’z’t)) = (x+y’-x+y’ _Z+I,Z_t).
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Its corresponding matrix with respect to the canonical basis £ in R* is given by

110 0
_se _|110 0
A=M"=1o0-11

00 1 —1

Being A symmetric and £ orthonormal, than ¢ is self-adjoint. Its characteristic poly-
nomial is

po(T) = pa(T) = det(A — T Iy)

1-7 1 —1-T 1
1 1-T7T 1 —1-T

=TT = 2)(T +2).

The eigenvalues are then A\; = 0 with (algebraic) multiplicity m(0) = 2, A, = -2
with m(—2) = 1 and )\, = 2 with m(2) = 1. The corresponding eigenspaces are
computed to be

Vo = ker() = L£((1,—1,0,0), (0,0, 1, 1)),
V., = ker(¢ — 21Iy) = L((1, 1,0, 0)),
Vo = ker(é — I) = L£((0,0, 1, —1))

and as we expect, these three eigenspaces are mutually orthogonal, with the two
basis vectors spanning V|, orthogonal as well. In order to write the matrix P which
diagonalises A one just needs to normalise such a system of four basis eigenvectors.
We have

1010 000 0
I [-1010 ; 0000
P‘ﬁ o101 | FAP=1loo-20]

0 10-1 000 2

where we have chosen an ordering for the eigenvalues that gives det(P) = 1.

Corollary 10.5.4 Let ¢ € End(E"). If the endomorphism ¢ is self-adjoint then it is
simple.

Proof The proof is immediate. From the Proposition 10.4.5 we know that the self-
adjointness of ¢ implies that £” has an orthonormal basis of eigenvectors for ¢. From
the Remark 9.2.3 we conclude that ¢ is simple. (]
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Exercise 10.5.5 The converse of the previous corollary does not hold in general.
Consider for example the endomorphism ¢ in E? whose matrix with respect to the

canonical basis £ is
11
A= (1)

An easy calculation gives for the eigenvalues A\; =1 e A\, = —1 and ¢ is (see the
Corollary 9.4.2) therefore simple. But ¢ is not self-adjoint, since

P(e1) -e2 = (1,0)- (0, 1) =0,
er-Plex) = (1,0)- (1, =1) =1,

or simply because A is not symmetric. The eigenspaces are given by
Vl = ‘C((lv O))? V,l = ‘C((l’ _2))’

and they are not orthogonal. As a further remark, notice that the diagonalising matrix
11
r= (o)

What we have shown in the previous exercise is a general property characterising
self-adjoint endomorphisms within the class of simple endomorphisms, as the next
theorem shows.

is not orthogonal.

Theorem 10.5.6 Let ¢ € End(E") be simple, with V,, ..., V), the corresponding
eigenspaces. Then ¢ is self-adjoint if and only if V\, L V), foranyi # j.

Proof That the eigenspaces corresponding to distinct eigenvalues are orthogonal for
a self-adjoint endomorphism comes directly from the Proposition 10.2.2.
Conversely, let us assume that ¢ is simple, so that E" = V) @ --- @ V). The
union of the bases given by applying the Gram-Schmidt orthogonalisation proce-
dure to an arbitrary basis for each Vs yield an orthonormal basis for E”, which is
clearly made of eigenvectors for ¢. The statement then follows from the
Proposition 10.4.5. O

Exercise 10.5.7 The aim of this exercise is to define (if possible) a self-adjoint
endomorphism¢ : E3 — E3 suchthatker(¢) = £((1,2, 1) and \; =1, Xy =2
are eigenvalues of ¢.

Since ker(¢) # {(0,0,0)}, then A\;3 =0 is the third eigenvalue for ¢, with
ker(¢) = Vp. Thus ¢ is simple since it has three distinct eigenvalues, with E* =
Vi @ V2 @ Vp. In order for ¢ to be self-adjoint, we have to impose that V), L V),
for all i # j. In particular, one has ‘

(ker(®) " = (Vo) = Vi @ Vs,
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We compute

(L£((1,2, ))*
{(a, B, —ax—=20) : a,f € R}
= L((1,0,—-1), (a, b, c))

(ker ()™

where we impose that (a, b, ¢) belongs to L£((1,2, 1)* and is orthogonal to
(1,0, —1). By setting
1,2,1)-(a,b,c) =0
(1,0, =1)-(a,b,c)=0"
we have (a, b, c) = (1, —1, 1), so we select
Vi = L((1,0, —1)), Vo = L((1, —1, 1)).

Having a simple ¢ with mutually orthogonal eigenspaces, the endomorphism ¢ self-
adjoint. To get a matrix representing ¢ we can choose the basis in E3

B = ((1,0,—-1), (1, -1, 1), (1,2, 1)),

thus obtaining
100
MPE =020
000

By defining e; = (1,0, —1), e = (1, —1, 1) we can write, in the Dirac’s notation,
¢ = ler){e1| + 2|ea)(ea].

Exercise 10.5.8 This exercise defines a simple, but not self-adjoint, endomor-
phism¢ : E* — E3 such that ker(¢) = L£((1, —1, 1)) and Im(¢) = (ker(¢))*.

We know that ¢ has the eigenvalue \; = 0 with Vy = ker(¢). For ¢ to be simple,
the algebraic multiplicity of the eigenvalue \; must be 1, and there have to be two
additional eigenvalues )\, and A3 with either A\, = A3 or \y # A3. If A\, = A3, one
has then

Vy, =Im(f) = (ker(f)* = (V)"

In such a case, ¢ would be a simple endomorphism with mutually orthogonal
eigenspaces for distinct eigenvalues. This would imply ¢ to be self-adjoint. Thus
to satisfy the conditions we require for ¢ we need A\, # 3. In such a case, one has
Vy, @ V), = Im(¢) and also clearly V), L Vj fori = 2, 3. In order for ¢ to be sim-
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ple but not self-adjoint, we select the eigenspaces V), and V), to be not mutually
orthogonal subspaces in Im( f). Since

Im(f) = (£((1, -1, D)+
={(x,y,2) : x—y+2z=0}
= L((1,1,0), (0,1, 1))

we can choose
Vy, = L((1,1,0)), Vi, = L((0, 1, 1)).

If we set B = ((1, -1, 1), (1,1,0), (0, 1, 1)) (clearly not an orthonormal basis for
E?), we have

o

0
Mf’B = {0\
‘ 0

o o

o
>

3

Exercise 10.5.9 Consider the endomorphism ¢ : E? — E? whose corresponding
matrix with respect to the basis B = (v; = (1, 1,0), v, = (1, —1,0), v3 = (0,0, —1)) is

100
MPE =020
| 003

With & as usual the canonical basis for E?, in this exercise we would like to determine:

(1) an orthonormal basis C for E* given by eigenvectors for ¢,
(2) the orthogonal matrix M¢-C,

(3) the matrix M,

(4) the matrix Mg’g,

(5) the eigenvalues of ¢ with their corresponding multiplicities.

(1) We start by noticing that, since M f B is diagonal, the basis B is given by eigen-
vectors of ¢, as the action of ¢ on the basis vectors in 3 can be clearly written
as ¢(vy) = vy, ¢(v2) = 2v;, ¢(v3) = 3vz. The basis B is indeed orthogonal, but
not orthonormal, and for an orthonormal basis C of eigenvectors for ¢ we just
need to normalize, that is to consider

] U2 U3

Uy = —0, Uy =, Uz =
vl flvzl l[vsll

justobtaining C = (5 (1, 1,0), 75(1, =1,0), (0,0, = 1)). While the existence

of such a basis C implies that ¢ is self-adjoint, the self-adjointness of ¢ could

not be derived from the matrix M f ‘B which is symmetric with respect to a basis

B which is not orthonormal.
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From its definition, the columns of M¢C are given by the components with
respect to £ of the vectors in C. We then have

AR
MEC = — |1-1 0
V2 \o 0 -v2

o1 ) )
We know that M€ = (M%), Since the matrix above is orthogonal, we
have

1 11 0
MC,é' — Z(MS,C) - 1 =1 0
V2
00 —v2

From the Theorem 7.9.9 we have
M:Z,s — MEC Mg,c MCE.

Since MOC‘C = M@B‘B, the matrix M(f’g can be now directly computed.
Clearly, from Mf"B the eigenvalues for ¢ are all simple and givenby A = 1, 2, 3.



Chapter 11 ®)
Rotations Geda

The notion of rotation appears naturally in physics, and is geometrically formulated in
terms of a euclidean structure as a suitable linear map on a real vector space. The aim
of this chapter is to analyse the main properties of rotations using the spectral theory
previously developed, as well as to recover known results from classical mechanics,
using the geometric language we are describing.

11.1 Skew-Adjoint Endomorphisms

In analogy to the Definition 10.2.1 of a self-adjoint endomorphism, we have the
following.

Definition 11.1.1 An endomorphism ¢ of the euclidean vector space E” is called
skew-adjoint if

o) - w=—v - p(w), forall v,w € E".

From the Definition4.1.7 we call amatrix A = (a;;) € R™" skew-symmetric (or anti-
symmetric) if 'A = —A, that is if a; j = —aj;, for any i, j. Notice that the skew-
symmetry condition for A clearly implies for its diagonal elements that a;; = 0. The
following result is an analogous of the Theorem 10.2.3 and can be established in a
similar manner.

Theorem 11.1.2 Let ¢ € End(E") and B an orthonormal basis for E". The endo-
morphism ¢ is skew-adjoint if and only if Mf’B is skew-symmetric.
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Proposition 11.1.3 Ler ¢ € End(E") be skew-adjoint. It holds that

(a) the euclidean vector space E" has an orthogonal decomposition
E" =1m(¢) @ ker(¢),

(b) the rank of ¢ is even.

Proof (a) Letu € E" and v € ker(¢). We can write
O=u- 9@ = —o) - v.

Since this is valid for any u € E", the element ¢(u) ranges over the whole space
Im(¢), so we have that ker(¢) = (Im(¢)™ .

(b) From 'MJ"® = —MJ", it follows det(M}"®) = (=1)" det(M}"®). Thus a
skew-adjoint endomorphism on an odd dimensional euclidean space is singu-
lar (that is it is not invertible). From the orthogonal decomposition for E" of
point (a) we conclude that the restriction ¢ : Im(¢) — Im(¢) is regular
(that is it is invertible). §ince such a restriction is skew-adjoint, we have that
dim(Im(¢)) = dim(Im(¢p)) = rk(¢) is even. O

A skew-adjoint endomorphism ¢ on E" can have only the zero as (real) eigenvalue,
so it is not diagonalisable. Indeed, if A is an eigenvalue for ¢, that is ¢(v) = Av for
v # 0g» € E", fromthe skew-symmetry condition we have that) = v - ¢(v) = Av - v,
which implies A = 0. Also, since its characteristic polynomial has non real roots, it
does not have a Jordan form (see Theorem9.5.1).

Although not diagonalisable, a skew-adjoint endomorphism has nonetheless a
canonical form.

Proposition 11.1.4 Given a skew-adjoint invertible endomorphism ¢ : E*P — E?P,
there exists an orthonormal basis B for E*P with respect to which the representing
matrix for ¢ is of the form,

0 m
—p1 0

0 pp
—pip 0

with iy e Rfor j =1,..., p.
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Proof The map S = ¢> = ¢ o ¢ is a self-adjoint endomorphism on E?”, so there
exists an orthonormal basis of eigenvectors for S. Given S(w;) = A\jw; with A; € R,
each eigenvalue \; has even multiplicity, since the identity

S(p(w;)) = o(S(w;)) = Aip(w;)
shows that w; and ¢(w);) are eigenvectors of S with the same eigenvalue \;. We label

then the spectrum of S by (A1, ..., Ax) and the basis C = (w1, ¢(w1), ..., wi, p(wp)).
We also have

A= w; - Swy) = w; - ¢ (w;) = —p(w;) - p(w;) = — (w1

and, since we took ¢ to be invertible, wehave A; < 0.DefinethesetB = (e, ..., ezp)
of vectors as

1
ej-1=w;, e;=—F—0¢Ww,)
VIAG
for j =1,..., p. Adirect computation shows thate; - ¢y = 0, with j,k=1,...,2p

and

dlezj—1) = VIAjleys,  dlerj) = —/I\jlezj-1.

Thus B is an orthonormal basis with respect to which the matrix representing the
endomorphism ¢ has the form above, with p; = /|;[. O

Corollary 11.1.5 If ¢ is a skew-adjoint endomorphism on E", then there exists an
orthonormal basis B for E" with respect to which the associated matrix of ¢ has the
form

0 m

—p1 0
B.B ’
Mg = 0 1, ,

—#p 0
0
0
withp; eR, j=1,---,p,and2p < n.

The study of antisymmetric matrices makes it natural to introduce the notion of
Lie algebra.
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Definition 11.1.6 Given A, B € R™" onedefinesthemap|[, |: R"" x R™" — R™",
[A,B]=AB — BA

as the commutator of A and B. Using the properties of the matrix product is it easy
to prove that the following hold, for any A, B, C € R™" and any o € R:

(1) [A, B] = —[B, A], [«A, B] = a[A, B], [A+ B,C]l=[A,C]+[B,C], that
is the commutator is bilinear and antisymmetric,

(2) [AB,C] = A[B,C]+[A, C]B,

3) [A,[B,Cll1+[B,[C, All + [C, [A, B]] = 0; this is called the Jacoby identity.

Definition 11.1.7 If W € R™" is a vector subspace such that the commutator maps
W x W into W, we say that W is a (matrix) Lie algebra. Its rank is the dimension
of W as a vector space.

Excercise 11.1.8 The collection of all antisymmetric matrices W4 C R™" is a
matrix Lie algebra since, if'/A = —A and'B = —B it is

"(IA,B]) ='B'A — 'A'B = BA — AB.

As a Lie algebra, it is denoted so(n) and one easily computed its dimension to be
n(n — 1)/2. As we shall see, this Lie algebra has a deep relation with the orthogonal
group SO(n).

Remark 11.1.9 Tt is worth noticing that the vector space Wg C R™" of symmetric
matrices is not a matrix Lie algebra, since the commutator of two symmetric matrices
is an antisymmetric matrix.

Excercise 11.1.10 It is clear that the matrices

000 001 0-10
Li=100-1], Ly=1|000], L;=1100
010 —-100 000

provide a basis for the three dimensional real vector space of antisymmetric matrices
W4 C R*3. As the matrix Lie algebra s0(3), one computes the commutators:

[Ly, L2] = Ls, [Ly, L3] = Ly, [L3, L1] = L».

Excercise 11.1.11 We consider the most general skew-adjoint endomorphism ¢ on
E3. With respect to the canonical orthonormal basis £ = (e, ey, e3) it has associated
matrix of the form

e 0 — 8
Mo =~ 0 —a| =aL;+ (L, +~Lj.
-6 a 0
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with a, 3,7 € R. Any vector (x, y, z) in its kernel is a solution of the system

0 — B X 0
v 0 —« yl=10
-0 a 0 z 0

It is easy to show that the kernel is one-dimensional with ker(¢) = L((«, 3, 7)).
Since ¢ is defined on a three dimensional space and has a one-dimensional kernel,
from the Proposition 11.1.4 the spectrum of the map S = ¢ is made of the sim-
ple eigenvalue \p = 0 and a multiplicity 2 eigenvalue A < 0, which is such that
2\ = tr(ME%) with

0 — p 0 - f - =3 ap ay
M€=y 0 —a] | 0 —a|l=| a8 - By |;
-8 a 0 -8 a 0 ay I

thus A = —(a? + 8% + +?). For the corresponding eigenspace V) > (x, y, x) one

ao? aff ay x 0 alax + By +vz) =0
af B By |y =10 & Blax + By +72) =0 .
ay By v ) \z 0 Y(ax + By +72) =0

Such a linear system is equivalent to the single equation (ax + Sy + «vz) = 0, which
shows that ker(S) is orthogonal to Im(S). To be definite, assume « # 0, and fix as
basis for V)

wp = (_79 0’ O{),

wy = ¢(wy) = (—af, a® + 7%, =),

with w - ¢(w;) = 0. With the appropriate normalization, we define

wi
uy = ——r,
[lwy |l
1y = d(wr)
o)l
1
usz = (Cl{, ﬂv '7)

/042+ﬁ2+"}/2

and verify that C = (uy, us, u3) is an orthonormal basis for E3. With M€ the
orthogonal matrix of change of bases (see the Theorem 7.9.9), this leads to

MCE MEEMEC — pyCC — -
1)

p Lo p=N=at+ 4

o O
oS O O

0
0

an example indeed of Corollary 11.1.5.
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11.2 The Exponential of a Matrix

In Sect. 10.1 we studied the properties of the orthogonal groupO(n) in E”. Before
studying the spectral properties of orthogonal matrices we recall some general results.

Definition 11.2.1 Given a matrix A € R™", its exponential is the matrix e defined

by
21
=

k=0

where the sum is defined component-wise, that is (e*) ;; = >3 & (A%) 1.

We omit the proof that such a limit exists (that is each series converges) for every
matrix A, and we omit as well the proof of the following proposition, which lists
several properties of the exponential maps on matrices.

Proposition 11.2.2 Givenmatrices A, B € R™" and an invertible matrix P € GL(n),
the following identities hold:

A

Ml =4 and

(a) e* € GL(n), that is the matrix e
det(e?) = €4,

(b) if A =diag(ayy, ..., aw), then et = diag(e®', ..., "),

(c) eP4P = PerpP~!,

(d) if AB = BA, thatis [A, B] = 0, then e*e? = eBe? = 478,

(e) itise™ = "(e?),

(f) if W C R™" is a matrix Lie algebra, the elements eM with M e W form a group
with respect to the matrix product.

is invertible, with (e

Excercise 11.2.3 Let as determine the exponential e of the symmetric matrix

Q=<28>, acR.

We can proceed in two ways. On the one hand, it is easy to see that

aZk 0 0 aZk+1
Q2k=<0 a2 ) 0¥+ = 24 o )

Thus, by using the definition we compute

q2k+1

0 Zk 0 (2")' Zk 0 (2"+‘)' (cosha sinha)
e = =

o a2+ a2k sinha cosha

>0 (2k+1)! > o (2k)'
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Alternatively, we can use the identities (c) and (b) in the previous proposition, once
O has been diagonalised. It is easy to compute the eigenvalues of Q to be Ay = *a,

! 1>.Thatis,PAQP‘1 = Q with

. . . . . _ L
with diagonalising orthogonal matrix P = 7 <_1 |

with Ay = diag(—a, a),
(11 —a 0 1-1\ _ (Oa
2\—-11 0 a 11) \a0)"
— ePAQP’l — pelor—!

_a1 (1 1) (e 0 1 —1\ _ (cosha sinha
T2\ \-11 0 e 1 1) \sinha cosha/"

Notice that det(e€) = cosh’a — sinh?>a = 1 = " 2.

We then compute

e?

Excercise 11.2.4 Let us determine the exponential e of the anti-symmetric matrix

0 a
M_<—a0>’ a € R.

Since M is not diagonalisable, we explicitly compute eM as we did in the previous
exercise, finding

Cl2k 0 0 a2k+1
M2k=(—1>k(0 a%), M = (=D} <_a2k+1 0 )

By putting together all terms, one finds

oo k 2k o0 k 2k+1
Zk:o(_l) % Zk:o(_l) (2ak+1)! (

(4 = =
u2k+l 2k

— Y soD g oD G

cosa sina
—sina cosa /)’

We see that if M is a 2 x 2 anti-symmetric matrix, the matrix e¥ is special

orthogonal. This is an example for the point ( f) in the Proposition 11.2.2.

Excercise 11.2.5 In order to further explore the relations between anti-symmetric
matrices and special orthogonal matrices, consider the matrix

0 a0
M=|-a00 a € R.
000
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In parallel with the computations from the previous exercise, it is immediate to see

that
cosa sina 0
M

e” = | —sina cosa 0

0 0 1

This hints to the conclusion that e € SO(3) if M € R33 is anti-symmetric.

The following proposition generalises the results of the exercises above, and
provides a further example for the claim (f) from the Proposition 11.2.2, since the
set W, C R™" of antisymmetric matrices is the (matrix) Lie algebraso(n), as shown
in the exercise 11.1.8.

Proposition 11.2.6 If M € R™" is anti-symmetric, then eM is special orthogonal.
The restriction of the exponential map to the Lie algebra so(n) of anti-symmetric
matrices is surjective onto SO(n).

Proof We focus on the first claim which follows from point (a) of Proposition 11.2.2.
If M € R*" is anti-symmetric, ‘M = —M and tr(M) = 0. Thus ‘(eM) = M =
e™™ = (eM)~! and det(eM) = "M =0 =1, a

Remark 11.2.7 As the Exercise 11.2.5 directly shows, the restriction of the expo-
nential map to the Lie algebra so(n) of anti-symmetric matrices is not injective into
SO(n).

In the Example 11.3.1 below, we shall sees explicitly that the exponential map,
when restricted to 2-dimensional anti-symmetric matrices, is indeed surjective onto
the group SO(2).

11.3 Rotations in Two Dimensions

We study now spectral properties of orthogonal matrices. We start with the orthogonal
group O(2).

ap ap

asy a)
equivalent to the conditions for its entries given by

Example 11.3.1 Let A = < ) € R*2, The condition ‘AA =A'A =1, is

2 2
ap +ap =1
2 2
ay +ay =1

ana + apnan = 0.
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To solve these equations, let us assume a;; 7# O (the case ayy # 0 is analogous). We
have then ay; = —(ajxaz;)/a;; from the third equation while, from the others, we
have

2
a
2 12 _ 2 _ 2
asy, <—2 + 1) =1 = ay, = ay;.
ar

There are two possibilities.

e If a;; = ay, it follows that a;; + a1 = 0, so the matrix A can be written as

Ay = (_“b Z) with @ + b = 1,

and det(A,) = a”> 4+ b*> = 1. One can write a = cos ¢, b = sin ¢, for ¢ € R, so

to get
( cosy sin <p)
AJr = . .
—sinp cosp
e If a;; = —ayy, it follows that a;» = a;, so the matrix A can be written as
A= (“ b ) with a? + b* = 1,
b —a

and we can write
__[cosp sing
T 7 \singp —cosp
with det(A_) = —a®> + b> = —1.

Finally, it is easy to see that a;; = 0 would imply @y, = 0 and a}, = a3, = 1. These
four cases correspond to ¢ = :I:% for A} or A_, according to wether a;, = —ay; or
app = ap respectively.

We see that A makes up the special orthogonal group SO(2), while A_ the orthog-
onal transformations in E2? which in physics are usually called improper rotations.
Given the 2m-periodicity of the trigonometric functions, we see that any element in
the special orthogonal group SO(2) corresponds bijectively to an angle ¢ € [0, 27).
On the other hand, any improper orthogonal transformation can be factorised as
the product of a SO(2) matrix times the matrix Q = diag(1, —1),

cosp sinp \ (10 cos sing

sing —cosp)  \O—1)\—sinpcosp)’
Thus, an improper orthogonal transformation ‘reverses’ one of the axis of any given
orthogonal basis for E2 and so changes its orientation.
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Remark 11.3.2 Being O(2) a group, the product of two improper orthogonal trans-
formations is a special orthogonal transformation. We indeed compute

cosp sing cos¢’ sing’ \ [ cos(¢ — ) sin(¢’ —¢) € SO(2)
singp —cosp) \sing’ —cos¢’)] — \ —sin(p — ) cos(¢’ — @) '

Proposition 11.3.3 A matrix A € SO(2) is diagonalisable if and only if A = £1,.
An orthogonal matrix A with det(A) = —1 is diagonalisable, with spectrum given
by A = £1.

Proof From the previous example we have:

(a) The eigenvalues A for a special orthogonal matrix are given by the solutions of
the equation

pa.(T) = (cosp — T)? +sin*p=T* —2(cosp) T + 1 =0,

which are Ay = cos¢ £ /cos? ¢ — 1. This shows that A, is diagonalisable
if and only if cos? = 1, that is AL ==xD.

(b) Improper orthogonal matrices A_ turn to be diagonalisable since they are sym-
metric. The eigenvalue equation is

pa = (T +cosg)(T —cosp) —sinp=T>—1=0,

giving Ay = 1. O

11.4 Rotations in Three Dimensions

We move to the analysis of rotations in three dimensional spaces.

Excercise 11.4.1 From the Exercise 11.1.11 we know that the anti-symmetric matri-
ces in R*? form a three dimensional vector space, thus any anti-symmetric matrix
M is labelled by a triple («, (3, 7y) of real parameters. The vector a = («, (3, 7y) is the
generator, with respect the canonical basis £ of E*, of the kernel of the endomorphism
¢ associated to M with respect to the basis £, M = Mg’g.

Moreover, from the same exercise we know that there exists an orthogonal
matrix P which reduces M to its canonical form (see Corollary 11.1.5), that is
M = P ay P~ with

—p
0
0

ay = , and p? =a? + B>+ 4%,

o O
(=Nl
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with respect to an orthonormal basis C for E? such that P = M€, the matrix of
change of basis. From the Exercise 11.2.5 it is

cosp —sinp 0
SO@B) 3 ™ = | sinp cosp 0], (11.1)
0 0 1

and, if R = e, from the Proposition 11.2.2 one has R = Pe® Pl

The only real eigenvalue of the orthogonal transformation e®* is then A\ = 1, cor-
responding to the 1-dimensional eigenspace spanned by the vectora = («, /3, 7). The
vector line £(a) is therefore left unchanged by the isometry ¢ of E3 corresponding
to the matrix R, that is such that M(f’g =R.

From the Proposition 11.2.6 we know that given R € SO(3), there exists an anti-
symmetric matrix M € R such that R = ™. The previous exercise gives then the
proof of the following theorem.

Theorem 11.4.2 For any matrix R € SO(3) with R # I there exists an orthonor-
mal basis B on E3 with respect to which the matrix R has the form (11.1).

This theorem, that is associated with the name of Euler, can also be stated as
follow:

Theorem 11.4.3 Any special orthogonal matrix R € SO(3) has the eigenvalue +1.

Those isometries ¢ € End(E?) whose representing matrices Mf’g with respect to
an orthonormal basis £ are special orthogonal are also called 3-dimensional rotation
endomorphisms or rotations tout court. With a language used for the euclidean affine
spaces (Chap. 15), we then have:

e For each rotation R of E? there exists a unique vector line (a direction) which is
left unchanged by the action of the rotation. Such a vector line is called the rotation
axis.

e The width of the rotation around the rotation axis is given by an angle p obtained
from (11.1), and implicitly given by

cosp —sinp 0
l+2cosp=tr|sinp cosp 0| =tr P"'RP =trR, (11.2)
0 0 1

from the cyclic property of the trace.
Excercise 11.4.4 Consider the rotation of E* whose matrix £ = (e, e.¢3) is

cosa sina 0 1 0 0
R=|]—-sinacosa0 0 cosfB sing
0 0 1 0 —sinf cos 3
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with respect to the canonical basis. Such a matrix is the product R = R| R, of two
special orthogonal matrices. The matrix R; is a rotation by an angle « with rota-
tion axis the vector line £(e;) and angular width «, while R; is a rotation by the
angle 3 with rotation axis L£(e3). We wish to determine the rotation axis for R with
corresponding angle. A direct calculation yields

cosa sinq cos [ sin« sin 3
R = [ —sina cosa cos( cosa sin 3
0 —sin cos B

Since R # I5 for aw # 0 and 3 # 0, the rotation axis is given by the eigenspace
corresponding to the eigenvalue A = 1. This eigenspace is found to be spanned by
the vector v with

v = (sina(l —cos3), (cosa — 1)(1 — cos 3), sin F(1 —cosa)) if a#0, 8#0,
v=(1,0,0) if a=0,
v=1(0,0,1) if 5=0.

The rotation angle p can be obtained (implicitly) from the Eq. (11.2) as
14 2cosp =tr(R) = cosa+ cos 3+ cosa cos 3.

Excercise 11.4.5 Since the special orthogonal group SO(n) is non abelian forn > 2,
for the special orthogonal matrix given by R" = R, R; one has R’ # R. The matrix
R’ can be written as

cos sin « 0
R' = | —sina cos3 cosa cosf3 sinf3
sina sinf3  —sin 3 cos a cos 3

One now computes that while the rotation angle is the same as in the previous exercise,
the rotation axis is spanned by the vector v’ with

vV = (sina sin 3, (1 —cosa)sin g, (1 — cosa)(l —l—cosﬁ)) if «#0, 8#0,
vV =(1,0,00 if =0,
v =1(0,0,1) if 3=0.

Excercise 11.4.6 Consider the matrix R” = Q; Q, given by
cosa sina 0 1 0 0

R’ =|[sina —cosa 0 Ocosf sinf
0 0 1 0 sin3 —cos 3
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Now neither Q; nor Q, are (proper) rotation matrix: both Q and Q5 are in O(3), but
det(Q;) = det(Q») = —1 (see the Example 11.3.1, where O(2) has been described,
and the Remark 11.3.2). The matrix R” is nonetheless special orthogonal since O(3)
is a group and det(R”) = 1.

One finds that the rotation axis is the vector line spanned by the vector v” with

v" = (sina sin ', (1 —cosa)sin ', (1 —cosa)(l —cosB)) if a#0, 3’ #0,
V' =(1,0,0) if a=0,
V' =(0,0,1) if 3 =0.

One way to establish this result without doing explicit computation, is to observe that
R" is obtained from R’ in Exercise 11.4.5 under a transposition and the identification
68 =n—p0.

Excercise 11.4.7 As an easy application of the Theorem 10.1.13 we know that, if
B = (uy, ua, uz) and C = (vy, va, v3) are orthonormal bases in E?, then the orthog-
onal endomorphism ¢ mapping vy > uy is represented by a matrix whose entry @,
is given by the scalar product uy, - v,

MG =@ = (P = va) .
a,b=1,23

It is easy indeed to see that the matrix element (‘® @), is given by
3 3
Z Dy Dy = Z(“a ) (Ug - Vs) = Vg - Vs = O
a=1 a=1

thus proving that ® is orthogonal. Notice that Mf’B ='d =0

Excercise 11.4.8 Let £ = (¢4, es, e3) be an orthonormal basis for E3. We compute
the rotation matrix corresponding to the change of basis & — Bwith B = (uy, us, u3z)
for any given basis I3 with the same orientation (see the Definition 10.1.15) of £.

Firstly, consider a vector # of norm 1. Since such a vector defines a point on a
sphere of radius 1 in the three dimensional physical space S, which can be identified
by a latitude and a longitude, its components with respect to £ are determined by
two angles. With respect to Figure 11.1 we write them as

u = (sin @ sinf, — cos ¢ sin @, cos 6)

with @ € (0, 7) and ¢ € [0, 27). Then, to complete « to an orthonormal basis for E>
with u} = u, one finds,

u) = uy = (cos g, sin g, 0),

uy = (—sinp cosé, cos ¢ cos, sinb).
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A €3

€1

Fig. 11.1 The Euler angles

The rotation matrix (with respect to the basis &) of the transformation
& — (u}, uh, u}) is given by

cosy —siny cosf sinp sinf
R'(0,p) = | sing cosy cosf —cosy sinf
0 sin 0 cos 6

Since the choice of u}, u} is unique up to a rotation around the orthogonal vector u,
we see that the most general SO(3) rotation matrix mapping es — u is given by

cos —siny 0
R@#, p,7) = R, ) | sinyy cosy 0
0 0 1

cos p cos Y — sinp cos @ sinyy — cos p sin) — sinp cosf cosy sinp cos
= | siny cosy + cosp cosf siny — sin sinp + cos ¢ cosf cosy — cos e sin b
sin @ sin ¢ sin @ cos ¥ cos

with ¢ € [0, 27). This shows that the proper 3-dimensional rotations, that is the
group SO(3), can be parametrised by 3 angles. Such angles are usually called Euler
angles, and clearly there exist several (consistent and equivalent) different choices
for them.
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Our result depends on the assumption that sin § 7~ 0, which means that u; # +ej3
(this corresponds to the case when u is the north-south pole direction). The most gen-
eral rotation matrix representing an orthogonal transformation withe; — u; = %e3
is given by

0 cosy Fsiny
R(p) =\ 0 sinvy £cosy
+1 0 0

We finally remark that the rotation matrix R(#, o, 1) can be written as the product

cosp —sing 0 1 0 0 cos) —siny 0
R@, p, ) = | sinp cosp O 0 cosf —sind siny costy 0
0 0 1 0 sinf cosf 0 0 1

This identity shows that we can write
R, 3, 1) = e?Ls L1 V15,

where L and L3 are the matrices in Exercise 11.1.10. These matrices are the ‘gen-
erators’ of the rotations around the first and third axis, respectively.

In applications to the dynamics of a rigid body, with reference to the Figure 11.1,
the angle ¢ parametrises the motion of precession of the axis u; around the axis e3,
the angle 6 the motion of nutation of the axis u3 and the angle ¢ the intrinsic rotation
around the axis u#3. The unit vector u y indicates the line of nodes, the intersection of
the plane (e;e;) with the plane (uu;).

We close this section by listing the most interesting properties of orthogonal
endomorphisms in E” with n > 0. Endomorphisms ¢ whose representing matrix
Mj‘g are special orthogonal, with respect to an orthonormal basis £ for E”, are called
rotations. From the Proposition 11.2.6 we know that there exists an anti-symmetric
matrix M such that M(f’g = eM. When rk(M) = 2k, the matrix ¢ depends on k
angular variables.

From the Corollary 11.1.5 and a direct generalisation of the computations above,

one can conclude that for each n-dimensional rotation:

e There exists a vector subspace V C E" which is left unchanged by the action of
the rotation, with dim(V) = n — rk(M).

e Since rk(M) is even, we have that, if n is odd, then V is odd dimensional as well,
and at least one dimensional. If n is even and the matrix M is invertible, then V is
the null space.
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11.5 The Lie Algebra so(3)

We have a closer look at the Lie algebraso(3) introduced in the Exercise 11.1.10. As
mentioned, it is three dimensional and generated by the three matrices

00 0 001 0-10
Li=loo-1]|, L,=|000], L;=]100],
01 0 ~100 000

which are closed under matrix commutator.
Consider the three dimensional euclidean totally antisymmetric Levi-Civita sym-
bol €4,4,4, With indices a; = 1, 2, 3 and defined by

+1 if (ay, a,, as) is an even permutation of (1, 2, 3)
Eayaay = § —1 if (ay, a,, az) is an odd permutation of (1, 2, 3) .
0 if any two indices are equal

One has the identity 3°_ | €ape€ars = (GprOes — OpsOck)-

Excercise 11.5.1 Using the Levi-Civita symbol, it is easy to see that the generators
L, have components given by

(La)mn = Eman>

while their commutators are written as

3
[Lma Ln] = Z€t71naLa-

a=1

There is an important subtlety when identifying 3 x 3 antisymmetric matrices
with three dimensional vectors. The most general antisymmetric matrix in indeed
characterised by three scalars,

0 —v3 v 3
A= U3 0 —v | = Z Ve L,
—V2 VUp 0 a=1

For the time being, this only defines a triple of numbers (v;, svy, v3) in E3.
Whether this triple provides the components of a vector in the three dimensional
euclidean space, will depend on how it transforms under an orthonormal transforma-
tion. Now, we may think of A as the matrix, with respect to the canonical orthonormal
basis £ of a skew-adjoint endomorphism ¢ on E3: A = Mg’g. When changing basis
to an orthonormal basis B with matrix of change of basis R = M £B ¢ 0(3), the
matrix A is transformed to
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A'=RAR™' = RA'R,

since R is orthogonal and thus R~! ='R. Since A’ is antisymmetric as well, it
can be written as A’ = Zz pt Uy La for some (v}, v5, v4). In order to establish the
transformation rule from (vy, v2, v3) to (v}, v3, v3), we need an additional result on

orthogonal matrices.

Excercise 11.5.2 Using the expression in Sect.5.3 for the inverse of an invertible
matrix, the orthogonality condition for a matrix R € O(3), that is
Rap = (R)pg = (R™)pa, can be written as

1
Ry = ——(— 1)’ det(R,
b dtR() et(Rap),

where k\ab is the 2 dimensional matrix obtained by deleting the row a and the column
b in the 3 dimensional matrix R. (Then det(R,;, is the minor of the element R,;, see
the Definition 5.1.7.) In terms of the Levi-Civita symbol this identity transform to

3

3
Z Emj"R.fq detR Z magaqunbv (11.3)
=1

a,b=1
or, being ’ R orthogonal as well, with det R = det’R,

3

3
1
: : Emjanj = § Ramgaqubn- (114)
j=1 detR 57,

Going back to A = Zz v,L, and A’ = Za p—1 Vs La, we have for their com-

ponents:
3

3
7 !
=E Vj Emjn and AngE V; Emjn-
j=1

We then compute, using the relation (11.3),

3
A, n— (RA ,R)mn = Z RmaAahRnh
a,b=1
3 3
Z Z VjEajb RmaRnb
j=1a,b=1
3 3 3

= (det R) Z Z chvj Emen = (det R) Z (RV) ¢ Emens
j=1 c=1

c=1
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that is,

3
v = (det R) (Rv)j = (detR) Y Rejv;.

c=1

This shows that, under an orthogonal transformation between different bases of
E3, the components of an antisymmetric matrix transforms as the components of a
vector only if the orientation is preserved, that is only if the transformation is special
orthogonal.

Using a terminology from physics, elements in E° whose components with respect
to orthonormal basis transform as the general theory (see the Proposition 7.9.2) pre-
scribes are called polar vectors (or vectors tout court), while elements in E 3 whose
components transform as the components of an antisymmetric matrix are called axial
(or pseudo) vectors.

An example of an axial vector is given by the vector product in E? of two (polar)
vector, that we recall from the Chap. 1. To be definite, let us start with the canonical
orthonormal basis £. If v = (vy, v,, v3) and w = (wy, wy, w3), the Proposition 1.3.15
define the vector product of v and w as,

TV, w) =v Aw = (VW3 — V3W2, V3W| — VW3, VW2 — VaWy).

Using the Levi-Civita symbol, the components are written as

3
(U A w)a = Z Eabc Vp We.
b,c=1

If R = M5B e O(3) is the change of basis to a new orthonormal basis 53 for E3, on
one hand we have (v A w); = (R(v A w)), while the relation (11.4) yields,

3 3
W Aw), = Z 5qkjv,’<w} = Z €qkj Rip R js vpws
k,j=1 k,j.b,s=1
3
(det R) Z RyaCabs vpws = (det R)(v A w)).
a,b,s=1

This shows that the components of a vector product transforms as an axial vector
under an orthogonal transformation between different bases of E°. In a similar man-
ner one shows that the vector product of an axial vector with a polar vector, is a polar
vector.

Excercise 11.5.3 For example, the change of basis from B to B = (b}, = —by,
by = —by, by = —bs) is clearly represented by the matrix M55 = M8 = —,
which is orthogonal but not special orthogonal. It is immediate to see that we have
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v = (—v;, =2, —v3)p and w = (—w;, —W2, —W3)p5, but v Aw = (Vw3 — V3Ws,
V3W] — VW3, VW2 — VWA

From the Example 1.3.17 we see that, since the physical observables position, veloc-
ity, acceleration and force are described by polar vectors, both momenta and angular
momenta for the dynamics of a point mass are axial vectors.

Excercise 11.5.4 We recall from Sect. 1.4 the action of the operator rot on a vector

field A(x),
3

rotA =V AA= Z (€ijk0; Ax) e
ijk=1

with respect to an orthonormal basis £ = (e, €;, e3) of E 3 which represents the
physical space S. This identity shows that, if A is a polar vector (field) then rot A is
an axial vector (field).

Example 11.5.5 The (Lorentz) forceF acting on a point electric charge ¢ whose
motion is given by x(¢), in the presence of an electric field E(x) and a magnetic field
B(x) is written as

F=¢g(E + xAB).

We conclude that E is a polar vector field, while B is an axial vector field. Indeed,
the correct way to describe B is with an antisymmetric 3 x 3 matrix.

11.6 The Angular Velocity

When dealing with rotations in physics, an important notion is that of angular veloc-
ity. This and several related notions can be analysed in terms of the spectral prop-
erties of orthogonal matrices that we have illustrated above. It is worth recalling
from Chap. 1 that euclidean vector spaces with orthonormal bases are the natural
framework for the notion of cartesian orthogonal coordinate systems for the physical
space S (inertial reference frames).

Example 11.6.1 Consider the motion x(¢) in E3 of a point mass such that its distance
|Ix(2)] from the origin of the coordinate system is fixed. We then consider a fixed
orthonormal basis £ = (ej, e3, e3), and a orthonormal basis £ = (€] (1), €5 (1), €5(1))
which rotates with respect to £ in such a way that the components of x(¢) along &’
do not depend on time — the point mass is at rest with respect to £’. We can write
the position vector x(7) as

3

3
x(t) = Z xo()ey, = Z x,€, (7).
1 k=1

a=
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Since £’ depends on time, the change of the basis is given by a time-dependent
orthogonal matrix M&-€'® = R(r) € SO(3) as

3
X (1) =) Ry (0)x).
j=1

By differentiating with respect to time ¢ (recall that the dot means time derivative),
with x; = 0, the above relation gives,

3 3 3
fe=) Rax,= Y Ria(R apxp =Y Ria(R)apXp.
a=1 a,b=1 a,b=1
From the relation R(7) ‘R(¢) = I; it follows that, by differentiating with respect to ¢,
R'R+RR=0 =
R'R=—-R(R)=—-"(R'R)

We see that the matrix R'R is antisymmetric, so from the Exercise 11.1.11 there
exist real scalars (wq (1), wy(t), w3 (¢)) such that

) 0 —ws3(®) w(t)
R'R =1 w3 0 —wi(t) ] . (11.5)
—wy (1) wi(t) 0

A comparison with the Example 1.3.17 than shows that the expression for the velocity,

X ) x) 0 —w3(®) w() x|
B|=RR|x|=|w® 0 —-w®]|x].
X3 X3 —wr(t) wi®) 0 X3

can be written as
X(1) = w(t) AX(1). (11.6)

The triple w(r) = (w; (1), wa(1), w3(1)) is the angular velocity vector of the motion
described by the rotation R(¢).

As we shall see in the Exercise 11.7.1, this relation also describes the rotation of
arigid body with a fixed point.

Excercise 11.6.2 The velocity corresponding to the motion in E* given by (here
r>0)
x(1) = (rcosa(t), rsina(t), 0)

with respect to an orthonormal basis £ is
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x(t) =& —rsinat), reosa(r), 0) = w(t) Ax(t)

with w(t) = (0, 0, &).

From the Sect. 11.5, we know that the angular velocity is an axial vector, so we
write

3
wa (1) > wy(t) = (det P) Y Pupwa(?).

a=1

for the transformation of the components under a change of basis in E> given by
an orthogonal matrix P € O(3). Notice that the relation (11.6) shows that the vector
x(1), although expressed via an axial vector, is a polar vector, since the vector product
between an axial vector and a polar vector yields a polar vector. This is consistent
with the formulation of X(¢) as the physical velocity of a point mass.

A different perspective on these notions and examples, allows one to study how
the dynamics of a point mass is described with respect to different reference systems,
in physicists’ parlance.

Example 11.6.3 We describe the motion of a point mass with respect to an orthonor-
mal basis £ = (ey, ez, e3) and with respect to an orthonormal basis £'(t) = (¢] (1),
e5(1), €5(1)) that rotates with respect to £. So we write

3 3
X(1) =Y Xa(t)ea =Y x;(1) €, (1).
a=1 k=1

Considering the time derivative of both sides, we have

3 3 3
X(1) =Y dat)ea = D X (e, (1) + D xpé(0).
k=1 k=1

a=1

Using the results of the Example 11.6.1, the second term can be written by means of
an angular velocity w(¢) and thus we have

X(1) =X/ (1) 4+ w(t) AX (1),

where v = X is the velocity of the point mass with respect to £, while v/ = X’ is the
velocity of the point mass with respect to £’ ().

With one step further along the same line, by taking a second time derivative
results in

X(t) = X' (1) + W) AX (1) + wt) A (X(1) + wt) AX (1)) + @) AX (1)

= X(1) + 2w(0) AX (1) + w(t) A (W) AX (1)) + D) AX (D).
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Using the language of physics, the term x'(¢) is the acceleration of the point mass
with respect to the ‘observer’ at rest £, while X'(¢) gives its acceleration with respect
to the moving ‘observer’ £'(¢).
With the rotation of £'(¢) with respect to £ given in terms of the angular veloc-
ity w(t), the term
ac =2w(t) AX (1)

is called the Coriolis acceleration, the term
ag = w(t) A (w(t) AX'(1))
is the radial (that is parallel to x'(¢)) acceleration, while the term
ar = w(t) AX (1)

is the rangential (that is orthogonal to X'(¢)) one, and depending on the variation of
the angular velocity.

11.7 Rigid Bodies and Inertia Matrix

Example 11.7.1 Consider a system of point masses {m;};j=1,. v whose mutual
distances in E3 is constant, so that it can be considered as an example of a rigid
body. The dynamics of each point mass is described by vectors X (¢).

If we do not consider rigid translations, each motion X(;(¢) is a rotation with
the same angular velocity w(?) around a fixed point. If we assume, with no loss of
generality, that the fixed point coincides with the centre of mass of the system, and
we set it to be the origin of E3, then the total angular momentum of the system (the
natural generalization of the angular momentum defined for a single point mass in
the Example 1.3.17) is given by (using (11.6))

N N
L(t) = Y myX) () A X (0) = Y mipxiy(@) A (W) Ax (1))
j=1 j=1
With an orthonormal basis £ = (ey, e3, e3) for E3, so that X(j) = (X(j)1> X(j)2> X(j)3)

and using the definition of vector product in terms of the Levi-Civita symbol, it is
straightforward to compute that L = (L, L, L3) is given by

3 N
L=y { Y mi (%) Pk — x(j)kxms)] Ws.
s=1 i=1
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(In order to lighten notations, we drop for this example the explicit ¢ dependence on
the maps.) This expression can be written as

3
Lk = Z Iks Wy
s=1

where the quantities

N

2
Ies =Y miy (1) 1P0ks = XX (ys)
j=1

are the entries of the so called inertia matrix Z (or inertia tensor) of the rigid body
under analysis.

It is evident that the inertia matrix is symmetric, so from the Proposition 10.5.1,
there exists an orthonormal basis for E> of eigenvectors for it. Moreover, if A is an
eigenvalue with eigenvector u#, we have

3 N
2 2 2 2
Mull® = E Lisupus = E m (Il 11X 1> = (- x))?) = 0

k,s=1 j=1

where the last relation comes from the Schwarz inequality of Proposition3.1.8.
This means that Z has no negative eigenvalues. If (u;, u,, us) is the orthonormal
basis for which the inertia matrix is diagonal, and (A1, A, A3) are the corresponding
eigenvalues, the vector lines £(u,) are the so called principal axes of inertia for the
rigid body, while the eigenvalues are the moments of inertia.

We give some basic examples for the inertia matrix of a rigid body.

Excercise 11.7.2 Consider a rigid body given by two point masses with
m() = amg, = am with a > 0, whose position is given in E* by the vectors
X1y = (0,0, r)and X0y = (0, 0, —ar) with r > 0. The corresponding inertia matrix

is found to be
100

IT=a(l+amr* (010
000

The principal axes of inertia coincide with the vector lines spanned by the orthonormal
basis £. The rigid body has two non zero momenta of inertia; the third momentum
of inertia is zero since the rigid body is one dimensional.

Consider a rigid body given by three equal masses m ;) = m and

! 1
X = (0.0, Xy = 35 VER0L X = (o =30
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with r > 0, with respect to an orthonormal basis £ in E 3. The inertia matrix is
computed to be

> (100

0101},

002

7_ 3mr

so the basis elements £ provide the inertia principal axes.
Finally, consider arigid body in E? consisting of four point masses withm ;, = m
and

X =(10,0), x0 =(-r00), x3=(0,0), x4 =(0,-r0)

with 7 > 0. The inertia matrix is already diagonal with respect to £ whose basis
elements give the principal axes of inertia for the rigid body, while the momenta of
inertia is
100
I=2mr* [010
002



Chapter 12 ®)
Spectral Theorems on Hermitian Spaces e

In this chapter we shall extend to the complex case some of the notions and results
of Chap. 10 on euclidean spaces, with emphasis on spectral theorems for a natural
class of endomorphisms.

12.1 The Adjoint Endomorphism

Consider the vector space C" and its dual space C", as defined in Sect. 8.1. The
duality between C" and C"* allows one to define, for any endomorphism ¢ of C”,
its adjoint.

Definition 12.1.1 Given ¢ : C" — C”, the map ¢' : w € C™* > ¢f(w) € C™*
defined by
(@' (W) W) = w(d()) (12.1)

for any w € C™ and any v € C" is called the adjoint to ¢.

Remark 12.1.2 From the linearity of ¢ and w it follows that ¢ is linear, so ¢' €
End(C"™).

Example 12.1.3 Let B = (b1, by) be abasis for C?, with B* = (8, 3,) its dual basis
for C%*. If ¢ is the endomorphism given by

qf) : bl = kb] +b2
¢ . bz = bz,
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with k € C, we see from the definition of adjoint that

o (BY) : by

> Bi(gb) =k
P'B) by > Bi(db) =0
' (B) i b > Ba(eby) = 1
o (B) i by > Ba(d(br) = 1.

The (linear) action of the adjoint map ¢ to ¢ is then

¢ B > kB
¢ B > B+ B

Consider now the canonical hermitian space H" = (C”", -), that is the vector space
C" with the canonical hermitian product (see Sect. 3.4). As described in Sect. 8.2,
the hermitian product allows one to identify C"* with C". Under such identification,
the defining relation for ¢' can be written as

(¢'u)-v = u-(pv) orequivalently (') | v) = (u|p(v))
for any u, v € C", so that ¢' is an endomorphism of H" = (C", -).

Definition 12.1.4 Given a matrix A = (a;;) € C*", its adjoint AT e C*" is the
matrix whose entries are given by (A", = @pg.

Thus, adjoining a matrix is the composition of two compatible involutions, the
transposition and the complex conjugation.

Exercise 12.1.5 Clearly

1l a 10
) - ()

Exercise 12.1.6 By using the matrix calculus we described in the previous chapters,
it comes as no surprise that the following relations hold.

(AHT = A4,
(AB)" = BTAT,
(A+aB) = (A" +aBh)

forany A, B € C"" and a € C. The second line indeed parallels the Remark 8.2.1.
If we have two endomorphisms ¢, 1) € End(H"), one has

(P W) = (ulpy()) = (o' WY()) = W' W),
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for any u, v € H". With a € C, it is also

(@ +ap)Tuly) = W@+ a)v) = (Gdwlv) + a{@lv) = (6" +ap")w))v).

Again using the properties of the hermitian product together with the definition
of adjoint, it is

(@D Tulv) = (ulp'(v) = (pu)|v)

The above lines establish the following identities

("' = ¢,
(o) = YT,
(p+a)’ = ¢ +ay’

which are the operator counterpart of the matrix identities described above.
Definition 12.1.7 An endomorphism ¢ on H" is called

(a) self-adjoint, or hermitian, if

6=,

that is if (¢(u)|v) = (u|p(v)) for any u, v € H",
(b) unitary, if .
¢' = 9'p =1,

that is if (¢(u)|p(v)) = (u|v) for any u, v € H",
(c) normal, if p¢" = ¢T .

In parallel to these, a matrix A € C™*" is called

(@) self-adjoint, or hermitian, if AT = A,
(b) unitary, if AAT=ATA =1,
(c) normal,if AAT = ATA.

Remark 12.1.8 Clearly the condition of unitarity for ¢ is equivalent to the condition
¢ = ¢!, Also, both unitary and self-adjoint endomorphisms are normal. From the
Remark 12.1.6 it follows that for any endomorphism 2/, the compositions 2" and
1) are self-adjoint.

Remark 12.1.9 The notion of adjoint of an endomorphism can be introduced also
on euclidean spaces E”, where it is identified, at a matrix level, by the transposition.
Then, it is clear that the notion of self-adjointness in H” generalises that in E”, since
if A='Ain E", then A = AT in H", while orthogonal matrices in E" are unitary
matrices in H" with real entries.

The following theorem is the natural generalisation for hermitian spaces of a
similar result for euclidean spaces. Its proof, that we omit, mimics indeed that of the
Theorem 10.1.11.
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Theorem 12.1.10 Let C be an orthonormal basis for the hermitian vector space H"
and let B be any other basis. The matrix M©'B of the change of basis from C to B is
unitary if and only if BB is orthonormal.

The following proposition, gives an ex-post motivation for the definitions above.

Proposition 12.1.11 [f £ is the canonical basis for H", with ¢ € End(H"), it holds
that
ME = (M)

Proof Let £ = (ey, ..., e,) be the canonical basis for H". If M(‘Z:’g e C™" is the
matrix that represents the action of ¢ on H" with respect to the basis &, its entries
are given (see 8.7) by

(M5 )y = (ealdler))-

By denoting ¢, = (M(f’g)ab, the action of ¢ is given by ¢(e,) = ZZ:I Dba€p, SO
we can compute

n
(ME€)ap = (eald' @) = (Blealer) = I (buaccles) = Pra
c=1
As an application of this proposition, the next proposition also generalises to

hermitian spaces analogous results proven in Chap. 10 for euclidean spaces.

Proposition 12.1.12 The endomorphism ¢ on H" is self-adjoint (resp. unitary, resp.
normal) if and only if there exists an orthonormal basis B for H" with respect to
which the matrix Mf’B is self-adjoint (resp. unitary, resp. normal).

Exercise 12.1.13 Consider upper triangular matrices in C>2,

058 = - )

One explicitly computes

+ _ f(aa+bb bC i (aa  ba
MM _< cb b15+cE>’ MM_(abbb+cE>’

S Q1

and the matrix M is normal, MM™ = MM, if and only if bb=0 < b =0.Thus
an upper triangular matrix in 2-dimension is normal if and only if it is diagonal. In
such a case, the matrix is self-adjoint if the diagonal entries are real, and unitary if
the diagonal entries have norm 1.
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Exercise 12.1.14 We consider the following family of matrices in C>2,

M = <c0>’ M= (bO)‘

i (aa+bb ac i, _ (@@ +cc ba
MM_( ca +cc)’ MM = ab +bb)"

Itis
The conditions for which M is normal are

These are solved by b = Re'’, ¢ = Rel”, A = |Ale!® with 2a = (3 + ) mod 27,
where R > 0 and |A| > 0 are arbitrary moduli for complex numbers.

Exercise 12.1.15 With the Dirac’s notation as in (8.6), an endomorphism ¢ and its
adjoint are written as

¢ =Y bawlelesl and ¢ = D" Gy led) el

a,b=1 a,b=1

with  ¢up = (eq|p(ep)) = (Mf"g)a[7 with respect to the orthonormal basis
E=(er,...,ey).

With u = (uy,--- ,u,) and v = (vy, ..., v,) vectors in H" we have the endo-
morphism P = |u)(v|. If we decompose the identity endomorphism (see the point
(c¢) from the Proposition 10.3.7) as

id=) le)el
s=1

we can write

Zm (eqlu) (vle)(ep] = ZPaue,, (s

ab=1 ab=1

with P,, = u,v, = {(e,| P(ep)). Clearly then
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Example 12.1.16 Let ¢ an endomorphism H” with matrix Mg’g with respect to the

canonical orthonormal basis, thus (Mf‘g)a;, = (e,4|0(ep)). f B=(by,...,b,) is a
second orthonormal basis for H", we have two decompositions

id =) led(ed =) leesl.
k=1 s=1

Thus, by inserting these two expressions of the identity operators, we have

n

(eald(en)) = D (ealbi) (bild(by))(bsles),

k,s=1
giving in components,

n

(MED)ap =Y {ealbe) (MEB)s (byles).
k,s=1

The matrix of the change of basis from £ to 3 has entries (e, |b;) = (MB),;, with
its inverse matrix entries given by (M%), = (b|e;). From the previous examples
we see that

(MBE = (MBE),, = (Brlea) = (ealbr) = (MEP)

thus finding that the change of basis is given by a unitary matrix.

Proposition 12.1.17 For any endomorphism ¢ in H", there is an orthogonal vector

space decomposition
H" = Im(¢) @ ker(¢')

Proof 1f u is any vector in H", the vector ¢(u) cover over all of Im(¢), so the
condition (¢(u)|w) = 0 characterises the elements w € (Im(¢))*. It is now easy to
compute

0 = (p)w) = (ulp’w)).

Since u is arbitrary and the hermitian product is not degenerate, we have

ker(¢') = (Im(p)*. O
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12.2 Spectral Theory for Normal Endomorphisms
We prove a few results for normal endomorphisms which will be useful for spectral
theorems.

Proposition 12.2.1 Let ¢ be a normal endomorphism of H".

(a) Withu € H", we can write

loa)I? = (@) = wle'p)) = wlpe' @) = (¢T @l @) = o’ w)>.

Since the order of these computations can be reversed, we have the following
characterisation.

66" = ¢'6 & lewl = Il forall u e H".

(b) From this it also follows that ker (¢) = ker(¢"). So from the Proposition 12.1.17,
we have the following orthogonal decomposition,

H" = Im(¢) & ker(¢).

(c) Clearly (¢ — Al) is a normal endomorphism if ¢ is such. This gives
ker(¢ — M) = ker(¢" — XI), meaning that if X is an eigenvalue of a normal
endomorphism ¢, then X is an eigenvalue for ¢', with the same eigenspaces.

(d) Let \, u be two distinct eigenvalues for ¢, with ¢(v) = \v and ¢(w) = pw.
Then we have

A= lw) = Kvlw) — wluw) = @ OIw) - (Vldw) = 0.

We can conclude that the eigenspaces corresponding to distinct eigenvalues for
a normal endomorphism are mutually orthogonal. O

We are ready to characterise a normal operator in terms of its spectral properties.
The proof of the following result generalises to hermitian spaces the proof of the
Theorem 10.4.5 on the diagonalization of symmetric endomorphisms on euclidean
spaces.

Theorem 12.2.2 An endomorphism ¢ of H" is normal if and only there exists an
orthonormal basis for H" made of eigenvectors for ¢.

Proof It B = (by, ..., b,) is an orthonormal basis of eigenvectors for ¢, with corre-
sponding eigenvalues (A, ..., \,), we can write

¢ =D Xalbaibal and  ¢" =X, [ba) (bl
a=1 a=1
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which directly yields (see the Exercise 12.1.15)
¢6" = Al [ba)(bal = 6.
a=1

The converse, the less trivial part of the statement, is proven once again by induc-
tion.

Consider first a normal operator ¢ on the two dimensional hermitian space H?.
With respect to any basis, the characteristic polynomial py(7T) has two complex
roots, from the fundamental theorem of algebra. A normal endomorphism of H?
with only the zero eigenvalue, would be the null endomorphism. So we can assume
there is a root A # 0, with v a (normalised) eigenvectors, that is ¢(v) = Av with
v] = 1. If C = (v, w) is an orthonormal basis for H? that completes v, we have,
from point (c) above,

(pw)v) = (wlp'(v)) = (wlv)A = 0.

Being A # 0, this shows that ¢(w) is orthogonal to £(v), so that there must exists a
scalar i, such that ¢(w) = pw. In turn this shows that if ¢ is a normal endomorphism
of H?, then H? has an orthonormal basis of eigenvectors for ¢.

Inductively, let us assume that the statement is valid when the dimension of the
hermitian space is n — 1. The n-dimensional case is treated analogously to what done
above. If ¢ is a normal endomorphism of H", its characteristic polynomial p4(T)
has at least a non zero complex root, A say, with v a corresponding normalised
eigenvector: ¢p(v) = Av, with ||v]| = 1. (Again, a normal endomorphism of H" with
only the zero eigenvalue is the null endomorphism.) We have H" = V, @ V" and v
can be completed to an orthonormal basis C = (v, wy, ..., w,) for H". If w € VAL
we compute as above

(pw)v) = (wlp'(v)) = (wlv)A = 0.

This shows that ¢ maps V" to itself, while also ¢" maps V- to itself since,
(@' (W) = (wlpw)) = (wlv)A = 0.

The restriction of ¢ to VAL is then a normal operator on a (n — 1) dimensional

hermitian space, and by assumption there exists an orthonormal basis (uy, ..., u,_1)
for VAL made of eigenvectors for ¢. The basis € = (v, uy, ..., u,_) isan orthonormal
basis for H" of eigenvectors for ¢. ([

Remark 12.2.3 Since the field of real numbers is not algebraically closed (and the
fundamental theorem of algebra is valid on C), it is worth stressing that an analogue
of this theorem for normal endomorphisms on euclidean spaces does not hold. A
matrix A € R"" such that (‘A) A = A ("A), needs not be diagonalisable. An example
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is given by an antisymmetric (skew-adjoint, see Sect. 11.1) matrix A, which clearly
commutes with ‘A, being nonetheless not diagonalisable.

We showed in the Remark 12.1.8 that self-adjoint and unitary endomorphisms are
normal. Within the set of normal endomorphisms, they can be characterised in terms
of their spectrum.

If \ is an eigenvalue of a self-adjoint endomorphism ¢, with ¢(v) = Av, then

A = ¢(v) = ¢'(v) = I

and thus one has A = \. If \ is an eigenvalue for a unitary operator ¢, with ¢(v) = Av,
then
lI* = s> = APl

which gives |A| = 1. It is easy to show also the converse of these claims, so to have
the following.

Theorem 12.2.4 A normal operator on H" is self-adjoint if and only if its eigenval-
ues are real. A normal operator on H" is unitary if and only if its eigenvalues have
modulus 1.

As a corollary, by merging the previous two theorems, we have a characterisation
of self-adjoint and unitary operators in terms of their spectral properties, as follows.

Corollary 12.2.5 An endomorphism ¢ on H" is self-adjoint if and only if its spec-
trum is real and there exists an orthonormal basis for H" of eigenvectors for ¢. An
endomorphism ¢ on H" is unitary if and only if its spectrum is a subset of the unit
circle in C, and there exists an orthonormal basis for H" of eigenvectors for ¢.

Exercise 12.2.6 Consider the hermitian space H 2 with £ = (ey, e») its canonical
orthonormal basis, and the endomorphism ¢ represented with respect to £ by

M5E = (_Oa 8) with a € R.

This endomorphism is not diagonalisable over R, since it is antisymmetric (see
Sect. 11.1) and the Remark 12.2.3. Being normal with respect to the hermitian struc-
ture in H?2, there exists an orthonormal basis for HZ of eigenvectors for ¢. The
eigenvalue equation is py(T) = T? 4+ a? = 0, so the eigenvalues are A+ = =ia,
with normalised eigenvectors uy given by

A+ = fia uty = %(l,il)g,

while the unitary conjugation that diagonalises the matrix Méf'g is given by

5(1 _ii> (—Oa 3) (1 —11> B (ig —(i)a>'
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The comparison of this with the content of the Example 12.1.16 follows by writing
the matrix giving the change of basis from £ to B = (4, u_) as

pBe — 1 (L) _ (luslen) {uilea))
2\ (u_ler) (u_|ez)
We next study a family of normal endomorphisms, which will be useful when con-

sidering the properties of unitary matrices. The following definition comes naturally
from the Definition 12.1.7.

Definition 12.2.7 An endomorphism ¢ in H" is named skew-adjoint if
(ulp)) + (¢"(u)|v) = 0 for any u, v € H". A matrix A € C"" is named skew-
adjoint if AT = —A.

We list some important results on skew-adjoint endomorphisms and matrices.

(a) Itis clear that an endomorphism ¢ on H" is skew-adjoint if and only if there
exists an orthonormal basis £ for H" with respect to which the matrix M(f’g is
skew-adjoint.

(b) Skew-adjoint endomorphisms are normal. We know from the Proposition 12.2.1
point (c), that if ) is an eigenvalue for the endomorphism ¢, then X is an eigen-
value for ¢f. This means that if \ is an eigenvalue For a skew-adjoint endomor-

phism ¢, then A = —)\, so any eigenvalue for a skew-adjoint endomorphism is
either purely imaginary or zero.

(c) There exists an orthonormal basis £ = (ey, ..., e,) of eigenvectors for ¢ such
that

n

¢ = ililedleal with X, €R.

a=1

(d) The real vector space of skew-adjoint matrices A = —A" € C™" is a matrix
Lie algebra (see the Definition 11.1.6), that is the commutator of skew-adjoint
matrices is a skew-adjoint matrix; it is denoted u(n) and it has dimension 7.

Remark 12.2.8 In parallel with the Remark 11.1.9, self-adjoint matrices do not make
up a Lie algebra since the commutator of two self-adjoint matrices is a skew-adjoint
matrix.

Exercise 12.2.9 On the hermitian space H?> we consider the endomorphism ¢ whose
representing matrix is, with respect to the canonical basis £, given by

0 ia
MEE =11i00],
—a00
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with a a real parameter. Since (M(f’g)T = —Mg’g, then ¢ is skew-adjoint (and thus
normal). Its characteristic equation

po(T)=—-T(1+a*>+T? =0

has solutions A =0 and Ay = +i+/1 + a2. Explicit calculations show that the
eigenspaces are given by ker(¢) = Vi—o = L(uo) and V), = L(uy) with

uy = = (0,ia, 1),
- 1 / 2 i
Uy = W( 1+ a?, £1, £ia).

It is immediate to see that the set 5 = (ug, u4) gives an orthonormal basis for
H3.

Exercise 12.2.10 We close this section by studying an endomorphism which is not
normal, and indeed diagonalisable with an eigenvector basis which is not orthonor-
mal. In H? with respect to € = (ej, e,), consider the endomorphism whose repre-

senting matrix is
01
= (ao)

with a € R. Than M is normal if and only if ¢ = 1. The characteristic equation is
pu(T)=T*—a=0
so its spectral decomposition is given by
Ai = +4/a, Vy, = L(us) with us = (1, £J/a)e.

Being (u|u_) = 1 — a, the eigenvectors are orthogonal if and only if M is normal.

12.3 The Unitary Group

If A, B € C"" are two unitary matrices, ATA = I, and BT B = I, (see the Definition
12.1.7), one has (AB)"AB = BYATAB = I,. Furthermore, det(A") = det(A), so
from det(AAT) = 1 we have | det(4)| = 1. Clearly, the identity matrix 7, is unitary
and these leads to the following definition.

Definition 12.3.1 The collection of n x n unitary matrices is a group, called the
unitary group of order n and denoted U(n). The subset SU(n) ={A € U®n) :
det(A) = 1} is a subgroup of U(n), called the special unitary group of order n.
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Remark 12.3.2 With the the natural inclusion of real matrices as complex matrices
whose entries are invariant under complex conjugation, it is clear that O(n) is a
subgroup of U(n) and SO(n) is a subgroup of SU(n).

Now, the exponential of a matrix as in the Definition 11.2.1 can be extended to
complex matrices. Thus, for a matrix A € C"", its exponential is defined by by the

expansion,
[e.¢]

et = Z%Ak.

k=0

Then, all properties in the Proposition 11.2.2 have a counterpart for complex matrices,
with point (e) there now reading e*” = (e*)".

Theorem 12.3.3 Let M, U € C"". One has the following results.

(a) IFMT = —M, thene™ e Un). If M" = —M and tr(M) = 0, then ™ € SU(®n).

(b) Conversely,ifUU™ = I,, there exists a skew-adjoint matrix M = —M such that
U = eM. If U is a special unitary matrix, there exists a skew-adjoint traceless
matrix, M = —M " with tr(M) = 0, such that U = eM.

Proof Let M be a skew-adjoint matrix. From the previous section we know that there
exists a unitary matrix V suchthat M = V Ay VT, with Ay = diag(ipy, ..., ip,) for
pa € R. We can then write

M — eVAMv* — Velnyt
with e = diag(e'”, ..., e”"). This means that ¥ is a unitary matrix, and we
can conclude that the starting matrix e is unitary. If tr(M) = 0, then " is a special

unitary matrix.
Alternatively, the result can be shown as follows. If M = —M T then

(eM)T — eM+ — e*M — (eM)fl.
This concludes the proof of point (a).
Consider then a unitary matrix U. Since U is normal, there exists a unitary matrix
V suchthat U = VA, VT with Ay = diag(e'¥', ..., ¢'¥"), where ¢'#* are the mod-
ulus 1 eigenvalues of U. Clearly, the matrix Ay can be written as
AU = €6U
with 6y = diag(igy, ...,i¢,) = —(6y)’. This means that

U=Vevyt =gV

with (Vo V)T = —(V, V). If U € SU(n), then one has tr(Vy V) = 0. This
establishes point (b) and concludes the proof. O
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Exercise 12.3.4 Consider the matrix, with a, b € R,

_ ba _ ¥
I

Its eigenvalues A\ are given by the solutions of the characteristic equation
paM)=b-TY-a>=b-T—a)b—T+a)=0.
Its spectral decomposition turns out to be
Ar = b=a, Vi, = L((1,£1)).

To exponentiate the skew-adjoint matrix iA we can follow two ways.

e By normalising the eigenvectors, we have the conjugation with its diagonal form

A=VALVT,
abl] — v2\-11 0 b+4+a)v2\11
so we have

. ) . ) i(b—a)
A _ ivAaav Aot 111 el¢ 0 1 -1
et =TT = VetV = 2 (_1 1 0 (bt 11

) ei(b—a) + ei(a+b) _ei(b—a) + ei(a+b) _ eib cosa ieib sina
2 _ei(bf(l) + ei(ll+b) ei(bfa) + ei(a+b) - ieib sina eib cosa )

Notice that det(eld) = %0 = '),

e By setting
P 0 b0
A=A+B = (ag) + (Ob>

we see that A is the sum of two commuting matrices, since B = bl,. So we can

write o o
oA — GA+B) _ Lid,iB

Since B is diagonal, ¢'® = diag(e®, ¢/'?). Computing as in the Exercise 11.2.4

we have

AZk _ ((_1)ka2k 0 ) A’2k+1 _ ( 0 (_1)ki02k+1)

0 (_l)kaZk (_l)kiaZk-H 0

so that

iA cosa isina
e’ =|..
isina cosa
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yi4 _ (cosa isina e? 0\ _ (e’cosa ie’sina

~ \isina cosa 0 ¢”) = \ie’sina ¢ cosa |-
Exercise 12.3.5 In this exercise we describe how to reverse the construction of the
previous one. That is, given the unitary matrix

(11
U‘E(-n’

we determine the self-adjoint matrix A = AT such that U = ¢'4. Via the usual tech-
niques it is easy to show that the spectral decomposition of U is given by

and

S

ati

Vi+a?

Notice that || = 1 so we can write A = €'+ and, by normalising the eigenvectors

for U, ‘
11 (e 0 (1i
— =1 :
U=VagV: =3 (—i i) ( 0 ew) (1 —i)’

with VTV = L. Since Ay = €% with 6y = 6, = diag(p_, ¢4), we write

Ay = with Vi, = L£((1, %i)).

U = Velvyt — oiVouVh _ ,iA
where A = AT with
A=ViyV' = %<_ll zl> <€l‘(s)L ei(‘r)’+> G _11> = %(i(fp:t(fpj_) i(a,f:;gfi))'
Notice that the matrix A is not uniquely determined by U, since the angular
variables o4 are defined up to 27 periodicity by

a 1

—,  sinpr = £—u——.
V14 a? V14 a?

We close this section by considering one parameter groups of unitary matrices.
We start with a self-adjoint matrix A = AT € C™", and define the matrix

cos L =

U, = ¢4, for seR.

From the properties of the exponential of a matrix, it is easy to show that, for any
real s, s’, the following identities hold.
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(@) (US)TUs =1,
that is U is unitary,
(11) Uo : I,
(i) (Us)" = U,
@iv) Usyy = UsUy = Uy Us,
thus in particular, these unitary matrices commute for different values of the
parameter.

The map R — U(n) given by s +— U is, according to the definition in the
Appendix A.4, a group homomorphism between (R, +) and U(n) (with group mul-
tiplication), that is between the abelian group R with respect to the sum and the non
abelian group U(n) with respect to the matrix product. This leads to the following
definition.

Definition 12.3.6 If U; is a family (labelled by a real parameter s) of elements in
U(n) such that, for any value of s € R, the above identities ii) — iv) are fulfilled,
then U is called a one parameter group of unitary matrices of order n.

For any self-adjoint matrix A, we have a one parameter group of unitary matrices
given by U, = /. The matrix A is usually called the infinitesimal generator of the
one parameter group.

Proposition 12.3.7 For any A = AT € C"", the elements U, = 4 give a one
parameter group of unitary matrices in H". Conversely, if Us is a one parameter
group of unitary matrices in H", there exists a self-adjoint matrix A = A such that
Us = A

Proof Let Us € U(n) be a one parameter group of unitary matrices. For each value
s € R the matrix U can be diagonalised, and since Uy commutes with any Uy, it
follows that there exists an orthonormal basis 5 for H" of common eigenvectors for
any U,. So there is a unitary matrix V (providing the change of basis from B to the
canonical base &) such that

where () are the eigenvalues of U,. From the condition U;Uy = Us, it follows
that the dependence of the eigenvalues on the parameter s is linear, and from Uy = I,
we know that ¢, (s = 0) = 0. We can eventually write

U_y — V{diag(eim,a] AAAAA iXL,S,,)}VJr' — VeiS(SVJr' — eis Vvt
where 0 = diag(y;., ..., ©,) is a self-adjoint matrix. We then set A = VSV = AT

to be the infinitesimal generator of the given one parameter group of unitary matrices.
O
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Quadratic Forms Gouck ko

13.1 Quadratic Forms on Real Vector Spaces

In Sect. 3.1 the notion of scalar product on a finite dimensional real vector space has
been introducedas a bilinear symmetricmap - : V x V — R with additional prop-
erties. Such additional properties are that v-v >0 for veV, with
v-v=0 < v =_0y. This is referred to as positive definiteness.

We start by introducing the more general notion of quadratic form.

Definition 13.1.1 Let V be a finite dimensional real vector space. A quadratic form
on V is a map
Q:VxV —R (v,w)r QU,w)

that fulfils the following properties. For any v, w, v;, v, € V and a;, a; € R it holds
that:

Q) Q,w) = QAw, v),
(Q2) Q(aivi + av2), w) = a1 Q(vi, w) + a2 Q(v2, w).

When a quadratic form is positive definite, that is for any v € V the additional
conditions

(ED Q,v) =0;
(E2) Qu,1) =0 & v =0y.

are satisfied, then Q is a scalar product, and we say that V is an euclidean space.

With respect to a basis B = (uy, ..., u,) for V, the conditions Q1 and Q2 are
clearly satisfied if and only if there exists a symmetric matrix F' = (F,,) € R"" such
that

Q, w) = Q((Wr, ..., v, (Wi, ..., w)E) = Y Fupvawy.

a,b=1
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This expression can be also written as

Fiy--- Fyy w)
Q,w) = (vr -+ vy) | : : :
Fui - Fpy Wy

Not surprisingly, the matrix representing the action of the quadratic form Q depends
on the basis considered in V. Under a change of basis B — B’ with B’ = (u, ..., u},)
and corresponding matrix M 5B, as we know, the components of the vectors v, w
are transformed as

v v

— yBB

v, Uy

and analogously for w. So we write the action of the quadratic form Q as

w)
O, w) = (v} -+ v)) (rMB’,BFMB',B)

4
wl’l

If we write the dependence on the basis as Q — F B we have then shown the
following result.

Proposition 13.1.2 Given a quadratic form Q on the finite dimensional real vector
space V, with FB and FB' the matrices representing Q on V with respect to the
bases B and B, it holds that

FB’ — MB’,B FBMB’,B.

Corollary 13.1.3 Since the matrix FB associated with the quadratic form Q on V
for the basis B is symmetric, it is evident from the Proposition4.1.20 that the matrix
FB' associated with Q with respect to any other basis B’ is symmetric as well.

The Proposition 13.1.2 is the counterpart of the Proposition7.9.9 which related
the matrices of a linear maps in different bases. This transformation is not the same as
the one for the matrix of an endomorphism as described at the beginning of Chap. 9.
To parallel the definition there, one is led to the following definition.

Definition 13.1.4 The symmetric matrices A, B € R*" are called guadratically
equivalent (or simply equivalent) if there exists a matrix P € GL(n), such that
B = 'PAP. Analogously, the quadratic forms Q and Q' defined on a real finite dimen-
sional vector space V are called equivalent if their representing matrices are (quadrat-
ically) equivalent.
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Exercise 13.1.5 Let us consider the symmetric matrices

(2 -0

They are not similar, since for example det(A) = 2 # det(B) = 3 (recall that if two
matrices are similar, then their determinants must coincide, from the Binet Theo-
rem5.1.16). They are indeed quadratically equivalent: the matrix

10
P =
0,3

In parallel with the Remark9.1.4 concerning similarity of matrices, it is easy to
show that the quadratic equivalence is an equivalence relation within the collection
of symmetric matrices in R"™”. It is then natural to look for a canonical representative
in any equivalence class.

gives ‘PAP = B.

Proposition 13.1.6 Any quadratic form Q is equivalent to a diagonal quadratic
form, that is one whose representing matrix is diagonal.

Proof This s just a consequence of the fact that symmetric matrices are orthogonally
diagonalisable. From the Proposition 10.5.1 we know that for any symmetric matrix
A € R™" there exists a matrix P which is orthogonal, that is P~! =P, such that

PAP = A,

where A4 is a diagonal matrix whose entries are the eigenvalues of A. |

Without any further requirements on the quadratic form, the matrix A4 may have
a number p of positive eigenvalues, a number v of negative eigenvalues, and also
the zero eigenvalue with multiplicity my = m,—o. We can order the eigenvalues as
follows
Ay = diag (Ap,s o+ 5 Aps Ay 0 3 A, 0,044, 0)

As in the Exercise 13.1.5, we know that the diagonal matrix

T 1 1 1 1
O = diag( s e _an‘,l,...,l)

is such that

"OALQ = diag(1,...,1,—1,...,—1,0,...,0) =Dy,
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with the expected multiplicities p for +1, v for —1 and mg for 0. Since we are
considering only transformations between real basis, these multiplicities are constant
in each equivalence class of symmetric matrices.

For quadratic forms, this means that any quadratic form Q on V is equivalent
to a diagonal one whose diagonal matrix has a number of u times +1, a number
of v times —1 and a number of my = dim(V) — u — v times 0. The multiplicities
© and v depend only on the equivalence class. Equivalently, for a quadratic form
Q on V, there is a basis for V with respect to which the matrix representing Q is
diagonal, with diagonal entries given +1 repeated p times, —1 repeated v times and
mg multiplicity of 0.

Definition 13.1.7 Given a symmetric matrix A on R™", we call Dy its canonical form
(or reduced form). If Q is a quadratic form on R" whose matrix F B s canonical,
then one has

Q(vs U)) = Up, Wp, + -+ Up,‘ wp” - (vnl Wy, +--+ Un, wnu)

with v = (Vp,, ..., Vp, s Unys - ooy Uy, U, oo ., Upyy) and analogously for w. This is the
canonical form for the quadratic form Q. The triple sign(Q) = (u, v, myg) is called the
signature of the quadratic form Q. In particular, the quadratic form Q is called positive
definite if sign(Q) = (u = n, 0, 0), and negative definite if sign(Q) = (0, v = n, 0).

Exercise 13.1.8 On V = R? consider the quadratic form
Qv, w) = viwy + V2w + Vw3 + V3w + VW3 + V3w

where v = (v, v2, v3)p and w = (w;, w,, w3)p Wwith respect to a given basis
(u1, up, uz). Its action is represented by the matrix

011
FB=1101
110

To diagonalise it, we compute its eigenvalues from the characteristic polynomial,
prs(T) = —T>+3T4+2 = 2-T)(1+T)>
The eigenvalue A =2 is simple, with eigenspace V;—, = £((1, 1, 1)), while

the eigenvalue A = —1 has multiplicity m,—_; = 2, with corresponding eigenspace
Vie_1 = L((1,—1,0), (1, 1, =2)). If we define

V2 V3
P=MFF =L V231
V2 0 =2

&

we see that



13.1 Quadratic Forms on Real Vector Spaces 217

20 0
PFBp = [0-1 0 | = A, = FF
00 —1

with respect to the basis B’ = (u}, u}, u}) of eigenvectors given explicitly by

1= \/L»(m + ux + u3),
u/z \/L’( - M2)5
L= \/L»(m + upy — 2u3).

With respect to the basis B’ the quadratic form is written as
Q(v, w) = 2vjw; — (Vywy + viw}).
Motivated by the Exercise 13.1.5, with the matrix

1
J_EOO
0=1010

001

we have that
10 0

‘oFFQ =[0-1 0 | = F%
00 —1

on the basis B = (u] = f uy, uy = uh, uy = uy). With respect to 3" the quadratic
form is

(v, w) = viw| —vjw) — viwj,

in terms of the components of v, w in the basis B”. Its signature is sign(Q) = (1, 2, 0).

Exercise 13.1.9 On the vector space R* with canonical basis &, consider the
quadratic form

Q(v, w) = ugw; + upwy + ugws + Up Wy + Uzwy + UsW3 — U3W3 — UsW4,

for any two vectors v, w in R*. Its representing matrix is

110 0
s (1100
Fr=100-11 |

00 1 —1

which has been already studied in the Exercise 10.5.3. We can then immediately write
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1010 000 0
101 0 000 0 /

_ 1 tprEp _ _ €&

P=Z1o101 |0 PEP=loo—20| ="
0 10-1 000 2

with the basis £’ = (e}, €}, €}, e) given by

1
e = ﬁ(el —e),

e, = %5(63 +e4),

. . " o__ "o 1 "o 1 no_ 1 no_ 1N i
With respect to the basis £" = (e] = ¢}, ¢ = ¢}, €] = 560 € = J5ey) itis

clear that the matrix representing the action of Q is F & — diag(0, 0, —1, 1), so that
the canonical form of the quadratic form Q reads

Q(v, w) = —vjwj + vjwy

withv = (v{, v, v§, v))e~ and analogously for w. It signature is sign(Q) = (1, 1, 2)
Remark 13.1.10 Once the dimension n of the real vector space V is fixed, the collec-
tion of inequivalent quadratic forms, that is the quotient of the symmetric matrices by
the quadratic equivalence relation of the Definition 13.1.7, is labelled by the possible
signatures of the quadratic forms, or equivalently by the signatures of the symmetric
matrices, written as sign(Q) = (1, v,n — u — v).

Finally, we state the conditions for a quadratic form to provides a scalar product
for a finite dimensional real vector space V. Since we have discussed the topics at
length, we omit the proof of the following proposition.

Proposition 13.1.11 A quadratic form Q on a finite dimensional real vector space
V provides a scalar product if and only if it is positive definite. In such a case we
denote the scalar product by

veow = Qv, w).

Exercise 13.1.12 With respect to the canonical basis £ on R?> we consider the
quadratic form

O, w) = aviw; + viw; + VW, with a € R,

for v = (vy, vp) and w = (w;, w,). The matrix representing Q is given by

E _ al
= (1)
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and its characteristic polynomial, pge (T) = T? — aT — 1, gives eigenvalues

A= HatVa+4).

Since for any real value of a there is one positive eigenvalue and one negative
eigenvalue, we conclude that the signature of the quadratic form is
sign(Q) = (1, 1, 0).

Exercise 13.1.13 Consider, from the Exercise 11.1.11, the three dimensional vector
space V of antisymmetric matrices in R*3. If we set

OL.L) = —Lu@L)

with L, L' € V, it is immediate to verify that Q is a quadratic form. Also, the basis
elements L, given in the Exercise 11.1.11 are orthonormal,

Q(Lav Lb) = bap-

Then, the space of real antisymmetric 3 x 3 matrices is an euclidean space for
this scalar product.

Exercise 13.1.14 On R? again with the canonical basis, we consider the quadratic
form
Qv,w) = viw; + vaws +a(viws +vr,w;), with a eR,

Fg_ la
“\al)’

Its characteristic polynomialisppe = (1 = T)? —a> = (1 =T —a)(1 — T + a),
with eigenvalues

whose representing matrix is

)\.izlﬂ:(l.

We have the following cases:

fora > 1,itissign(Q) = (1, 1, 0);

fora = £1, itis sign(Q) = (1, 0, 1);
fora < —1,itissign(Q) = (1, 1, 0);

for —1 <a < 1,itis sign(Q) = (2,0, 0).

In this last case, the quadratic form endows R? with a scalar product. The
eigenspaces are

o= —-a), Vi_=L(,-1),
)\‘+ = (1 +a), V)"+ = £((1, 1))’
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so we can define the matrix

, 11
& _ 1
M _fz<—11>

) ’ Il—a O
& EpEprE.E
M®“F*M _( 0 1 a)'

which gives

Withr.espectto the basis &' = \/Lé(e’1 =(e1 —ep), &), = %2(61 + e,)) the quadratic
form is
O, w) = (1 —a)vjw] + (1 + a)viw).

We obtain the canonical form for Q if we consider the basis £” given by

1 1
" o__ / " o__ /
e = e, e = e,.

V1+a 2

The basis £” is orthonormal with respect to the scalar product defined by Q.

Exercise 13.1.15 This exercise puts the results of the previous one in a more general
context.

(a) From Exercise 13.1.14 we know that the symmetric matrix

1a
5= (a1):

with a € R, is quadratically equivalent to the diagonal matrix

; _(1=a O
§ = ( 0 1+ a) '
Let us consider S and S’ as matrices in C>? with real entries (recall that R is a
subfield of C). We can then write

(1—a)~1/2 0 l—a O (1—a)~1/? 0 (10
0 (1+a)~1/2 0 1+4a 0 (1+a)-2) T \o1

for any a € R. This means that, by complexifying the entries of the real sym-
metric matrix S, there exists a transformation

S > PSP=1,

with P € GL(n, C) (the group of invertible n x n complex matrices), which
transforms S to 5.
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(b) From the Exercise 13.1.8 we know that the symmetric matrix

011
S=1]101
110

is quadratically equivalent to
10 0

-10
00 —1

S =

o

By again considering them as complex matrices, we can write

100 10 0 100
L =10i0 0-10 010
001 00 -1 001

Thus, S is quadratically equivalent to /3 via an invertible matrix P € C™".

If A is a symmetric matrix with real entries, from the Proposition 13.1.6 we know
that it is quadratically equivalent to

AA = diag()\‘pl’ Tt a)"pﬂs)"rllv tee 7)\nv701 tee 10)3
with 4, > 0 and 4,; < 0. Given the invertible matrix

P = diag(

1 1 i i
I...,1
/_)»p] ) ) ’_)‘pu ) /_|an | ) ) /_an‘ s Ly ’ )

in C™*" one finds that
PALP = diag(1,...,1,1,...,1,0,...,0) = Dy,

where the number of non zero terms +1 is given by the rank of A.

If we now define that two symmetric matrices A, B € C"" are quadratically equiv-
alent if there exists a matrix P € GL(n, C) such that B = 'PAP, we can concludg that
any real symmetric matrix A is quadratically equivalent to a diagonal matrix D4 as
above.

The diagonal matrix D, above gives a canonical form for A with respect to
quadratic equivalence after complexification. Notice that, since (il,,)A(il,) = —A,
we have that A is quadratically equivalent to —A. This means that a notion of
complex signature does not carry much information since it cannot measure the
signs of the eingenvalues of A, but only its rank. If A=A = A, then we set
sign(A) = (rk(A), dim ker(A)).
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We conclude by observing that what we have sketched above gives the main
properties of a real quadratic form on a complex finite dimensional vector space,
whose definition is as follows.

Definition 13.1.16 A real quadratic forms on a complex finite dimensional vector
spaces is a map

S:C"xC" — C, (v, w) = S(v, w)

such that, for any v, w, vy, v, € C" and ay, a, € C it holds that:

S S, w) =S(w,v),
(S2) S(v,w) € Rifandonlyifv=vand w = w,
(S3) SUavi + avy), w) = a1S(v1, w) + aS (v, w).

It is clear that S is a real quadratic form on C” if and only if there exists a real
basis B for C”, that is a basis which is invariant under complex conjugation, with
respect to which the matrix S® € C"” representing S is symmetric with real entries.

In order to have a more elaborate notion of signature for a bilinear form on complex
vector spaces, one needs the notion of hermitian form as explained in the next section.

13.2 Quadratic Forms on Complex Vector Spaces

It is straightforward to generalise to C" the main results of the theory of quadratic
forms on R". The following definition comes naturally after Sects.3.4 and 8.2.

Definition 13.2.1 Let V be a finite dimensional complex vector space. A hermitian
formon V is a map

H:VxV — C, (v, w) = H(v, w)
that fulfils the following properties. For any v, w, vy, v, € V and a4, a; € C it holds

that:

H1) H(v, w) = H(w, v),
(H2) H((ajv; + a2vz), w) = ayH(vy, w) + a2 Q(va, w).

When a hermitian form is positive definite, that is for any v € V the additional
conditions

(El) H(v,v) > 0;
(E2) Hv,v) =0 < v=0y.

are satisfied, then H is a hermitian product, and we say that V is a hermitian space.

We list the properties of hermitian forms in parallel with those of the real case.
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(a)

(b)

(©)

(d)

(e)

Ex

for

With respect to any given basis B = (uy, ..., u,) of V, the conditions HI and
H2 are satisfied if and only if there exists a selfadjoint matrix H = (H,,) € C*",
H = H, such that

Hv, w) = Z H,, v,wy.

a,b=1

If we denote by H? the dependence on the basis of V for the matrix giving the
action of H, under a change of bases B — B’ we have

HE = ME P HEMP P = (HP). (13.1)

Two selfadjoint matrices A, B € C™" are defined to be equivalent if there exists
an invertible matrix P such that B = PTAP. This is an equivalence relation within
the set of selfadjoint matrices. Analogously, two hermitian forms H and H’ on
C" are defined to be equivalent if their representing matrices are equivalent.
From the spectral theory for selfadjoint matrices it is clear that any hermitian
form H is equivalent to a hermitian form whose representing matrix is diagonal.
Referring to the relation (13.1), there exists a unitary matrix U = M 55 of the
change of basis from 5 to 3’ such that HE = diag(Ay, ..., A,), with A; e R
giving the spectrum of H5.

The matrix HZ' is further reduced to its canonical form via the same conjugation
operation described for the real case after the Proposition 13.1.6.

Since, as in real case, no conjugation as in (13.1) can alter the signs of the eigen-
values of a given selfadjoint matrix, the notion of signature is meaningful for
hermitian forms. Such a signature characterises equivalence classes of selfad-
joint matrices (and then of hermitian forms) via the equivalence relation we are
considering.

A hermitian form H equips C" with a hermitian product if and only if it is positive
definite.

ercise 13.2.2 On C? we consider the basis B = (1, u,) and the hermitian form
Hw, w) = a(viwy + vawy) +1b(viwy — vawy), with a,beR

v = (v, v2)p and w = (w;, wy)g. The hermitian form is represented by the

matrix

The spectral resolution of this matrix gives

)Li =a =+ b, V)\i = E(l/ti)

with normalised eigenvectors
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Uy = \/LE (:tl’ 1)67

and with respect to the basis B’ = (| = u;, b, = u_) one finds

B _ a+b0
H™ = (a—bO)'

We reduce the hermitian form 7 to its canonical form by defining a basis

"o 1 / 1 ’
B = (./|a+h\ bl’ J]a—b] b2)

5 a+b 0
M = |a6b| a—b .
la—=b]|

We see that the signature of H depends on the relative moduli of @ and b. It endows
C? with a hermitian product if and only if |a| > |b|, with B” giving an orthonormal
basis for it.

so to have

13.3 The Minkowski Spacetime

We now describe the quadratic form used for a geometrical description of the elec-
tromagnetism and for the special theory of relativity.

Let V be a four dimensional real vector space equipped with a quadratic form Q
with signature sign(Q) = (3, 1, 0). From the theory we have developed in Sect. 13.1
there exists a (canonical) basis £ = (ey, €1, €2, e3) with respect to which the action
of Q is given by'

Q(v, w) = —vowp + vViw; + V2w + VW3

with v = (vo, vy, V2, v3) and w = (wo, Wi, Wy, W3).

Definition 13.3.1 The equivalence class of quadratic forms on R* characterised by
the signature (3, 1, 0) is said to provide R* a Minkowski quadratic form, that we
denote by 7. The datum (R*, 1) is called the Minkowski spacetime, using the name
from physics. We shall denote it by M* and with a slight abuse of terminology, we
shall also denote the action of 7 as a scalar product

v-w = n(v, w)

and refer to it as the (Minkowski) scalar product in M*.

I The reason why we denote the first element by ¢ and the corresponding component of a vector v
by vp comes from physics, since such components is identified with the time coordinate of an event.
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Definition 13.3.2 We list the natural generalisations to M * of well known definitions
in E".

(a) Forany v € (R*, 1), the quantity |[v]|> = v - v is the square of the (Minkowski)
norm of v € R*;

the vector v is called space-like if ||v||*> > 0,
the vector v is called light-like if ||v] = O,

the vector v is called time-like if ||v]|> < 0.

(b) Two vectors v, w € M* are orthogonal if v - w = 0; thus a light-like vector is
orthogonal to itself.

(c) A basis B for R* is orthonormal if the action of n with respect to B is diagonal,
that is if and only if the matrix n” has the form

~1000
5 0100
0010
0001

We simply denote 7, = (n®),,, with B orthonormal.
(d) A matrix A € R** is a Lorentz matrix if its columns yield an orthonormal basis
for M*.

We omit the proof of the following results, which generalise to M* analogous
results valid in E”.

Proposition 13.3.3 Ler B = (e, e, e2, e3) be an orthonormal basis for M 4 with
A e R and ¢ € End(M*).

(a) The matrix A is a Lorentz matrix if and only if AnA = n.

(b) It holds that ¢ (v) - p(w) = v - w for any v, w € M* if and only szf’B is a
Lorentz matrix.

(c) The system B = (¢(ep), ..., d(e3)) is an orthonormal basis for M* if and only
if for any v, w € M* one has ¢ (v) - p(w) = v - w, that is if and only if

¢(eu) “Pley) = €u € = Nuv-

As an immediate consequence of such proposition, one proves that, if u € M*is a
space-like vector, there exists an orthonormal basis ' for M 4 with respect to which
u = (0, u}, uy, uy)p. Analogously, if u is a time-like vector, there exists a basis B”
with respect to which u = (i, 0,0, 0)/.

Indeed it is straightforward to prove that the set of Lorentz matrices form a group,
for matrix multiplication, denoted by O(3, 1) and called the Lorentz group. If the
endomorphism ¢ is represented, with respect to an orthonormal basis for M* by a
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Lorentz matrix, then ¢ is said to be a Lorentz transformation. This means that the
set of Lorentz transformations is a group isomorphic to the Lorentz group.

Example 13.3.4 1In the special theory of relativity the position of a point mass at a
given time ¢ is represented with a vector x = (xo = ct, X1, X2, x3)gin M 4 with respect
to an orthonormal basis 5, with (x;, x», x3) giving the so called spatial components
of x and ¢ denoting the speed of light. Such a vector x is also called an event. The
linear map

X0 y =By 00\ [xo
x| _|-By v 00 X1
x| 0 0 10][x
X} 0 0 01 X3

with
B=v/c and y=(1-pH"""

yields the components of the vector x with respect to an orthonormal basis 5 corre-
sponding to an inertial reference system, (an inertial observer) which is moving with
constant spatial velocity v along the direction e;. Notice that, being ¢ a limit value
for the velocity, we have || < 1 and then y > 1. Itis easy to see that this map is a
Lorentz transformation, and that the matrix gives the change of basis M55 in M*.

From the identity ‘A nA = n one gets det A = +1 for a Lorentz matrix A. The
set of Lorentz matrices whose determinant is positive is the (sub)group SO(3, 1) of
proper Lorentz matrices.

If A,,, denotes the entries of a Lorentz matrix A, then from the same identity we
can write that

3 3
—AJ+ Y Afy=—1 and —A}+ ) A} =-1,
k=1 k=1

thus proving that A%O > 1. Lorentz matrices with Agy > 1 are called ortochronous.
We omit the proof that the set of ortochronous Lorentz matrices form a group as well.
Proper and ortochronous Lorentz matrices form therefore a group, that we denote
by

SOB, DT={A € 03, 1) : detA =1, Ay > 1}.

Notice that the Lorentz matrix given in Example 13.3.4 is proper and ortochronous.
Given the physical interpretation of the components of a vector in M* mentioned
before, it is natural to call the endomorphisms represented by the Lorentz matrices

10 0 0 ~1000
0-10 0 0100
P=1oo0 10| T=10010
00 0 —1 0001
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the (spatial) parity and the time reversal. The matrix P is improper and ortochronous,
while T is improper and antichronous.

We can generalise the final remark from Example 11.3.1 to the Lorentz group case.
If A is an improper ortochronous Lorentz matrix, then it is given by the product PA’
with A" € SO(3, 1)". If A is an improper antichronous Lorentz matrix, then it is given
by the product TA’ with A’ € SO(3, 1)1. If A is the product PTA’ with A’ € SO(3, )T,
it is called a proper antichronous Lorentz matrix.

Let us describe the structure of the group SO(3, 1)" in more details. Firstly, notice
that if R € SO(3) then all matrices of the form

1000

Ag = R

o O O

are elements in SO(3, 1)T. The set of such matrices A is clearly isomorphic to the
group SO(3), so we can refer to SO(3) as the subgroup of spatial rotations within
the Lorentz group.

The Lorentz matrix in the Example 13.3.4 is not such a rotation. From the Exer-
cise 11.2.3 we write

v By 00 0100
s _ | By v 00 . 11000
e =1% 0o10| WM Si=1p000

0 001 0000

with sinh u = By and coshu = y so that tghu = v/c.
We therefore have a closer look at the exponential of symmetric matrices of the
form

0 uy Uy Uz
000

S(u) = Z;O o o | =S +wS: + s, (13.2)
uz 0 0 0

with u = (u1, u, u3) a triple of real parameters. If the matrix R = (R;;) represents a
spatial rotation, a direct computation shows that

0 Yoiot Riwe Yo_y Rowe Y4y Risu

3
Apr SAg = | 2=t Rame 0 0 0
Zk:l nguk 0 0 0
Zl%:] Rizuy 0 0 0

We see that u = (uy, uy, u3) transforms like a vector in a three dimensional euclidean
space, and therefore we write the identity above as



228 13 Quadratic Forms
S(R™'u) = Ag-1S(u)Ag.
This identity allows us to write (see the Proposition 11.2.2)
AW = Ag1eSRIAR.

If R is a proper rotation mapping u > (|lul|g, 0, 0), with |[u||Z = u? + u3 + u3 the
square of the euclidean three-norm, we get

S® = AprelulESug

Alternatively, one shows by direct computations that

lull 0 0 0
0

Sw=1 4 o and  §%(u) = [Jull S @)
0

= %@ = [ul Vs @), SEH ) = [ul S w),

where Q € R¥3 has entries Q;j = u;u;, so that 0% = ||u||%5 Q. These identities give
then

AW =1 4+ L (cosh|lullz — 1)S*(u) + 2 sinh |lullg S(u).

llull llulle

It is easy to show that 5™ e SO(3, 1)". Such transformations are called Lorentz
boosts, or hyperbolic rotations. They give the matrices of change of bases M 535
where B’ is the orthonormal basis corresponding to an inertial reference system
moving with constant velocity v = (v, v, v3) in the physical euclidean three dimen-
sional space with respect to the reference system represented by B, by identifying
for the velocity,

c(tghllulle) = lvle.

From the properties of the group SO(3) we know that each proper spatial rotation
is the exponential of a suitable antisymmetric matrix, that is Az = e” where L is an
element in the three dimensional vector space spanned by the matrices L; C R4 of
the form

0000

~ 0

Li=1o 1
0

with the antisymmetric matrices L;, j = 1, 2, 3, those of the Exercise 11.1.10, the
generators of the Lie algebra so(3). With the symmetric matrices S; in (13.2), we
compute the commutators to be
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thus proving that the six dimensional vector space E(Z 1, Zz, Z3, S1,S,,53) is amatrix
Lie algebra (see the Definition 11.1.7) which is denoted so(3, 1). What we have
discussed gives the proof of the first part of the following proposition, which is
analogous of the Proposition 11.2.6.

Proposition 13.3.5 If M is a matrix in so(3, 1), then e” € SO3,1)". When
restricted to s0(3, 1), the exponential map is surjective onto SO(3, 1)7.

This means that the group of proper and ortochronous Lorentz matrices is given
by spatial rotations, hyperbolic rotations (that is boosts) and their products.

13.4 Electro-Magnetism

By recalling the framework of Sect. 1.4, in the standard euclidean formulation on
the space E? representing the physical space S (and with an orthonormal basis) one
describes the three dimensional electric E(¢, x) field and the magnetic field B(z, x)
as depending on both the three dimensional position vector x = (x1, x», x3) and the
time coordinate ¢. In this section we show that the Maxwell equations for electro-
magnetism can be naturally formulated in terms of the geometry of the Minkowski
space M *.

Example 13.4.1 The Maxwell equations in vacuum for the pair (E(z, x), B(t, x)) are
written as

divB =0, rotE + 28 =0
divE = %, rotB = woJ + MOEQ%
where ¢ and 1 are the vacuum permittivity and permeability, with c>eguo = 1. The
sources of the fields are the electric charge density p (a scalar field) and the current
density J (a vector field).
For the homogeneous Maxwell equations (the first two) the vector fields E and B
can be written in terms of a vector potential A(t, x) = (A (¢, X), A> (¢, X), A3(f, X))
and a scalar potential ¢ (¢, x), as
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B =rotA, E = —grad¢ — 34,

that makes the homogeneous equations automatically satisfied from the identity
div (rot) = 0 and rot (grad) = 0, in Exercise 1.4.1. If the potentials satisfy the so
called Lorentz gauge condition

divA + £ 22 =0,

the two Maxwell equations depending on the sources can be written as

24

V- L = ol for =123
2 1 9% P

Vi — T T e

where V2 = Zzzl 8,3 is the spatial Laplacian operator with d; = 9/0dxk.
If we define the four-potential as A = (Ag = — ? A), then the Lorentz gauge
condition is written as (recall the Definition 13.3.2 for the metric 7,,,)

3
> i Ay =0,

w,v=0

where we also define 0y = d/dxop = d/cdt. In terms of the four-current
J = (Jop = —p/ceo, LoJ), the inhomogeneous Maxwell equations are written as

3
> 0w dudA, = —J,.
v

Using the four-dimensional ‘nabla’ operator V = (9, 91, 92, d3) we can then
write the Lorentz gauge condition as

3
V.-A = Z mwauAv =0,

=0

and the inhomogeneous Maxwell equations as

3
VA, = Y nuwdudA, = —J,,  for p=0,1,2,3,
n,v=0

thus generalising to the Minkowski spacetime the analogous operations written for
the euclidean space E> in Sect. 1.4.

Example 13.4.2 From the relations defining the vector fields E and B in terms of the
four-potential vector A, we can write for their components in the physical space
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3
Ba = Z EahcahAc
b,c=1

Ea = C(aaAO - aOAa)
for a = 1, 2, 3. This shows that the quantity
Fu = 0,A, — 0,A,

with i, v € {0, ..., 3}, defines the entries of the antisymmetric field strength matrix
(or more precisely field strength ‘tensor’) F' given by

0 —El/C —EQ/C —E3/C
EI/C 0 B3 —Bz
Ez/C —B3 0 Bl
E3/C 32 —B1 0

FZ(FMU)Z

Merging the definition of F' with the Lorentz gauge condition we have

3 3
meauavAp = Z nuvaM(va + apAu)

n,v =0
3 3 3
= Z nuvaqup + 8,0( Z n,uvauAv) = Z nuvaqup
w,v=0 n,v=0 w,v=0

so we can write the inhomogeneous Maxwell equations as

3
Z nuvauFVp = _Jp for 1Y =0, 1,2,3.

,v=0

The homogeneous Maxwell equation can be written in a similar way by means
of another useful quantity, the dual field strength matrix (or tensor) F - For this
one needs the (four dimensional) fotally antisymmetric symbol €4, 4,4,a, With indices
aj =0, 1,2, 3 and defined by

+1 if (a1, a2, a3, a4) is an even permutation of (0,1,2,3)
Eajamaza; = 3 —1 if (a1, a2, a3, a4) is an odd permutation of (0,1,2,3)
0 if any two indices are equal

Also, let 7! = (»*”) be the inverse of the matrix 1 = (nv). The dual field
strength matrix is the antisymmetric matrix defined by
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0 B B B

L - B 0 —Es/c Ee
1 ) 1 3 2

F=Fw,  Fu=3 3 et nFu = | g 00 0" 5

.p.y.3=0 —B3z —Ey/c Ej/c 0

3

Notice that the elements of F are obtained from those of F by the exchange
E < —cB.

A straightforward computation shows that the homogeneous Maxwell equations
can be written as

3
> muduFup =0, for p=0,1,2,3,
n,v=0

In terms of F,,, rather then F v, these homogeneous equation are the four equations
0oF 0 4+ 0 F\p + 0,F, =0

for w, v, p any three of the integers 0, 1, 2, 3.

We now have a glimpse at the geometric nature of the four-potential A and of
the antisymmetric matrix F, that is we study how they transform under a change of
basis from B to B’ for M . If two inertial observers (for the orthonormal bases 13 and
B’ for M*) relate their spacetime components as in the Example (13.3.4), we know
from physics that for the transformed electric and magnetic fields E’ and B’ one has

E| = Ej, B| = By
E) = y(E; — vB3), B, = y(By 4 (v/c})E3)
E, = y(E; + vBy), B,y = y(B3 — (v/cHE,)

For the transformed potential A’= (A}) and matrix F' = (F,,) with
F, = 0,A{ — 9A; (where 9, = 3/dx;,), one then finds

A = MBBA

and
F/ — Z(MB.B’)FMB,B"

It is indeed possible to check that such identities are valid for any proper and
ortochronous Lorentz matrix giving the change of orthonormal basis 5 — B'.

If we denote by M ** the space dual to (R*, n) with {e(, €|, €, €3} the basis dual
to B = (ep, ..., e3), the definition

U(Ea’ Eh) = T’(eav g}?)
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clearly defines a Minkowski quadratic form on R**, making then the space M **.
Also, if B is orthonormal, then B* is orthonormal as well.

Recall now the results described in Sect.8.1 on the dual of a vector space. The
previous relations, when compared with the Example 13.3.4, show that the vectors
A = (Ao, A) is indeed an element in the dual space M** to M* with respect to the
dual basis B* to B. From the Proposition 13.1.2 we see also that the matrix elements
F transform as the entries of a quadratic form in M ** (although F is antisymmetric).
All this means that the components of the electro-magnetic fields E, B are the entries
of an antisymmetric matrix F which transform as a ‘contravariant’ quadratic form
under (proper and orthochronous) Lorentz transformations.



Chapter 14 ®)
Affine Linear Geometry oo

14.1 Affine Spaces

Intuitively, an affine space is a vector space without a ‘preferred origin’, that is as
a set of points such that at each of these there is associated a model (a reference)
vector space.

Definition 14.1.1 The real affine space of dimension n, denoted by A" (R) or simply
A", is the set R" equipped with the map

a: A" x A" - R”

given by
a((al’ ~-'7an)7 (bl’ 7bn)) = (bl _ah""bn _an)'

Notice that the domain of « is the cartesian product of R” x R”, while the range
of « is the vector space R”. The notation A" stresses the differences between an
affine space structure and a vector space structure on the same set R". The n-tuples
of A" are called points.

By A! we have the affine real line, by A” the affine real plane, by A® the affine
real space. There is an analogous notion of complex affine space A" (C), modelled
on the vector space C".

Remark 14.1.2 The following properties for A" easily follows from the above defi-
nition:

(pl) for any point P € A" and for any vector v € R”, there exists a unique point Q
in A” such that a(P, Q) = v,

(p2) for any triple P, Q, R of points in A", it holds that a(P, Q) + a(Q, R) =
a(P, R).
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R

P Q

Fig.14.1 The sumrule (Q — P)+(R—Q)=R—-P

The property (p2) amounts to the sum rule of vectors (see Fig. 14.1).

Remark 14.1.3 Given the points P, Q € A" and the definition of the map «, the
vector a( P, Q) will be also denoted by

v=a(P,Q)=0—P.
Then, from the property (pl), we shall write
Q=P+
And property (p2), the sum rule for vectors in R”, is written as
(Q-P)+(R-Q)=R-P.

Remark 14.1.4 Given an affine space A", from (p2) we have that

(a) forany P € A"itis a(P, P) = Ogn (setting P = Q = R),
(b) for any pair of points P, Q € A" itis (setting R = P), a(P, Q) = —a(Q, P) .

A reference system in an affine space is given by selecting a point O € A" so
that from (p1) we have a bijection

ap A" — R, ao(P)=a(0O,P)=P — 0, (14.1)

and then a basis B = (vy, ..., v,) for R".

Definition 14.1.5 The datum (O, B) is called an affine coordinate system or an
affine reference system for A" with origin O and basis B. With respect to a reference
system (O, B) for A", if

P—0=(,....,x) =x101 4+ -+ x,0,
we call (x,...,x,) the coordinates of the point P € A" and often write

P = (x1,...,x,). If £ is the canonical basis for R”, then (O, &) is the canonical
reference system for A".
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Remark 14.1.6 Once an origin has been selected, the affine space A" has the struc-
tures of R"” as a vector space. Given a reference system (O, B) for A", with
B = (b1, ...,b,),the points A; in A" given by

Ai=0+Db;

fori =1,...,n, are called the coordinate points of A" with respect to 3. They have
coordinates

A =(1,0,....,005, A,=(,1,....005 ... A,=(0,0,...,1)5.

With the canonical basis € = (ey, . . ., e,), for R" the coordinates points A; = O + ¢;
will have coordinates

A =(,0,...,0), A,=(0,1,...,0), ... A,=(0,0,...,1).
Definition 14.1.7 With w € R”, the map
T, : A" — A", T,(P)=P+w.

is called the translation of A" along ws.

It is clear that T, is a bijection between A" and itself, since 7_,, is the inverse
map to T,,. Once a reference system has been introduced in A", a translation can be
described by a set of equations, as the following exercise shows.

Exercise 14.1.8 Let us fix the canonical cartesian coordinate system (O, &) for A3,
and consider the vector w = (1,—2,1). If P =(x,y,z) € A}, then
P — O = xe; + yey + ze3 and we write

T,(P)—O0=(P+w)—O0
=(P-0)+w
= (xe; + yes +ze3) + (e1 — 2ex + e3)
=4+ De; +(y—2)es + (z+ Des,

50 T (. v, 2)) = (x + 1.y = 2.2+ 1),

Following this exercise, it is easy to obtain the equations for a generic translation.
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Proposition 14.1.9 Let A" be an affine space with the reference system (O, BB). With
avector w = (wy, ..., w,)g in R", the translation T,, has the following equations

Tw((-xlv ey xn)B) = (X] +wi, ..., X, + wn)B-
Remark 14.1.10 The translation T, induces an isomorphism of vector spaces ¢ :
R" — R”" given by
P—-0 +— T,(P)—T,(~0).

It is easy to see that ¢ is the identity isomorphism. By fixing the orthogonal carte-
sian reference system (O, &) for A", with corresponding coordinates (x, ..., x,)
for a point P, and a vector w = wye; + - - - + wy,e,, We can write

R" > P—0 = x1e; + -+ xpe,
and
Tw(P)Z(xl“'wlw--’xn‘l‘wn)a Tw(O)Z(wla"'awn)a

so that we compute

T,(P) — T,(0) = (Ty(P) — 0) — (T,(0) — 0)
(1 +wper + - (X + wa)en) — (wieg + - -+ + wye,)
xie;+---+xpe, = P—0.

More precisely, such an isomorphism is defined between two distinct copies of the
vector space R”, those associated to the points O and O’ = T,,(O) in A" thought of
as the origins of two different reference systems for A”. This is depicted in Fig. 14.2.

Q=T,(P)

0'=T,(0)

Fig. 14.2 The translation 7,
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14.2 Lines and Planes

From the notion of vector line in R?, using the bijection ap : A? — R2, given in
(14.1), it is natural to define a (straight) line by the origin the subset in A? that
corresponds to £(v) in R?.

Exercise 14.2.1 Consider v = (1, 2) € R2. The corresponding line by the origin in
A? is the set

(PehA?: (P-—0)e L} ={(x,y)=X(1,2), A eR}.

Based on this, we have the following definition.

Definition 14.2.2 A (straight) line by the origin in A" is the subset
ro ={PeA" : (P—0)e L)}
for a vector v € R™\{0}. The vector v is called the direction vector of r¢.

Using the identification between A" and R" given in (14.1) we write
ro={PeA" : P=Xv, e R},

or even
ro: P=Xv, MAelR.

We call such an expression the vector equation for the line rp. Once a reference
system (O, BB) for A" is chosen, via the identification of the components of P — O
with respect to B with the coordinates of a point P, we write the vector equation
above as

ro: (x1,...,x) = A, ..., 0,), with A e R

with v = (v, ..., v,) providing the direction of the line.

Remark 14.2.3 1t is clear that the subset rp coincides with L£(v), although they
belong to different spaces, that is ro C A" while £(v) C R". With such a caveat,
these sets will be often identified.

Exercise 14.2.4 The line ¢ in A with direction vector v = (1, 2, 3) has the vector
equation,
ro: (x,y,z2) =X(1,2,3), AeR.

Exercise 14.2.5 Consider the affine space A? with the orthogonal reference system
(0, &). The subset given by

F={(x, ) = (L) + A0, 1), A\eR)
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clearly represents a line that runs parallel to the second reference axis. Under the
translation 7, with u = (—1, —2) we get the set

T.0r)y={P+u, Per}
= {(x,y) = X0, 1), A e R},

which is a line by the origin (indeed the second axis of the reference system). If
ro = T,(r), a line by the origin, it is clear that r = T, (rp), with w = —u.

This exercise suggests the following definition.

Definition 14.2.6 A set r C A" is called a line if there exist a translation T, in A"
and a line rp by the origin such that r = Ty, (rp).

Being the sets rp and L£(v) in R” coincident, we shall refer to £(v) as the direction
of r, and we shall denote it by S, (with the letter S referring to the fact that £(v) is
a vector subspace in R"). Notice that, for a line, it is dim(S,) = 1.

The equation for an arbitrary line follows easily from that of a line by the origin.
Let us consider a line by the origin,

ro: P=Xv, Mel,
and the translation 7, withw € R". If w = Q — O, the line r = T, (rp) is given by

r={PeA" : P=T,(Po), Poero}
={PeA" : P=Q0+ ), AeR},

SO we write
r: P=Q+\v. (14.2)
With respect to a reference system (O, B), where Q = (qi,...,9,)p and
v = (vy, ..., U,)sB, the previous equation can be written as
r: (xla"'9-xn):(qlv--'9qﬂ)+)\(v19'~-7vn)9 (143)
or equivalently
x| =q1 + v
r: : . (14.4)
Xn =¢qn+ AUn

Definition 14.2.7 The expression (14.2) (or equivalently 14.3) is called the vector
equation of the line r, while the expression (14.4) is called the parametric equation
of r (stressing that X is a real parameter).
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Fig. 14.3 The translation T,y with w’ — w € £(v) maps r into ro

Remark 14.2.8 Consider the line whose vector equationis» : P = Q + Av.

(a) We have a unique point in r for each value of A, and selecting a point of r gives
a unique value for . The point in  is Q if and only if A = 0;

(b) The direction of r is clearly the vector line £(v). This means that the direction
vector v is not uniquely determined by the equation, since each element v’ € L(v)
is a direction vector for r. This arbitrariness can be re-absorbed by a suitable
rescaling of the parameter \: with a rescaling the equation for » can always be
written in the given form with v its direction vector.

(c) The point Q is not unique. As the Fig. 14.3 shows, if 0 = O + w is a point in
r, then any translation T,y with w" — w € L(v) maps r into the same line by
the origin.

Exercise 14.2.9 We check whether the following lines coincide:

roo o(x,y)=(,2)+ X1, 1),
rhe () =2, D) + (L, =),
Clearly r and r’ have the same direction, which is S, = S, = L((1, —1)) = ro.
If we consider Q = (1,2) e rand Q' = (2,1) e Y withw = Q — O = (1,2) and
w = Q — 0 = (2, 1) we compute,

r = Tw(VO), r= Tw’(rO)~

We have that r coincides with r’: as described in the remark above,
w—w = (=1,1) € L((, —=1)).

In analogy with the definition of affine lines, one defines planes in A”.

Definition 14.2.10 A plane through the origin in A" is any subset of the form
o ={Pe€A" : (P—0)¢eL(u,v)l,

with two linearly independent vectors u, v € R".
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With the usual identification of a point P € A" with its image «(P) € R”
(see 14.1), we write

mo={P €A : P=Xu+pv, A\ puecR},

or also
To: P =Au+ pv

with A, u real parameters.

Definition 14.2.11 A subset m C A" is called a plane if there exist a translation
map Ty, in A" and a plane 7 through the origin such that 7 = T,, (7). Since we
can identify the elements in 7o with the vectors in L(u#, v) C R”", generalising the
analogue Definition 14.2.6 for a line, we define the space S; = L(u, v) to be the
direction of 7. Notice that dim(S,;) = 2.

If Q =T,(0),thatis w = Q — O, the points P € 7 are characterised by

P =0+ Au+ pv. (14.5)
Let (O, B) be a reference system for A". If Q =(q1,...,q,)p € A", with
u=WUy,...,u)pand v = (vy, ..., v,)B € R", the above equation can be written
as

X1 =q1 + Aup + py
SRR . (14.6)
Xn =qn + /\uv + py

The relation (14.5) is the vector equation of the plane 7, while (14.6) is a parametric
equation of .

Exercise 14.2.12 Given the linearly independent vectors v; = (1,0,1) and
vy = (1, —1, 0) with respect to the basis 3 in R?, the plane 7 through the origin
associated to them is the set of points P € A3 given by the vector equation

P = )\11)1 + /\21)2, )\1, )\2 e R.
With the reference system (O, B), with P = (x, y, z) its parametric equations is
x=X N+

x,y,2)=XM0,0, )+ X(1,-1,0) & 7w: {y=—-X\
Z=)\1
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Exercise 14.2.13 Given the translation 7,, in A> with w = (1, —1, 2) in a basis B,
the plane 7o of the previous exercise is mapped into the plane m = T, (7o) whose
vector equation is

w: P=0+M\Nvi+ v,

with Q = T,,(0) = (1, —1, 2). We can equivalently represent the points in 7 as
T (x,y,2)=(,—-1,2) + \;(1,0, 1) + A (1, —1,0).
Exercise 14.2.14 Let us consider the vectors vy, v, in R* with the following com-
ponents
Vg :(1705170)7 U2:(2,1,0,_1)
in a basis B, and the point Q in A* with coordinates

0=02112).

in the corresponding reference system (O, B). The plane 7 C A* through Q whose
direction is S, = L(vy, v2) has the vector equation

T (X, X, x3,x4) = (2,1, 1,2) + A (1,0,1,0) + A2(2, 1,0, 1)
and parametric equation

X1 =24+ +2\

. xo=14+ X\
T x3=14+X\
X4=2—)\2

Remark 14.2.15 The natural generalisation of the Remark 14.2.8 holds for planes as
well. A vector equation for a given plane 7 is not unique. If

m: P=0+4+ \u+ pv
7 P=Q + M+

are two planes in A", then

Sy = Sy (thatis L(u,v) = LU, v"))

ﬂ-:ﬂ-/ < {Q_Q/GSW

Proposition 14.2.16 Given two distinct points A, B in A" (withn > 2), there is only
one line through A and B. A vector equation is

rap: P=A+AB—A).
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Proof Being A # B, this vector equation gives a line since B — A is a non zero
vector and the set of points P — A is a one dimensional vector space (that is the
direction is one dimensional). The equation r4p contains A (for A = 0) and B (for
A = 1). This shows there exists a line through A and B.

Letus consider another line 74 through A. Its vector equation willbe P = A + pv,
with v € R” and p a real parameter. The point B is contained in r4 if and only if
there exists a value yi of the parameter such that B = A + pov, thatis B — A = pov.
Thus the direction of r4 would be S,, = L(v) = L(B — A) = S,,,. The line r4 then
coincides with r4 5. O

Exercise 14.2.17 The line in A? through the points A = (1, 2) and B = (1, —2) has
equation
P=(x,y)=(,2)+ A0, —4).

Exercise 14.2.18 Let the points A and B in A3 have coordinates A = (1, 1, 1) and
B = (1,2, —2). The line r4 5 through them has the vector

(x,y,2) =(1,1,1) + A0, 1, =3).

Does the point P = (1, 0, 4) belong to r45? In order to answer this question we
need to check whether there is a A € R that solves the linear system

1=1

0=14+X
4=1-3\
It is evident that A = —1 is a solution, so P is a point in 4.

An analogue of the Proposition 14.2.16 holds for three points in an affine space.

Proposition 14.2.19 Let A, B, C be three points in an affine space A" (withn > 3).
If they are not contained in the same line, there exists a unique plane mapgc through
them, with a vector equation given by

TABC - P=A+)\(B—A)+/.L(C—A).

Proof The vectors B — A and C — A are linearly independent, since they are not
contained in the same line. The direction of w4z is then two dimensional, with
Srpe = L(B — A, C — A). Thepoint Aisinmapc,correspondingto P(A = = 0);
the point B is in w4 ¢, corresponding to P(A = 1, u = 0); the point C is in wagc
corresponding to P(A =0, u = 1).

We have then proven that a plane through A, B, C exists. Let us suppose that

7' P=A+ Au+ pv.

gives a plane through the points A, B, C (which are not on the same line) with « and
v linearly independent (so its direction is given by S, = L(u, v)). This means that
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B—A € L(u,v)andC — A € L(u, v).Since the spaces are both two dimensional,
this reads L(B — A, C — A) = L(u, v), proving that 7’ coincides with 74 gc. O

Exercise 14.2.20 Let A =(1,2,0), B=(1,1,1) and C = (0,1, —1) be three
points in A3, They are not on the same line, since the vectors B — A = (0, —1, 1)
and C — A = (—1, —1, —1) are linearly independent. A vector equation of the plane

TABC 18
T (x,y,20=(,2,0)+ A0, —1,1)+ pu(—1,—1, —1).

14.3 General Linear Affine Varieties and Parallelism

The natural generalisation of (straight) lines and planes leads to the definition of a
linear affine variety L in A", where the direction of L is a subspace in R” of dimension
greater than 2.

Definition 14.3.1 A linear affine variety of dimension k in A" is a set
L={PecA" : (P—-Q)eV}

where Q is a point in the affine space A" and V C R” is a vector subspace of
dimension k in R". The vector subspace V is called the direction of the variety L,
and denoted by S, = V. If V. = L(vy, ..., v), a vector equation for L is

L: P=Q+)\1v1+~-~+)\kvk

for scalars \j, ..., Ay in R.

Remark 14.3.2 1Tt is evident that a line is a one dimensional linear affine variety,
while a plane is a two dimensional linear affine variety.

Definition 14.3.3 An linear affine variety of dimension n — 1 in A" is called a
hyperplane in A",

It is clear that a line is a hyperplane in A2, while a plane is a hyperplane in A3.

Exercise 14.3.4 We consider the affine space A*, the point Q with coordinates
0 = (2,1, 1, 2) with respect to a given reference system (O, B), and the vector sub-
space S = L(vy, va, v3) in R* with generators v; = (1,0, 1,0), v, = (2, 1,0, —1),
v3 = (0,0, —1, 1) with respect to B. The vector equation of the linear affine variety
L with direction S; = L(vy, vy, v3) and containing Q is

L (x,x2,x3,x4) = (2,1, 1,2) + Ai(1,0,1,0) + A2(2, 1,0, =1) + A3(0, 0, =1, ),
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while its parametric equation reads

X1 =24+ A +2)\
=14+

x3=14+X— X3
X4 =2—X+ A3

Definition 14.3.5 Let L, L’ be two linear affine varieties of the same dimension k
in A". We say that L is parallel to L' if they have the same directions, that is if
SL=Su.

Exercise 14.3.6 Let L, C A" be aline through the origin. A line L in A" is parallel
to Lo if and only if L = T,,(Lo), for w € R". From the Remark 14.2.15 we know
that L = Lo if and only if w € S;.

Let us consider the line through the originin A2 givenby Lo : (x, y) = A(3, =2).
A line will be parallel to L if and only if its vector equation is given by

L: (x,y)= (o, 83+ X3, -2),

with (o, 3) € R?. The line L is moreover distinct from L’ if and only if (cv, 3) ¢ S;.

Definition 14.3.7 Let us consider in A" a linear affine variety L of dimension k and
a second linear affine variety L’ of dimension k', with k > k’. The variety L is said
to be parallel to L' if S;» C Sy, that is if the direction of L’ is a subspace of the
direction of L.

Exercise 14.3.8 Let us consider in A3 the plane given by
m: (x,y,2)=1(0,2,-1) + X\ (1,0, 1) + X2(0, 1, 1).
We check whether the following lines,

ry (X’Y»Z)ZA(I»—LO)
ry: (x,y,2) =1(0,3,0) + (1, 1,2)
ry: (x,y,2)=(,—=1,1)+ A1, 1, 1),

are parallel to 7.

If S; denotes the direction of 7, we clearly have that S, = L(wy, wy) = L£((1, 0, 1),
(0,1, 1)), while we denote by v; a vector spanning the direction S,, of the line
ri, i = 1,2, 3. To verify whether S,, C S it is sufficient to compute the rank of the
matrix whose rows are given by (w;, wa, v;).

e Fori = 1, after a reduction procedure we have,

wi 1 01 101
wy| =011 — 011
v 1-10 011
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Since this matrix has rank 2, we have that v € L(w;, wy), thatis S, C S,. We
conclude that r; is parallel to 7. One also checks that r; ¢ m, since (0, 0,0) € r;
but (0, 0, 0) ¢ 7. To show this, one notices that the origin (0, 0, 0) is contained in
m if and only if the linear system

0=X
0,0,0) =(0,2,—1) + (1,0, 1) + \r(0,1,1) = 0=2+X\
O=—-14+X\+ X\

has a solution. It is evident that such a solution does not exist.
e Fori = 2 we proceed as above. The following reduction by rows

wi 101 101
wy| =011 — 011
() 112 011

shows that v, € L(wy, wy), thus r; is parallel to 7. Now r, C 7: a point P isin r;
if and only there exists a A € R such that P = (A, A 4 3, 2)\). For any value of ),
the linear system

A=\
OA+3.20 = (0,2, =D+ A (1,0, D)+ X0, 1,1) = {AX+3=24+X
2\

has the unique solution A\ = A\, Ay = A+ 1.
e For i = 3 the following reduction by rows

w 101 101
w | =lo11] —» Jot11
3 111 010

shows that the matrix ’(wy, w,, v3) has rank 3, so r3 is not parallel to 7.

Definition 14.3.9 Let L, L’ C A” two distinct linear affine varieties. We say that L
and L' are incident if their intersection is non empty, while they are said to be skew
if they are neither parallel nor incident.

Remark 14.3.10 1t is easy to see that two lines (or a line and a plane) are incident
if they have a common point. Two distinct planes in A” (with n > 3) are incident if
they have a common line.

Exercise 14.3.11 In the affine space A® we consider the line 73 and the plane 7
as in the Exercise 14.3.8. We know already that they are not parallel, and a point
P = (x, y, z) belongs to the intersection r3 N 7 if and only if there exists a A such that
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P=(04+X—-1+X1+X) €r; and there exist scalars A, A, such that
P =(\1,24+ X\, =1+ A; + \2) € 7. These conditions are equivalent to the linear
system

1+A=X

—14+A=2+X

1+ A==14+XN+ X\

that has the unique solution (A =4, A =5, ; =1). This corresponds to
P=(,3,5 € rsNm.

Exercise 14.3.12 Consider again the lines r; and r; in the Exercise 14.3.8. We know
they are not parallel, since v; ¢ L(v;). They are not incident: there are indeed no
values of A\ and u such that a point P = A(1, —1,0) in r; coincides with a point
P =(0,3,0) + u(1, 1, 2) in ry, since the following linear system

A=p
—“A=34+pu
0=2pu

has no solution. Thus r; and r, are skew.

Exercise 14.3.13 Given the planes

T (x,,2) =02, =D+ A\(1,0, 1) + X0, 1, 1)
7 (e, y,2) =0, —1,1) 4+ 20,0, 1) + A2, 1, —1)

in A3, we determine all the lines which are parallel to both 7 and .

We denote by r a generic line satisfying such a condition. From the Defini-
tion14.3.5, we require that S, € S, NS, for the direction S, of r. Since
Sy = L((1,0, 1), (0, 1, 1)) while S, = £((0, 0, 1), (2, 1, —1)), in order to compute
S, N S, we write the condition

a(1,0,1) +£(0,1,1) =a/'(0,0, 1) + 3'(2, 1, —1)

as the linear homogeneous system for (o, 3, o/, 5') given by X : AX = 0 with

100 2 g
A=loto1 ), x=|",
1111 ,

—B

The space of solution for such a linear system is easily found to be

Sy ={(a, B, —a/, =) =12, 1,—4,—1) : t € R},
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so we have that the intersection S; N S is one dimensional and spanned by the
vector
2(1,0, 1)+ (0,1,1) =4(0,0, ) + (2,1, —=1) = (2, 1, 3).

This gives that S, = L£((2, 1, 3)), so we finally write
r: (x,y,2) =(a,b,c)+A2,1,3).

for an arbitrary (a, b, c) € A3,

14.4 The Cartesian Form of Linear Affine Varieties

In the previous sections we have seen that a linear affine variety can be described
either with a vector equation or a parametric equation. In this section we relate linear
affine varieties to systems of linear equations.

Proposition 14.4.1 A linear affine variety L C A" corresponds to the space of the
solutions of an associated linear system with m equations in n unknowns, that is

Y, : AX =B, for AeR"". (14.7)

Moreover, the space of solutions of the corresponding homogeneous linear system
describes the direction space S;, = Lo of L, that is

ELO . AX =0.

We say that the linear system X; given in (14.7) is the cartesian equation for
the linear affine variety L of dimension n — rk(A). By computing the space of the
solutions of X in terms of n — rk(A) parameters, one gets the parametric equation
for L. Conversely, given the parametric equation of L, its corresponding cartesian
equation is given by consistently ‘eliminating’ all the parameters in the parametric
equation. This linear affine variety can be represented both by a cartesian equation
and by a parametric equation, which are related as

linear system ¥ : AX = B space of the solutions for ¥ : AX = B
(cartesian equation) (parametric equation)

Notice that for a linear affine variety L a cartesian equation is not uniquely deter-
mined: any linear system X’ which is equivalent to ¥, (that is for which the spaces
of the solutions for £; and X’ coincide) describe the same linear affine variety. An
analogue result holds for the direction space of L, which is equivalently described
by any homogenous linear system X, equivalent to X ,.
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We avoid an explicit proof of the Proposition 14.4.1 in general, and analyse the
equivalence between the two descriptions via the following examples.

Exercise 14.4.2 Let us consider the line » C A? with parametric equation

x=1+A
y=2-—-X"

We can express the parameter A in terms of x from the first relation, that is
A = x — 1, and replace this in the second relation, having

x+y—-3=0.

We set
s ={(x,y)eA®:x+y—-3=0)

and show that s coincides with r. Clearly r C s, since a point with coordinates
(1+ X, 2 — ) € r solves the linear equation for s:

I+MN+Q2-X)N-3=0.

In order to prove that s Cr, consider a point P = (x,y) € s, so that
P = (x,y =3 — x) for any value of x: this means considering x as a real parame-
ter. By writing A =x — I, wehave P = (x = A+ 1,y =2 — )) forany A € R, so
P € r. We have then s = r as linear affine varieties.

Proposition 14.4.3 Givena, b, c inRwith (a, b) # (0, 0), the solutions of the equa-
tion
1 ax+by+c=0 (14.8)

provide the coordinates of all the points P = (x, y) of a line r in A> whose direc-
tion S, = L((—b, a)) is given by the solutions of the associated linear homogenous
equation

¥, ax+by=0.
Moreover, ifr C A? is a line with direction S, = L((—b, a)), then there exists ¢ € R
such that the cartesian form for the equation of r is given by (14.8).

Proof We start by showing that the solutions of (14.8) give the coordinates of the
points representing the line with direction £((—b, a)) in parametric form.
Let us assume a # 0. We can then write the space of the solutions for (14.8) as

b c
xy)=(F-p——,p
a a
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where 1 € R is a parameter. By rescaling the parameter, that is defining A = pu/a,
we write the space of solutions as the points having coordinates,

(x.y) = (—=bX — =.a))
a

= (=<,0) + M=b, a).
a

This expression gives the vector (and the parametric) equation of a line through
(—c/a, 0) with direction S, = L((—b, a)).
If a = 0, we can write the space of the solutions for (14.8) as

c
o, y) = (= )

where 11 € R is a parameter. By rescaling the parameter, we can write
c c
(x,y) = (=Ab, — Z) = (0, _E) + A(=b, 0),

giving the vector equation of a line through the point (0, —c/b) with direction
Sy = L((=b,0)).
Now let r be a line in A? with direction S, = L((—b, a)). Its parametric equation

is of the form
{ X =x9— b\

Yy =yo+a

where (xo, yo) is an arbitrary point in A%, If @ # 0, we can eliminate \ by setting

Yy =Y
a

)\:

from the second relation and then

b

x=x0— = (=),

a

resulting into the linear equation
ax+by+c=0
with ¢ = —(axg + byy).
If a = 0 then b # 0, so by rescaling the parameter as ;1 = xo — Ab, the points of

the line r are (x = u, ¥y = yo). This is indeed the set of the solutions of the linear

equation
ax+by+c=0
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with a = 0 and ¢ = —byy. We have then shown that any line with a given direction
has the cartesian form given by a suitable linear equation (14.8). O

The equation ax + by + ¢ = 0 is called the cartesian equation of a line in A2,

Remark 14.4.4 As already mentioned, a line does not uniquely determine its carte-
sian equation. With ax + by 4+ ¢ = 0 the cartesian equation for r, any other linear
equation

pax + pby + pc =0, with p#0

yields a cartesian equation for the same line, since
pax +pby+pc=0 & plax+by+c)=0 <& ax+by+c=0.

Exercise 14.4.5 Theline ¥, : 2x — y + 3 = 0in A% hasdirection %,, : 2x —y =0,
or S, = L((1, 2)).

Exercise 14.4.6 We turn now to the description of a plane in the three dimensional
affine space in terms of a cartesian equation. Let us consider the plane 7 C A3 with
parametric equation

x=142\+p
T y=2—-A—pu
Z=U

We eliminate the parameter . by setting 1 = z from the third relation, and write

x=142\+z
T y=2-A—z
B=z

We can then eliminate the parameter \ by using the second (for example) relation,
so to have A = 2 — y — z and write

x=142Q—-y—2)4+z
e A=2—y—z2
H=2z
Since these relations are valid for any choice of the parameters A and y, we have
a resulting linear equation with three unknowns:

Yr: x+2y+z-5=0.

Such an equation still represents 7, since every point P € 7 solves the equation (as
easily seen by taking P = (1 + 2\ + p, 2 — A — pu, p)) and the space of solutions
of X, coincides with the set 7.
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This example has a general validity for representing in cartesian form a plane in
A3. A natural generalisation of the proof of the previous Proposition 14.4.3 allows
one to show the following result.

Proposition 14.4.7 Given a, b, ¢, d in R with (a, b, ¢) # (0, 0, 0), the solutions of
the equation
Y1 ax+by+cz4+d=0 (14.9)

provide the coordinates of all the points P = (x, y, z) of a plane 7 in A3 whose
direction S; is given by the solutions of the associated linear homogenous equation

Yr,: ax+by+cz=0. (14.10)

If T C A3 is a plane with direction S, = R? given by the space of the solutions
of (14.10), then there exists d € R such that the cartesian form for the equation of
7 is given by (14.9).

The equation
ax+by+cz+d=0

is called the cartesian equation of a plane in A3.

Remark 14.4.8 Analogously to what we noticed in the Remark 14.4.4, the cartesian
equation of a plane 7 in A3 is not uniquely determined, since it can be again multiplied
by a non zero scalar.

Exercise 14.4.9 We next look for a cartesian equation for a line in A3, As usual,
by way of an example, we start by considering the parametric equation of the line
r C A’ given by

x =142\
r: y=2-X
Z=2A

By eliminating the parameter A via (for example) the third relation A = z we have

x=1+4+2z
r: y=2-z
A=z

Since the third relations formally amounts to redefine a parameter, we write

x—2z—1=0
PO )
{y—i—z—Z:O

which is a linear system with three unknowns and rank 2, thus having oo! solutions.
In analogy with the procedure used above for the other examples, it is easy to show
that the space of solutions of X, coincides with the line r in A3



254 14 Affine Linear Geometry

The following result is the natural generalisation of the Propositions 14.4.3 and
14.4.7.

Proposition 14.4.10 Given the (complete, see the Definition 6.1.5) matrix

_ (a1 by c; —d, 2,4
(A, B) = (az o _d2> R

with

ar by ¢

rk(A) = rk (‘” by Cl) =2,

the solutions of the linear system

aix +byy+ciz+d =0

14.11
ax +byy+crz4+dy =0 ( )

¥, AX=B & {

provide the coordinates of all the points P = (x, v, z) of aline r in A® whose direction
S, is given by the solutions of the associated linear homogenous system

%, AX =0. (14.12)

)

Ifr C A% is a line whose direction S, = R is given by the space of the solutions
of the linear homogenous system (14.12) with A € R>? and tk(A) = 2, then there
exists a vector B = '(—d,, —dy) such that the cartesian form for the equation of r
is given by (14.11).

The linear system
o aix +byy+ciz+d =0
r ax +byy+crz+dy =0

ay by ¢

with rk <a2 by ¢

) = 2 is called the cartesian equation of the line r in A3

Remark 14.4.11 We notice again that the cartesian form (14.11) is not uniquely
determined by the line r, since any linear system X’ which is equivalent to X,
describes the same line.

We now a few examples of linear affine varieties described by cartesian equations
obtained via removing parameters in their parametric equations.

Exercise 14.4.12 We consider the hyperplane in A* with parametric equation

x=14+A+upu+v
y=A-p
I=p+v

t=v
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Let us eliminate the parameters: we start by eliminating y via the fourth relations,
then v by the third relation and eventually A via the second relation. We have then

x=14+XN+p+t x=14+A+(@—1)+t
y=A—p y=A—-(z—-1)
H:

Z=p+t < H=2z—1

v=t V=t
x=14+@+z—-1)+(@—1)+t

N A=y+z—t

p=z—t
v=t

As we have noticed previously, since these relations are valid for each value of
the parameters A\, i, v, the computations amount to a redefinition of the parameters
to y, z, t, so we consider only the first relation, and write

Ygp: x—y—2z4t—-1=0
as the cartesian equation of the hyperplane H in A* with the starting parametric
equation. The direction Sy = R3 of such a hyperplane is given by the vector space
corresponding to the space of the solutions of the homogeneous linear equation
x—y—2z4+1t=0.
Exercise 14.4.13 We consider the plane 7 in A® whose vector equation is given by

m: P =0+ Av + pvy,

with O = (2,3,0) and v; = (1,0, 1), v = (1, —1, 0). By denoting the coordinates
P = (x,y, 7) we write

X 2 1 1
Z 0 1 0

which reads as the parametric equation

xX=24+A+pu
e y=3—pu
Z=A
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If we eliminate the parameters we write

A=z
H : p=3—y
xX=24+z+3—y

so to have the following cartesian equation for 7:
Y:: x+y—z—5=0.

The direction S; = R? of the plane 7 is the space of the solutions of the homo-
geneous equation
x+y—2z=0,

and it is easy to see that S, = L(vy, v2).

Exercise 14.4.14 Weconsidertheliner : P=0Q + AvinA*, withQ = (1, —1,2, 1)
and direction vector v = (1, 2, 2, 1). Its parametric equation is given by

xi=14+2X
.X2=2—)\
x3=242\"
x4=1+A

If we use the first relation to eliminate the parameter A\, we write

/\=)C1—1

X =2—(x;— 1)
x3=242(x;—1)
xp=1+01 -1

which amounts to the following cartesian equation

X1+X2—3=0
PIM 2x1+x3=0
X1+x4=0

Again, the direction S, = R of the line r is given by the space of the solutions for
the homogeneous linear system

X1 +x=0
2x1+x3=0.
X1 +x4=0

It is easy to see that S,, = L(v).
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Exercise 14.4.15 We consider the plane m C A3 whose cartesian equation is
Yr: 2x—y+z—1=0.

By choosing as free unknowns x,y, we have z = —2x+y+ 1, that is
P = (x,y,z) € wif and only if

(x,v,2)=(a,b,-2a+b+1)=(0,0,1)+a(1,0,-2) + b0, 1,1)

for any choice of the real parameters a, b. The former relation is then the vector
equation of .

Exercise 14.4.16 We consider the line » € A? with cartesian equation

5 - x—y+z—-1=0
"o 2x+y+2=0

In order to have a vector equation for r we solve such a linear system, getting

) y=—-2x—-2
R i

Then the space of the solutions for X, is given by the elements
(xv yv Z) = (a’ _2a - 27 _3a - 3) = (05 _2’ _3) + a(l’ _2’ _3)'
This relation yields a vector equation for r.

We conclude this section by rewriting the Proposition 14.4.1, whose formulation
should appear now clearer.

Proposition 14.4.17 Given the matrix

ayp ap ... ay —b
day; dyy ... dyy —b2 mn
(A,B) = | . . e R™
Aml Am2 - -« Amn _bm
with
ay ap ... dy
ajy dyy ... dyy

rk(A) = 1k . . =m < n,

Aml Am2 -« - pp
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the solutions of the linear system

apxy+apxy+ -+ apx, +by =0
S, AX=B < .. (14.13)
am1X] + am2 X2 + e + AmnXn + bm = 0

give the coordinates of all points P = (x1, X2, . .., X,,) of a linear affine variety L in
A" of dimension k = n — m and whose direction Sy, is given by the solutions of the
associated linear homogenous system

¥, AX=0. (14.14)
If L C A" is a linear affine variety of dimension k, whose direction S; = R is
the space of solutions of the linear homogenous system AX = 0 with A € R™" and

tk(A) = m < n, then there is a vector B = '(—by, ..., —b,,) such that the cartesian
form for the equation of L is given by (14.13).

14.5 Intersection of Linear Affine Varieties

In this section, by studying particular examples, we introduce some aspects of the
general problem of the intersection (that is of the mutual position) of different linear
affine varieties.

14.5.1 Intersection of two lines in A?
Let 7 and 7’ be the lines in A2 given by the cartesian equations

.. ax+by+c=0; o0 adx+by+c =0.
Their intersection is given by the solutions of the linear system

s ax +by = —c
ror’ a/x +b/y — _C/~

ab ab —c
A= <Cl/ b/)a (A,B) = <a/ b _C/>

the matrices associated to such a linear system, we have three different possibilities:

By defining

e ifrk(A) = 1k((A, B)) = 1,thesystem X,n, is solvable, with the space of solutions
Sy, containing oo! solutions. This means that » = r/, the two lines coincide;

e ifrk(A) =1k((A, B)) = 2,thesystem X, is solvable, with the space of solutions
Sy, made of only one solution, the point P = (xo, yo) of intersection between
the lines r and r’;
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e if tk(A) =1 and rk((A, B)) = 2, the system X,~,s is not solvable, which means
that » N r’ = @J; the lines r and r’ are therefore parallel, with common direction
given by L((—b, a)).

We can summarise such cases as in the following table

tk(A)|tk((A, B)[Sx, ., [r N’

1 1 ool |r=r

2 2 1 P = (x0, yo)
1 2 [7] 7

The following result comes easily from the analysis above.

Corollary 14.5.2 Given the lines r and r' in A’ with cartesian equations
S, iax+by+c=0and ¥, : a’x +b'y + ¢’ =0, we have that

r=r <+ rk(a/ b/ _C/) = 1.
ab —c

Exercise 14.5.3 Given the lines r and s on A whose cartesian equations are
X, x+y—1=0, Yoo o x+2y4+2=0,

we study their mutual position. We consider therefore the linear system

) x+y=1
Erﬂs- {)C+2y:—2

The reduction

111 111 -
(A,B):<12_2) > <01_3)=(A,B)

proves that rk(A, B) = tk(A’, B’) = 2 and rk(A) = rk(A’) = 2. The lines r and s
have a unique point of intersection, which is computed to be r N s = {(4, —3)}.

Exercise 14.5.4 Consider the lines r and s, given by their cartesian equations
Y.: x+y—1=0, Y, 0 x+ay+2=0

with a € R a parameter. We study the mutual position of 7 and s,, as depending on
the value of a. We therefore study the linear system

5 ) x+y=1
rNsy * x+ay:_2 N



260 14 Affine Linear Geometry

We use the reduction

111 111 )
(A’B)=<la—2> ~ <Oa—1—3>=(A’B)’

proving thatrk (A, B) = rk(A’, B") = 2 forany value of o, whilerk (A) = rk(A") = 2
if and only if a # 1. This means that r is parallel to s, if and only if @ = 1 (being
insuch acase Xy, : x + y + 2 = 0), while for any o # 1 the two lines intersects in
one point, whose coordinates are computed to be

a+2 3
—1'l—«

rNs, = ( ).

The following examples show how to study the mutual position of two lines which
are not given in the cartesian form. They present different methods without the need
to explicitly transforming a parametric or a vector equation into its cartesian form.

Exercise 14.5.5 We consider the line r in A? with vector equation
rio(x,y)=(1,2)+ A0, 1),
and the line s whose cartesian equation is
Y1 2x—y—6=0.

These line intersect for each value of the parameter A giving a point in » whose
coordinates solve the equation ;. From

x=1+2A
y=2-2X

we have
20+0)—-2—-N—-6=0 < \=2.

This means that » and s intersects in one point, the one with coordinates
(x=3,y=0).

Exercise 14.5.6 As in the exercise above we consider the line » given by the vector
equation
r: (,y)=0,-1)4+X2,-1)

and the line s given by the cartesian equation

Y x+2y—-3=0.
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Their intersections correspond to the value of the parameter A which solve the
equation
A4+2)+2(-1=M)—-3=0 & —-4=0.

This means that » N s = @J; these two lines are parallel.

Exercise 14.5.7 Consider the lines r and s in A? both given by a vector equation,
for example

re (uy)=00+A(1,-2), s: (xy)=0,-D+p=1L1D.

The intersection r N s corresponds to values of the parameters A and . for which
the coordinates of a point in r coincide with those of a point in s. We have then to
solve the linear system

l+A=1—pu N A=—pu A=1

Having such a linear system one solution, the intersection s N r = P where the
point P corresponds to the value A = 1 in r or equivalently to the value = —1 ins.
Thenr Ns = (2, —2).

Exercise 14.5.8 As in the previous exercise, we study the intersection of the lines
re ey =0, D+A=L2), s () =(1,2) + pdd, =2).
We proceed as above, and consider the linear system

1420 =22y l—2u=2-2u < Y1=2 -

Since this linear system is not solvable, we conclude that  does not intersect s,
and since the direction of r and s coincide, we have that r is parallel to s.

14.5.9 Intersection of two planes in A3
Consider the planes 7 and 7’ in A® with cartesian equations given by

Y. ax+by+cz+d=0, X.: dx+by+dz+d =0.
Their intersection is given by the solutions of the linear system

ax+by+cz+d=0

X - {a/x—l-b/y—i—c/z—i—d’:O
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which is characterized by the matrices

abc abc —d
A = <a/ b C’)’ (A’B) = <a/b/ c _d/)

We have the following possible cases.

tk(A)|rk((A, B))|Ss . |m N7’
1 1 o0o? |m=n
2 2 ool line

1 2 [7] 7

Notice that the case m N 7" = @ corresponds to 7 parallel to 7’.
The following corollary parallels the one in Corollary 14.5.2.

Corollary 14.5.10 Consider two planes m and 7' in A® having cartesian equations
Sriax+by+cz+d=0and X, : adx+by+c'z+d =0. One has

o abc—-d\ _
T=70 < rk(a’b’c’—d’>_l'

Exercise 14.5.11 We consider the planes 7 and 7’ in A® whose cartesian equations
are

Yr: x—y+3z4+2=0 Xp: x—y+z+1=0.
The intersection is given by the solutions of the system

xX—y+3z=-2

pISCHI
: {x—y—i—z:—l

By reducing the complete matrix of such a linear system,

1-13-2 1-13-2
(4. 8) = (1—11—1) ~ <0 0 2—1)’

we see thattk(A, B) = rk(A) = 2, so the linear system has oo! solutions. The inter-
section m N 7’ is therefore a line with cartesian equation given by X, .

Exercise 14.5.12 We consider the planes 7 and 7’ in A® given by

Yr: x—y+z+2=0 X.: 2x—-2y+4+2z+1=0.
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As in the previous exercise, we reduce the complete matrix of the linear system
1—-11-=2 1-11-=2
(A’B)=<2—22—1) = (ooo3>’

to get tk(A) = 1 while tk(A, B) =2, so m N7’ = {J. Since these planes are in A3,
they are parallel.

E’Kﬁﬂ/ 5

Exercise 14.5.13 We consider the planes 7, 7', 7" in A® whose cartesian equations
are given by

Y0 x—2y—2z+4+1=0
Yr: o x+y—2=0
Yot 2x—4y—-2z—-5=0.
For the mutual positions of the pairs 7, 7’ and 7, ", we start by considering the
linear system

x—2y—z=-—1

AL {x—l—y:Z

For the complete matrix
1-2-1-1
(4. 8) = (1 1o 2)
we easily see that tk(A) = rk(A, B) = 2, so the intersection 7w N 7’ is the line whose

cartesian equation is the linear system X q .
For the intersections of 7 with 7" we consider the linear system

5 ] x—=2y—z=-1
TOx” - 2x—4y—2z=5

The complete matrix
1-21 —1
(4,8) = <2—4—2 5)’
has rk(A) = 1 and rk(A, B) = 2. This means that X,~,» has no solutions, that is

the planes m and 7’ are parallel, having the same direction given by the vector space
solutions of Sy, : x —2y —z =0.
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14.5.14 Intersection of a line with a plane in A3
We consider the line 7 and the plane 7 in A® given by the cartesian equations

s, {a]x+bly+qz+d1=0 St ax+by+eztd=0.

ax +byy+crz4+d,=0"
Again, their intersection is given by the solutions of the linear system

aix + b1y +ciz = —d
DIFTII arx + by + 2= —d, ,
ax +by+cz=—-d

with its associated matrices

a, by ¢ ay by ¢; —d,
A=|awbal, (AB) =labcao-—-d
a b c a b c —d

Since the upper two row vectors of both A and (A, B) matrices are linearly
independent, because the corresponding equations represent a line in A, only the
following cases are possible.

tk(A) [tk((A, B))|Ss,, |7 Nr
2 2 ool |r
3 3 oo |point
2 3 0 [

Notice that, when rk(A) =rk(A, B) = 2, it is r C m, while, if tk(A) = 2 and
rk(A, B) = 3, then r is parallel to 7. Indeed, when rtk(A) = 2, then S, C S, the
direction of r is a subspace in the direction of 7. In order to show this, we consider
the linear systems for the directions S, and S,

5, {alx+b1y+clz=0 s

ax +byy+cz=0" ot ax+by+cz=0.

Since rk(A) = 2 and the upper two row vectors are linearly independent, we can
write
(a,b,c) = Ai(ar, by, c1) + Aa(az, by, ¢2).

If P = (xo, yo.20) is a point in S, then a;xo + b; yo + cizo = 0 fori = 1, 2. We
can then write
axo + byg + czo = (Miar + Aaz)xo + (Miby + Xab2)yo + (Aict + Aac2)zo
= Ai(a1xo + bryo + c120) + Aa(azxo + bayo + ¢220)
=0

and this proves that P € S, that is the inclusion S, C S.
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Exercise 14.5.15 Given in A’ the line 7 and the plane 7 with cartesian equations
o ]x=2y—z+1=0 . _
DIM {x+y—2=0 , i 2x4+y—2z—5=0,

their intersection is given by the solutions of the linear system X~ : AX = B whose
associated complete matrix, suitably reduced, reads

1-2-1-1 1
A,B=|110 2| » [1
21 -25 0

2-1-1

2 | =, B).
7

Ul»—tl
ool

Then rk(A) = 3 and rk(A, B) = 3, so the linear system X, has a unique solu-
tion, which corresponds to the unique point P of intersection between r and 7. The
coordinates of P are easily computed to be P = (%, % —g).

Exercise 14.5.16 We consider in A® the line r and the plane 7, with equations
) x=2y—-z+1=0 . _
DIM {x—i—y—Z:O , Y. 2x+hy—27-5=0,

where h is a real parameter. The complete matrix of to the linear system
X o AX = B giving the intersection of 7, and r is

We notice that the rank of Aj is at least 2, with rk(A;,) = 3 if and only if
det(Ay) # 0. Itisdet(A,) = —h — 4,sork(A;,) = 3 if and only if 4 # —4. In such
acaserk(Ap) = 3 =rk(A;, B), and this means that 7 and 7;,_4 have a unique point
of intersection.

If h = —4, then rk(A_4) = 2: the reduction

1-2—1-1 1-2-1-1
A.B=l1102]| - (11 0 2
2-4-25 00 0 7

shows that rk(A_4, B) = 3, so the linear system A_4X = B has no solutions, and r
is parallel to 7.
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Exercise 14.5.17 As in the Exercise 14.5.15 we study the intersection of a plane 7
(represented by a cartesian equation) and a line r in A® (represented by a parametric
equation). Consider for instance,

r: (x,y,2) = 3,-1,5 + X1, —-1,2), ;i x+y—z+4+1=0.

As before, the intersection 7 N r corresponds to the values of the parameter A
for which the coordinates P = (3 + A\, —1 — A\, 5+ 2)\) of a point in r solve the
cartesian equation for 7, that is

B+MN+(1=-X)-06+20)+1=0 = -22-2=0 = I=-1.

We have then r N7 = (2, 0, 3).

14.5.18 Intersection of two lines in A3
We consider a line  and a line 7’ in A3 with cartesian equations

{alx—f—bly—l—clz—}—dlzo o

ajx +byy+ciz+d; =0
X +byy+crz+dy=0" re

ayx +byy +chz+dy =0°

The intersection is given by the linear system X,,» whose associated matrices are

ay by ¢ ay by ¢; —d,
A= |eel 4= [eked
ay by ¢ ay by ¢ —d,
ay by ¢ ay b ¢; —d,

Once again, different possibilities depending on the mutual ranks of these. As
we stressed in the previous case 14.5.14, since r and r’ are lines, the upper two row
vectors Ry and R, of both A and (A, B) are linearly independent, as are the last two
row vectors, Rz and R4. Then,

rk(A)|rk((A, B)|Ss. . |r N7’
2 |2 oo |r
3 3 oo¥  [point
2 3 g |0
3|4 g |0

In the first case, with rk(A) = rk(A, B) = 2, the lines r, r’ coincide, while in the
second case, with tk(A) = rk(A, B) = 3, they have a unique point of intersection,
whose coordinates are given by the solution of the system AX = B.
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In the third and the fourth case, the condition rk(A) # rk(A, B) means that the
two lines do not intersect. If rk(A) = 2, then the row vectors R; and R4 of A are both
linearly dependent of R; and R,, and therefore the homogeneous linear systems

s ajx +biy+cz=0 o ax+biy+cz=0
ro ax +byy+cz=0" To ayx +byy +cyz=0"

are equivalent. We have then that S, = S, the direction of r coincide with that of
r’, that is r is parallel to r’. If tk(A) = 3 (the fourth case in the table above) the lines
are not parallel and do not intersect, so they are skew.

Exercise 14.5.19 We consider the line 7 and r’ in A> whose cartesian equations are

o x—=y+2z+1=0 5 y—z+2=0
o lx4+z—-1=0 ’ "o lx4+y+z=0"

We reduce the complete matrix associated to the linear system X,n~,/, that is

-1 2 -1 -1 2 -1
10 11 01 —1 2
AB =151 12| 7 o1 =122
111 0 02 -1 1
-1 2 -1

01 —1 2 .

= oo o —a| =« B
00 1 -3

Since rk(A") = 3 and rk(A’, B") = 4, the two lines are skew.



Chapter 15 ®)
Euclidean Affine Linear Geometry oo

15.1 Euclidean Affine Spaces

In the previous chapter we have dealt with the (real and linear) affine space A" as
modelled on the vector space R”. In this chapter we study the additional structures
on A" that come when passing from R” to the euclidean space E” (see the Chap. 3).
Taking into account the scalar product allows one to introduce metric notions (such
as distances and angles) into an affine space.

Definition 15.1.1 The affine space A" associated to the Euclidean vector space
E" = (R", -) is called the Euclidean affine space and denoted E”. A reference system
(0, B) for E" is called cartesian orthogonal if the basis 3 for E" is orthonormal.

Recall that, if B is an orthonormal basis for E”, the matrix of change of basis
MEB (the matrix whose column vectors are the components of the vectors in B
with respect to the canonical basis &) is orthogonal by definition (see the Chap. 10,
Definition 10.1.1), and thus det(M*-5) = +1.

In our analysis in this chapter we shall always consider cartesian orthogonal
reference systems.

Exercise 15.1.2 Let r be the (straight) line in E? with vector equation
(x,y)=(1,=2)+ A1, =1).

We take A = (1, —2) and v = (1, —1). To determine a cartesian equation for 7,
in alternative to the procedure described at length in the previous chapter (that is
removing the parameter \), one observes that, since £(v) is the direction of r, and
thus the vector u = (1, 1) is orthogonal to v, we can write
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P=(x,y)er < P—AecL(v)
— (P—-A)-u=0
= x-1,y+2)-(1,1)=0.

This condition can be written as
x+y+1=0,

yielding a cartesian equation %, for r.

This exercise shows that, if r is a line in E> whose vector equation is
r : P = A+ \v, with u a vector orthogonal to v so that for the direction of r one
has S, = L(u)*, we have

Per & (P—-A)-u=0.
This expression is called the normal equation for the line r.

We can generalise this example to any hyperplane.

Proposition 15.1.3 Let H C E" be a hyperplane, with A € H. If u € R" is a non
zero vector orthogonal to the direction Sy of the hyperplane, that is L(u) = (Sy)*,
then it holds that

PeH < (P—-A) -u=0.

Definition 15.1.4 The equation
Ny: (P=A)-u=0

is called the normal equation of the hyperplane H in E". If n = 2, it yields the normal
equation of a line; if n = 3, it yields the normal equation of a plane.

Remark 15.1.5 Notice that, as we already seen for a cartesian equation in the previ-
ous chapter (see the Remark 14.4.11), the normal equation N for a given hyperplane
in E” is not uniquely determined, since A can range in H and the vector u is given
up to an arbitrary non zero scalar.

Remark 15.1.6 With a cartesian equation
g axy+---+ax,=5b

for the hyperplane for H in E”, one has Sﬁ = L((ay, ..., a,)). This follows from
the definition

Sy =1{(x1,...,x,) €R" : ayx;1 +---+a,x, =0}
Z{('xl"'-axn)ERn : (al""ﬂal‘l)'('x19'~'axn)=0}‘
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With A an arbitrary point in H, a normal equation for H is indeed given by
Nuy: (P—A)-(a,...,a,) =0.

Exercise 15.1.7 We determine both a cartesian and a normal equation for the plane
7 in A3 whose direction is orthogonal to u = (1, 2, 3) and that contains the point
A =(1,0,—1). We have

Ne: (x—1,y,z+1)-(1,2,3) =0,
equivalent to the cartesian equation
Yr: x+2y+3z4+2=0.
Exercise 15.1.8 Given the (straight) line r in A% with cartesian equation
Y0 2x—=3y+3=0

we look for its normal equation. We start by noticing (see the Remark 15.1.6) that the
direction of r is orthogonal to the vector u = (2, —3), and that the point A = (0, 1)
lays in r, so we can write

N, (P=(0,1)-2,-3)=0 & (x,y—1-(2,-3)=0

as a normal equation for r.

From what discussed above, itis clear that there exist deep relations between carte-
sian and normal equations for an hyperplane in a Euclidean affine space. Moreover,
as we have discussed in the previous chapter, a generic linear affine variety in A"
can be described as a suitable intersection of hyperplanes. Therefore it should come
as no surprise that a linear affine variety can be described in a Euclidean affine space
in terms of a suitable number of normal equations. The general case is illustrated by
the following exercise.

Exercise 15.1.9 Let r be the line through the point A = (1,2, —3) in E3 which is
orthogonal to the space £((1, 1, 0), (0, 1, —1)). Its normal equation is given by

[P =a)-(1,1,00=0
N {(P—A)~(O,1,—1)=O’

that is
N x—1,y—2,z+3)-(1,1,0) =0
re x—1,y—2,z+3)-(0,1,—-1) =0

yielding then the cartesian equation
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) x+y—-3=0
X {y—z—S:O'

15.2 Orthogonality Between Linear Affine Varieties

In the Euclidean affine space E” there is the notion of orthogonality. Thus, we have:

Definition 15.2.1 One says that

(a) thelines r, r’ C E" are orthogonal if v-v' = 0 for any v € S, and any v' € S,/,

(b) the planes 7, 7' C E? are orthogonal if u-u’ =0 for any u € S+ and any
u e S#,

(c) the line r with direction v is orthogonal to the plane 7 in E? if v € St

Exercise 15.2.2 We consider the following lines in E2,
X, 2x=2y+1=0,
¥, x+y+3=0,

ry: (x,y)=(,=-3)+ X, 1),
Nyt (x+1,y=4-(1,2)=0

with directions spanned by the vectors

v =(2,2),
v = (1, 1),
vz = (1, 1),
v = (1, -2).

It is immediate to show that the only orthogonal pairs of lines among them are
ry J_r2 andr2 J_r3.

Exercise 15.2.3 Consider the lines r, 7’ C E? given by

x=34+pu
r: (x,y,20=(1,2,1)+X3,0,-1), r': y=2-2u.
z2=3u

We have S, = £((3,0, —1)) and S,» = L((1, —2, 3)). Since
(3,0,-1)-(1,-2,3)=0

we conclude that r is orthogonal to 7.
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Exercise 15.2.4 Let 7 be the plane in E* whose cartesian equation is
Yr: x—y+2z-3=0.

In order to find an equation for the line r through A = (1, 2, 1) which is orthogonal
to ™ we notice from the Remark 15.1.6, that it is S# = L((1, —1, 2)): we can then
write

ro (x,y,2)=(,2,1)+ A1, —-1,2).
Exercise 15.2.5 Consider in E? the line given by

5 - x—=2y+z—-1=0
re x+y=0 )

‘We seek to determine:

(1) a cartesian equation for the plane 7 through the point A = (—1, —1, —1) and
orthogonal to r,
(2) the intersection between r and 7.

We proceed as follows.

(1) From the cartesian equation X, we have that
Sj_ = L((la _25 1)5 (17 1’ 0))

and this subspace yields the direction S;. Since A € 7, a vector equation for 7
is given by

[ (xayaz)z_(15171)+)\(17_27 1)+/U’(17150)
By noticing that S, = £((1, —1, —3)), a normal equation for 7 is given by
Ny (P=A)-(1,-1,-3)=0
yielding the cartesian equation
Y¥:: x—y—3z—-3=0.
(2) The intersection w N r is clearly given by the unique solution of the linear
system
x—=2y+z—-1=0
Xanr x+y=0 ’
x—y—3z—-3=0,

which is P = (6, —6, —7).
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Exercise 15.2.6 We consider again the lines 7 and 7’ in E? from the Exercise 15.2.3.
We know that r L r’. We determine the plane 7 which is orthogonal to " and such
that » C 7. Since £((1, —2, 3)) is the direction of r’, we can write from the Remark
15.1.6 that

Y x—2y+4+3z4+d=0

with d a real parameter. The line r is in 7 if and only if the coordinates of every of
its points P = (1 + 3\, 2, 1 — A\) € r solve the equation X, that is, if and only if
the equation

1+30)-22)+31-N)+d=0

has a solution for each value of \. This is true if and only if d = 0, so a cartesian
equation for 7 is
Y1 x—2y+3z=0.

Exercise 15.2.7 For the planes
Y1 2x4+y—z-3=0, Yr: x+y+3z—-1=0

in E* we have S = £((2, 1, —1)) and S# = L((1, 1, 3)). We conclude that 7 is
orthogonal to 7', since (2, 1, —1) - (1, 1, 3) = 0. Notice that

2,1,-1)e Sy ={(a,b,c,) : a+b+3c=0},

thatis S+ C S,. We can analogously show that S C S;. This leads to the following
remark.

Remark 15.2.8 The planes 7, 7' C E? are orthogonal if and only if S* C S, (or
equivalently if and only if S C S,).

In order to recap the results we described in the previous pages, we consider the
following example.

Exercise 15.2.9 Consider the point A = (1,0, 1) in E3 and the lines r, s with equa-
tions

) _ _ o Jx=y+z+2=0
r: (x,y,2)=0,2,1)4+X3,0,-1), pIP {x—z—l—l:O

‘We seek to determine:

(a) the set F of lines through A which are orthogonal to r,

(b) theline/ € F whichis parallel to the plane w givenby X, : x —y+2z+2 =0,
(c) theline !’ € F which is orthogonal to s,

(d) the lines ¢ C @’ with ¥, : y — 2 = 0 which are orthogonal to r.

For these we proceed as follows.
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(a)

(b)

©

(d)

A line u through A has a vector equation
(x,y,2)=(,0,1) + Aa, b, ¢)

with arbitrary direction S, = L((a, b, ¢)). Since u is to be orthogonal to r, we
have the condition (a, b, c¢) - (3,0, 1) = 3a — ¢ = 0. The set F is then given by
the union F = {ro}oer U {r} with

ra: (x,y,2)=(1,0,1)+pu(l,«,3) for a#0,

and
ri (x,y,2=0{,0,1)4+u0,1,0) for a=c=0.

Since the direction S, of the plane 7 is given by the subspace orthogonal to
L((1, -1, 1)), it is clear from (0, 1,0) - (1, —1, 1) # O that the line 7 is not
parallel to 7. This means that the line / must be found within the set {r,}qcr. If
we impose that (1, o, 3) - (1, —1, 1) = 0, we have a = 4, so the line [ is given
by

[: (x,y,2)=(1,0,1) 4+ u(1, 4, 3).

A cartesian equation for s is given by solving the linear system % in terms of
one free unknown. It is immediate to show that

s (-xayaz):(_1+17a1+2n’n):(_17130)+n(1725 1)
The condition 7, L s is equivalent to (1, o, 3) - (1, 2, 1) = 0, reading a = —2,
so we have
't (x,y,29)=(1,0,1)+ p(l, =2,3).
This is the unique solution to the problem: we directly inspect that 7 is not

orthogonal to s, since (0, 1,0) - (1,2,1) =2 # 0.
A plane 7, is orthogonal to r if and only if

Yo 3x—z+h=0.
The lines g, are then given by the intersection

3x—z4+h=0 .
DIPRE D ISP {y—2=0 with 7 e R.
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15.3 The Distance Between Linear Affine Varieties

It is evident that the distance between two points A and B on a plane is defined to
be the length of the line segment whose endpoints are A and B. This definition can
be consistently formulated in a Euclidean affine space.

Definition 15.3.1 Let A and B be a pair of points in E”. The distance d(A, B)
between them is defined as

d(A,B) =B — All = (B — A) - (B — A).
Exercise 15.3.2 If A = (1,2,0, —1) and B = (0, —1, 2, 2) are points in E*, then
d(A, B) = (-1, =3,2,3)|| = V23,

The well known properties of a Euclidean distance function are a consequence of
the corresponding properties of the scalar product.

Proposition 15.3.3 Forany A, B, C points in E" the following properties hold.

(1) d(A,B) =0,

(2) d(A, B) =0ifandonlyif A = B,
(3) d(A, B) =d(B, A).

(4) d(A, B) +d(B,C) > d(A, CO).

In order to introduce a notion of distance between a point and a linear affine
variety, we start by looking at an example. Let us consider in [E? the point A = (0, 0)
and the line » whose vector equation is (x,y) = (1, 1) + A(1, —1). By denoting
P, = (1 + X, 1 — )) ageneric point in r, we compute

d(A, P\) = V2 +2)2.

It is immediate to verify that, as a function of A, the quantity d(A, P) ranges
between +/2 and +oc: it is therefore natural to consider the minimum of this range
as the distance between A and r. We have then d(A, r) = V2.

Definition 15.3.4 If L is a linear affine variety and A is a point in E”, the distance
d(A, L) between A and L is defined to be

d(A, L) = min{d(A, B) : BeL).

Remark 15.3.5 1Tt is evident from the definition above that d(A, L) = 0 if and only
if A € L. We shall indeed prove that, given a point A and a linear affine variety L in
[E", there always exists a point Ay € L such that d(A, L) = d(Ag, L), thus showing
that the previous definition is well posed.
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Proposition 15.3.6 Let L be a linear affine variety and A ¢ L a pointin E". It holds
that
d(A, L) = d(A, Ag) with Ag=LN(A+SP).

Here the set A + S denotes the linear affine variety through A whose direction is
Si. The point Ay is called the orthogonal projection of A on L.

Proof Since the linear system ;4 1) given by the cartesian equations ¥, and

Iy sk is of rank n with n unknowns, the intersection L N (A + Sf) consists of a
single point that we denote by Ay.
Let B be an arbitrary point in L. We can decompose

with Ag — B € §;. (since both Ag and B arein L) and A — Ag € Si‘ (since both A
and Ay are points in the linear affine variety A + S;-). We have then

(A—=Ap)-(Ao—B)=0
and we write

(d(A, B))* = ||A — B|I* = (A — A¢) + (Ao — B)|I*
= ||A — AollI* + || Ao — BII*.
AS a consequence,
(d(A, B)* > ||A — Aoll* = (d(A, Ag))*

for any B € L, and this proves the claim. O

Exercise 15.3.7 Let us compute the distance between the liner : 2x +y+4 =0
and the point A = (1, —1) in E2. We start by finding the line s, = A + S;* through
A which is orthogonal to r. The direction S;- is spanned by the vector (2, 1), so we
have

sa: (,y)y=({,-1)+ A2, 1).

The intersection Ay = r N s, is then given by the value of the parameter A that
solves the equation
20420+ (—-1+ XN +4=0,

that is A\ = —1 giving A9 = (—1, —2). Therefore we have

d(A,r) = d(A, Ag) = [|2. D] = /5.



278 15 Euclidean Affine Linear Geometry

Exercise 15.3.8 Let us consider in E? the point A = (1, —1, 0) and the line r with
vector equation r : (x, y,z) = (1,2, 1) + A(1, —1, 2). In order to compute the dis-
tance between A and r we first determine the plane 74 := A + S;*. Since the direction
of » must be orthogonal to 74, from the Remark 15.1.6 the cartesian equation for 74
is given by

Yt x—y+2z4+d=0,

with d € R. The value of 4 if fixed by asking that A € w4, thatis 1 +1+d =0
giving d = —2. We then have

Yo, x—y+2z-2=0.

1

The point Ay is now the intersection r N 4, which is given for the value of A = ¢

which solves,
A+ -C2=-N+2(14+2))—-2=0.

It is therefore Ag = (£, 1, 3), with

d(A )—d(AA)—ll(1 17 4)||— >
= A Ao =1 T T g

The next theorem yields a formula which allows one to compute more directly
the distance d(Q, H) between a point Q and an hyperplane H in E".

Theorem 15.3.9 Let H be a hyperplane and Q a point in E" with
Ygcoaix;+ -+ apx, +b=0and Q = (x1,...,x,). The distance between Q
and H is given by

lay x| + -+ -+ ayx,, + b|
d(Q. H) = — :

2 2
al+"'+an

Proof If we consider X = (x1,...,x,)and A = (ay, ..., a,) as vectors in R", using
the scalar product in E”, the cartesian equation for H can be written as

We know that A € § ﬁ, so the line through A which is orthogonal to H is made
of the points P such that
r: P=0+4M\A.

The intersection point Q¢ = r N H is given by replacing X in Xy with sucha P,
that is



15.3 The Distance Between Linear Affine Varieties 279

A-(Q+XA)+b=0 = A-Q+XA-A+b=0

A-Q+Db
A=———.
= A-A
The equation for r gives then
A-Q+Db
Q=0- ———
IA]2
‘We can now easily compute
10— 0ol HA'Q“’ 2
— Q= | —=——
AlI2
A-Q+bP o |A-Q+b
= AP
Al Al

therefore getting

A-Q+b  lax] + - +a.x, +b]

- ="

a%—|—+a%

as claimed. O

Exercise 15.3.10 Consider the line r with cartesian equation X, : 2x +y+4 =0
and the point A = (1, —1) in E? as in the Exercise 15.3.7 above. From the Theorem
15.3.9 we have

2—-1+4
aa, = 2o 1td Jﬁ s

Exercise 15.3.11 By making again use of the Theorem 15.3.9 it is easy to com-
pute the distance between the point A = (1,2, —1) and the plane 7 in E? with
Y:: x+2y—2z43 =0. We have

1+44+2+3 10
d(A’ﬂ-)zwz_.

JI+4+4 3

We generalise the analysis above with a natural definition for the distance between
any two linear affine varieties.

Definition 15.3.12 Let L and L’ two linear affine varieties in E". The distance
between them is defined as the non negative real number

d(L,L') =min{d(A,A") : AeL, A eL).

It is evident that d(L, L) = 0 if and only if L N L’ # @. It is indeed possible to
show that the previous definition is consistent even when L N L’ = {J. Moreover one
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can show that there exist a point A € L and a point A’ € L', such that the minimum
distance is attained for them, thatis d(A, A’) < d(A, A") forany A € Land A’ € L'.
For such a pair of points itis d(L, L) = d(A, A").

In the following pages we shall study the following cases of linear varieties which
do not intersect:

lines r, " in E? which are parallel,

planes 7, 7’ in E* which are parallel,

a plane 7 and a line r in E? which are parallel,
lines r, r’ in E? which are parallel.

Remark 15.3.13 Consider lines r and 7’ in [E? which are parallel and distinct. Their
cartesian equations are

¥, : ax+by+c=0, Y. : ax+by+c =0,

forc¢’ # c.Let A = (x1, x3) € r,thatisax] + bx) + ¢ = 0. From the Theorem 15.3.9
it is
_ lax| + bx} + /| _ |’ — ¢

va? +b? Va2 + b

From the Definition 15.3.12 we have d(A, A") > d(A, r’). Since the value d(A, r’)
we have computed does not depend on the coordinates of A € r, we have thatd(A, ')
is the minimum value for d(A, A’) when A ranges in r and A’ in r/, so we conclude
that

d(A, r)

lc" —cl
Nz

Notice that, with respect to the same lines, we also have

d(r,r) =

|lc" —cl

d(A',r) =
a’ + b?

= d(A, ).

Exercise 15.3.14 Consider the parallel lines r, r’ C E? with cartesian equations
Y0 2x+y—-3=0, Yo 2x+y+2=0.

The distance between them is

d(r, r') = % - 5.

The distance between two parallel hyperplanes in E” is given by generalising the
proof of the Theorem 15.3.9.

Proposition 15.3.15 If H and H' are parallel hyperplanes in E" with cartesian
equations
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Sp a4t ax, +b=0, Zg: aixi+---+ax, +b =0,

then d(H, H') = d(Q, H'), where Q is an arbitrary point in H, and therefore it is

, b —b|
dH H)= —.
/alz + e + arzl
Proof We proceed as in the Theorem 15.3.9, so we set X = (xy,...,x,) and
A= (a,...,a,) and write

Yy: A-X+b=0, g A-X+b =0.

As we argued in the Remark 15.3.13, by setting Q = X with AX + b = 0, as an
arbitrary point in H, we have

MQHU_pyX+m__W—m
’ Al Al

and since such a distance does not depend on (Q, we conclude that
d(H, H) =d(Q, H). ]

Exercise 15.3.16 The planes
X o x4+2y—2z42=0, Yy x4+2y—z—-4=0

are parallel and distinct. The distance between them is

12 + 4|
d(r, ) = ——— = V6.
™= Aria

It is clear that not all linear affine varieties which are parallel have the same
dimension. The next proposition shows a result within this situation.

Proposition 15.3.17 Let r be a line and H an hyperplane in K", with r parallel to
H.Itis _
d(r,H) =d(P, H),

where P is any point in r.

Proof With the notations previously adopted, we have A = (ay,...,a,) and
X = (x1,...,x,), we represent H by the cartesian equation

Yp: A-X+b=0

and r by the vector equation
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r: P=P+\v

where P € r while v - A = 0 since r is parallel to H. From the Theorem 15.3.9 we

have _ _
|A- P +b| B |A- (P 4+ Av) + b| B |A- P +b|

Y Al Al

d(P,H) =

This expression does not depend on A: this is the reason why d(P, H) = d( P,H) =
d(r, H). O

Exercise 15.3.18 Consider in [E* the line r and the plane 7 given by:

Y422 =0 , X, 2x—y+z+3=0.

) {2x—y+z—2=0
Since r is parallel to m, we take the point P = (1,0, 0) in r and compute the
distance between P and 7. One gets

d(r,m) =d(P, ) = %

Exercise 15.3.19 Consider the lines r and r’ in E* given by the vector equations

ooy, 0=061,2+X1,2,0, ro(xy2)=(=1,-2,3) + A(1,2,0).

Since r is parallel to r, the distance between them can be computed by proceeding
as in the previous exercises, that is d(r, ") = d(A, r’) = d(B, r), where A is an
arbitrary point in r and B an arbitrary point in r’.

We illustrate an alternative method. We notice that, if 7 is a plane orthogo-
nal to both r and r’, then the distance d(r,r’) = d(P, P’) where P =7 Nr and
P’ = 7 Nr’. We consider the plane 7 through the origin which is orthogonal to both
r and r’, and whose cartesian equation is

Y1 o x+2y=0.

Direct calculations show that P=7mNr=2,—-1,2) and P =7Nr' =
0,0, 3), so
d(r,r") = d(P, P") = /6.

We end the section by sketching how to define the distance between skew lines
in E3.

Remark 15.3.20 If r and r’ are skew lines in [E3, then there exist a point P € r and
apoint P € r’ which are the intersections of the lines r and r’ with the unique line s
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orthogonally intersecting both r and r’. The line s is the minimum distance line for
r and r’, and the distance d(r, r’) = d(P, P’).

Exercise 15.3.21 We consider the skew lines in E3,
ri (xy,o)=xd,-1 D, ' (x,y,2)=(0,0,1)+ p(1,0,1).

The subspace N C E? which is orthogonal to both the directions S, and S, is
N = L((1,0, —1)). The minimum distance line s for the given r and r’ has the
direction S; = N, and intersects r in a point P and r’ in a point P’. Since P € r
and P € r’, there exists a value for A and a value for p such that P = Q()\) and
P’ = Q'(p) with
o) +1(1,0, 1) = Q'(w),

where v is the parameter for s. The points P = s N r and P’ = s N r’ are then those
corresponding to the values of the parameters A and p solving such a relation, that is

Ad+v=yp
s -A=0
A—t=14+p

One finds A =0, p=v=—1,50 P =(0,0,0), P’ = 1(—1,0, 1) and

dr,r) = d(P, P)) = %

15.4 Bundles of Lines and of Planes
A useful notion for several kinds of problems in affine geometry is that of bundle of
lines and bundle of planes.

Definition 15.4.1 Given a point A in E?, the bundle of concurrent lines with center
(or point of concurrency) A is the set of all the lines through A in E?; we shall denote
it by Fjy.

The next result is immediate.

Proposition 15.4.2 With A = (xo, yo) € E?, the cartesian equation of an arbitrary
line in the bundle F 5 through A is given by

Y5, olx —x0) + By —y) =0

for any choice of the real parameters o and (3 such that (o, 3) € R? \ {(0, 0)}.
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Notice that the parameters « and 3 label a line in F4, but there is not a bijection
between pairs («, 3) and lines in F4: the pairs (ag, 5p) and (pav, pfo), for p # 0,
give the same line in F4.

Exercise 15.4.3 The cartesian equation for the bundle F4 of lines through
A=(1,-2)inE%is

r, o ax—=1D+p(+2)=0.

The result described in the next proposition (whose proof we omit) shows that the
bundle F4 can be generated by any pair of distinct lines concurrent in A.

Proposition 15.4.4 Let A € E? be the unique intersection of the lines
. ax+by+c=0, X.: dx+by+c =0.
Any relation
Sp: alax+by+c)+B@x+by+c)=0

withR? 5 (a, ) # (0, 0) is the cartesian equation for a line in the bundle F 5 of lines
with center A, and for any element s of F4 there exists a pair R* 3 (o, 3) # (0, 0)
such that the cartesian equation of s can be written as

Yp o alax +by+c)+B@x+by+c)=0. (15.1)

Definition 15.4.5 If the bundle F, is given by (15.1), the distinct lines r, 7’ are
called the generators of the bundle. To stress the role of the generating lines, we also
write in such a case Fy = F(r, r').

Exercise 15.4.6 The line r whose cartesian equation is X, : x + y + 1 is an ele-
ment in the bundle F, in the Exercise 15.4.3, corresponding to the parameters
(o, B) = (1, 1) or equivalently («, B) = (p, p) with p # 0.

Exercise 15.4.7 Consider the following cartesian equation,
Zap: ax—y+3)+B2x+y+3)=0,

depending on a pair of real parameters («, 3) # (0,0). Since the relations
x —y+3=0and 2x + y 4+ 3 = 0 yield the cartesian equations for a pair of non
parallel lines in [E2, the equation ¥, g is the cartesian equation for a bundle F of
lines in E?. We compute:

(a) the centre A of the bundle F,
(b) the line s; € F which is orthogonal to the line ; whose cartesian equation is
Y, 3x4+y—-1=0,



15.4 Bundles of Lines and of Planes 285

(©)
(d)

the line s, € F which is parallel to the line r, whose cartesian equation is
2, x—y=0,
the line s3 € F through the point B = (1, 1).

We proceed as follows:

(a)

(b)

(©)

(d)

The centre of the bundle is given by the intersection

x—y+3=0
2x+y+3=0’
which is found to be A = (-2, 1).
We write the cartesian equation of the bundle F,

Yr: (@4+280)x 4+ (—a+B)y+3@+p) =0.

As aconsequence, the direction of an arbitrary line in the bundle F is spanned by
the vector v, 5y = (av + 23, B — ). In order for the line s; € F to be orthogonal
to r; we require

(@+268,f-—a)- (=1,3)=0 = (a,0) =p(,-2)

with p # 0. The line s has the cartesian equation X7 5 : x — 3y +5 =0.
In order for an element s, € F to be parallel to r, we require that its direction
coincides with the direction of r,, which is £((1, —1)). We impose then

a+28=—(f—a) = (o, B) = p(1,0)

with p #0. So we have that s, is given by the cartesian equation
21,0 X —y 43 =0. The line s, turns out to be indeed one of the genera-
tors of the bundle F.

We have now to require that the coordinates of B solve the equation X, ), that

is
(a+20)+ (B —a)+3(a+6)=0 = 3a+ 60 =0,

giving (a, B) = p(2, —1) with p # 0. The line s3 is therefore given by
Xo-n:y—1=0.

Remark 15.4.8 Notice that the computations in (d) above can be generalised. If F4
is a bundle of lines through A, for any point B # A there always exists a unique line
in F4 which passes through B. We denote it as the line r45 € F4.

Definition 15.4.9 Let X, : ax 4 by 4+ ¢ = 0 be the cartesian equation of the line r
in E2. The set of all lines which are parallel to r is said to define a bundle of parallel
lines or an improper bundle. The most convenient way to describe an improper bundle
of lines is

Yr: ax+by+h=0, with h € R.
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Exercise 15.4.10 We consider the line 7 in E? given by %, : 2x —y +3 = 0. We
wish to determine the lines s which are parallel to r and whose distance from r is
d(s, r) = V5.
The parallel lines to r are the elements r;, of the improper bundle 7 whose cartesian
equation is
Xp: 2x—y+h=0.

From the Proposition 15.3.15 we have

|h — 3|
NG

The solutions of the exercise are

V5 = d@m,r) = = |h—3]=5 = h-3=45

DIFE

g -

2x —y+8=0, Y, 2x—y—2=0.

In a way similar to above, one has the notion of bundle of planes in a three
dimensional affine space.

Definition 15.4.11 Let r be aline in E3. The bundle 7, of planes through r is the set
of all planes 7 in E3 which contains r, that is » C 7. The line r is called the carrier
of the bundle F,.

Moreover, if 7 is a plane in [E3, the set of all planes in E* which are parallel to 7
gives the (improper) bundle of parallel planes to .

The following proposition is the analogue of the Proposition 15.4.2.

Proposition 15.4.12 Let r be the line in E3 with cartesian equation given by

o ax+by+cz+d=0
g ax+by+dz+d =0"

For any choice of the parameters («, 3) # (0, 0) the relation
Y alax+by+cz+d)+pax+by+cz+d)=0 (15.2)

yields the cartesian equation for a plane in the bundle F, with carrier line r, and for
any plane 7 in such a bundle there is a pair (o, 3) # (0, 0) such that the cartesian
equation of m is given by (15.2).

Definition 15.4.13 If the bundle F, of planes is given by the cartesian equation
(15.2), the planes X, : ax +by+cz+d=0and = : a'x +b'y+cz+d =0
are called the generators of F,. In such a case the equivalent notation F (7, ) will
also be used.

Remark 15.4.14 Clearly, the bundle F, is generated by any two distinct planes 7, 7’
through r.
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Exercise 15.4.15 Given the line » whose vector equation is
r: (x,y,z)=(,2,-1)+ A(2,3, 1),

we determine the bundle 7, of planes through . In order to obtain a cartesian equation
for r, we eliminate the parameter A from the vector equation above, as follows

x=1+2\

x=14+2(z+1 x—2z—3=0
=2 A PO .
izzif = {y=2+3(z+1) = {y—3z—5=0

The cartesian equation for the bundle is then given by
Yr o oalx—2z—-3)+[(y—-3z2—-5=0

with any («, 3) # (0, 0).

Let us next find the plane 7w € F, which passes through A = (1, 2, 3). The con-
dition A € 7 yields

a(l-6-3)+52-9-5)=0 = 200+ 33 =0.

We can pick (A, p) = (3, =2), giving X, : 3(x =2z —-3)—-2(y—3z—-5)=0,
thatis X, : 3x —2y +1=0.

We also find the plane o € F, which is orthogonal to v = (1, —1, 1). We know
that a vector orthogonal to a plane 7 € F, with equation

Yr o ax+0y—Qa+38)z—3a—-56=0,

is given by (o, 3, —2a. — 3/3). The conditions we have to meet are then

If we fix (A, u) = (1, —1), we have X, : (x —2z —3) — (y — 3z —5) =0, that is

Yo x—y+z+2=0.

15.5 Symmetries

We introduce a few notions related to symmetries which are useful to solve problems
in several branches of geometry and physics.

Definition 15.5.1 Consider a point C € E".
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(a) Let P € [E" be an arbitrary point in [E". The symmetric point to P with respect
to C is the element P’ € [E” that belongs to the line r¢p passing through C and
P, and such that d(P’, C) = d(P, C) with P’ # P.

(b) Let X C E” be a set of points. The symmetric points to X with respect to C is
the set X’ C E” given by every point P’ which is symmetric to any P in X with
respect to C.

(c) Let X C [E". We say that X is symmetric with respect to C if X = X', that is if
X contains the symmetric point (with respect to C) to any of its points. In such
a case, C is called a symmetry centre for X.

Exercise 15.5.2 In the euclidean affine plane E? consider the point C = (2, 3).
Given the point P = (1, —1), we determine its symmetric P’ with respect to C.
And with the line X, : 2x — y — 3 = 0, we determine its symmetric r’ with respect
to C.

We consider the line r¢ p through P and C, which has the vector equation

rep: (x,y) = (1, =D+ A1, 4).

The distance between P and C is given by ||P — C|| = +/17, so the point P’ can
be obtained by finding the value for the parameter A such that the distance

1Py = Cll = (=1 + A, =4+ 40| = V(=1 + X2 + (=4 + 4)\)2

be equal to || P — C||. We have then
VEITF N2+ 161+ 02 =17 = VT 1+ 02 =V1T = J1+M02=1

that is || — 1 + Al =1, giving A =2, A = 0. For A =0 we have P,_o = P, so
P =P, =(3,7).

In order to determine r’ we observe that P € r and we claim that, since r is a line,
the set v’ symmetric to r with respect to C is a line as well. It is then sufficient to write
the line through P’ and another point Q" which is symmetric to Q € » with respect
to C. By choosing QO = (0, —3) € r, itis immediate to compute, with the same steps
as above, that Q' = (4, 9). We conclude that ' = r¢ o/, with vector equation

r's (x=34+N y=T7+2)N.

Definition 15.5.3 Let A, B be points in E". The midpoint M 4 of the line segment
AB is the (unique) point of the line r4 g with | Map — A|l = |Map — B]|.

Notice that A is the symmetric point to B with respect to M4, and clearly B is
the symmetric point to A with respect to M5 with M5 = Mp,. One indeed has
the vector equality A — Map = Map — B, giving

A+ B
Musp = 5
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The set Hap given by the points
Hyp = {P € E" : ||P— A|| =||P — BIl}

can be shown to be the hyperplane passing through M 45 and orthogonal to the line
segment A B. The set H,p is called the bisecting hyperplane of the line segment AB.
In E? is the bisecting line of AB, while in E? is the bisecting plane of AB.

Exercise 15.5.4 Consider the line segment in E> whose endpoints are A = (1, 2)
and B = (3, 4). Its midpoint is given by

A+ B 1,2)4+ 3,4
Mo = A _ )2( ) 05

Apoint P = (x, y) belongs to the bisecting line if | P — A||> = (x — )% + (y — 2)?
equates || P — B||> = (x — 3)?> + (y — 4)> = || Pg||%, which gives

G-124+0-22=0x-324+0-4> = —2x+1—4y+4=—6x+9—8y+16,

thatis ¥p,, : x +y —5 = 0. Itis immediate to check that M € H,p. The direction
of the bisecting line is spanned by (1, —1), which is orthogonal to the direction vector
B — A = (2, 2) spanning the direction of the line 4.

Exercise 15.5.5 Consider the points A = (1,2, —1) and B = (3,0, 1) in E3. The
corresponding midpoint is

A+ B 1,2, -1 3,0,1
Map = er = ¢ )2+( ) _ @.1.0).

The bisecting plane H4p is given by the points P = (x, y, z) fulfilling the con-
dition

=2+ -2 +G@+ D2 =P -AIP=|P-BI’=x-32+y>+ (- 1)?

which gives
Y:: x—y+z—1=0.

The bisecting plane is then orthogonal to (1, —1, 1), with r45 having a direction
vector given by B — A = (2, -2, 2).

Having defined the notion of symmetry of a set in IE” with respect to a point, we
might wonder about a meaningful definition of symmetry of a set with respect to an
arbitrary linear affine variety in E". Such a task turns out to be quite hard in general,
so we focus on the easy case of defining only the notion of symmetry with respect
to a hyperplane.

Firstly, a general definition.
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Definition 15.5.6 Let H C E” be a hyperplane.

(a) Let P € E" be an arbitrary point in E". The symmetric point to P with respect
to H is the element P’ € E" such that H is the bisecting hyperplane of the line
segment P P’.

(b) Let X C E" be a set of points. The symmetric points to X with respect to H is
the set X’ C [E" given by every point P’ which is symmetric to any P in X with
respect to H.

(c) Let X C [E". We say that X is symmetric with respect to H if X = X', that is if
X contains the symmetric point (with respect to H) to any of its points. In such
a case, H is called a symmetry hyperplane for X.

Remark 15.5.7 Notice that if P’ is the symmetric point to P with respect to the
hyperplane H, then the line rpp: is orthogonal to H and d(P’, H) = d(P, H).

We finish with some examples on the simplest cases in E? and [E3.

Exercise 15.5.8 A line is a hyperplane in [E2. Given the point P = (1, 2) we deter-
mine its symmetric P’ with respect to the line whose equation is ¥, : 2x + y — 2.

We observe that if 7 is the line through P which is orthogonal to P, then P’ is
the point in ¢ fixed by the condition d(P, r) = d(P’, r). The direction of ¢ is clearly
spanned by the vector (2, 1), so

x=14+2A\
and the points in ¢ can be written as Q) = (1 + 2\, 2 + \). By setting

RA+20+Q+XN) -2 |2+2-2]
VAFI NZE

we see that Q-0 = P, while Q\=_4/5 = P’ = %(—3, 6).

d(Qx,r) =d(P,r) [5A+2|=2

Exercise 15.5.9 Given P = (0, 1, —2) € E?, we determine its symmetric P’ with
respect to the hyperplane 7 (which is indeed a plane, since we are in E*) whose
equationis X, : 2x +4y +4z —5=0.

We firstly find the line ¢ through P which is orthogonal to 7. The orthogonal
subspace to 7 is spanned by the vector (2, 4, 4) or equivalently (1, 2, 2), so the line
t has parametric equation

xX=A
t: y=1+2\
z7=—-242\

Since for the symmetric point P’ it is d(P, ) = d(P’, ), we label a point Q in
t by the parameter A as Q) = (A, 1 +2X, —2 4+ 2)\) and impose
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d(Qy, m) = d(P,m)
2A+4(1 +2)0) +4(=2+2)) =5 _ [4—8—5]
/36 S V36

We see that P = Qy—gand P' = Q,—; = P' = (1, 3,0).

= [18\ =9 =09.

Exercise 15.5.10 In [E3 let us determine the line " which is symmetric to the line
withequationr : (x, y,z) = (0, 1, —2) + u(1, 0, 0) with respect to the plane 7 with
equationm: 2x +4y 44z —5=0.

The plane 7 is the same plane we considered in the previous exercise. Its orthog-
onal space is spanned by the vector (1,2, 2). By labelling a point of the line r as
P, = (i, 1, —=2), we find the line #, which passes through P, and is orthogonal to
m. A parametric equation for ¢, is given by

X=p+A
ty: y=1+2\
7=-242X\

We label then points Q in #, by writing Oy, = (1t + X, 1 42X, =2 +2)). We
require
d(Q)\,uv T = d(P,us 71-)

as a condition to determine A, since p will yield a parameter for the line r’. We have

20+ N +4(1 +2)) +4(—2+2)) =5
d(Qx ™) =
V36
2p+4—8-5
V36 '

From d(Q) ,, m) = d(P,, ) we have

d(P/u m) =

20+ 18X =9 = 20— 9] = 2u+18\—9=+2u—9).

For A\ = 0 we recover Q)—o,,, = P,. The other solution is A = —% w~+ 1, giving

T 4 4
Or=—ou+tu = P, = §,u+ 1,—§u+3,—§u .

By a rescaling of the parameter 1, a vector equation for the line ' can be written
as
r'eo(x,y,2) =(1,3,0) + (7, =4, —4).
Exercise 15.5.11 Consider the set X C [E? given by

X ={(x,y) e E? : y=>5x?
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and the line r whose cartesian equation is 2, : x = 0. We wish to show that r is
a symmetry axis for X, that is X is symmetric with respect to r. We have then to
prove that each point P’, symmetric to any point P € X with respect to r, is an
element in X.

Let us consider a generic P = (xg, yp) € X and determine its symmetric with
respecttor. Theline ¢ through P which is orthogonal to 7 has the following parametric
equation

. { XxX=xo+A
o ly=w ’

A pointint is then labelled P\ = (xo + A, yp). For its distance from r we compute
d(Py,r) = |xo + Al, while d(P, r) = |xo|. By imposing that these two distances
coincide, we have

d(Py,r) = d(P,r) & |xo+ Al =[xl
& (o+ N = xg
& A2xo+ M) =0.

The solution A =0 corresponds to P, the solution A = —2x, yields
P’ = (—xg, ¥o)- Such calculations do not depend on the fact that P is an element in
X. If we consider only points P in X, we have to require that yo = 5x3. It follows
that yo = 5(—xp)?, thatis P’ € X.



Chapter 16 ®)
Conic Sections Creck for

This chapter is devoted to conics. We shall describe at length their algebraic and
geometric properties and their use in physics, notably for the Kepler laws for the
motion of celestial bodies.

16.1 Conic Sections as Geometric Loci

The conic sections (or simply conics) are parabole, ellipses (with circles as limiting
case), hyperbola. They are also known as geometric loci, that is collections of points
P(x,y) € E? satisfying one or more conditions, or determined by such conditions.
The following three relations, whose origins we briefly recall, should be well known

x2 2 2 2

2 _ —

x*=2py, S +==1 = -= =1L (16.1)
a

Definition 16.1.1 (Parabole) Given a straight line § and a point F on the plane E2,
the set (locus) of points P equidistant from § and F is called parabola. The straight
line J is the directrix of the parabola, while the point F is the focus of the parabola.
This is shown in Fig. 16.1.

Fix a cartesian orthogonal reference system (O; x, y) for E?, with a generic point
P having coordinates P = (x, y). Consider the straight line ¢ given by the points
with equation y = —p/2 and the focus F = (0, p/2) (with p > 0). The parabola
with directrix § and focus F is the set of points fulfilling the condition

d(P, ) = d(P, F). (16.2)
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F=(0p/2),

Fig. 16.1 The parabola y = x?/2p

Since the point P’ = (x, —p/2) is the orthogonal projection of P over J, with
d(P,d) = d(P, P'), the condition (16.2) reads

IP—PP=|P-FIF = 10,y+p/21*=ll(x,y — p/2)I

that is
O+p/D*=x"+(G—-p/2* = x*=2py.

If C is a parabola with focus F and directrix § then,

e the straight line through F' which is orthogonal to § is the axis of C,
e the point where the parabola C intersects its axis is the vertex of the parabola.

Definition 16.1.2 (Ellipses) Given two points F; ed F, on the plane E2, the set
(locus) of points P for which the sum of the distances between P and the points F)
and F; is constant is called ellipse. The points F; and F, are called the foci of the
ellipse. This is shown in Fig. 16.2.

Fix a cartesian orthogonal reference system (O; x, y) for E2, with a generic point
P having coordinates P = (x, y). Consider the points F; = (—¢, 0), F» = (¢, 0)
(with g > 0) and k a real parameter such that k > 2¢. The ellipse with foci F;, F;
and parameter k is the set of points P = (x, y) fulfilling the condition

Fo= (a0) \a

&

Fig. 16.2 The ellipse x%/a® + y*/b* = 1



16.1 Conic Sections as Geometric Loci 295
d(P, F)) +d(P, F,) =k. (16.3)
We denote by A = (a,0) and B = (0, b) the intersection of the ellipse with the
positive x-axis half-line and the positive y-axis half-line, thusa > Oand b > 0. From
d(A, Fy) +d(A, F>) = k we have that k = 2a; from d(B, F,) +d(B, F») = k we
have that 2,/¢% + b2 = k, so we write
k=2a, qzzaz—bz’
with a > b. By squaring the condition (16.3) we have

I+ g DIP+ 11 =g DIP+ 211+ g, W T =g, I = 4a?,

that is

207 + 37 447 + 2V (2 +y2 + ¢ + 2q0) (2 + 2 + g% = 2qx) = 4a’

that we write as

V2 432+ ¢2)? —4g2x2 =24 — (2 + y2 4+ ¢P).
By squaring such a relation we have
Pt =at — 2+ D).

Since g = a* — b?, the equation of the ellipse depends on the real positive param-
eters a, b as follows
P2x? + a?y? = a2,

which is equivalent to

Notice that, if g = 0, that is if a = b, the foci F; ed F, coincide with the origin
O of the reference system, and the ellipse reduces to a circle whose equation is

2y =2

withradius r =a = b > 0.
If C is an ellipse with (distinct) foci F; and F>, then

e the straight line passing through the foci is the major axis of the ellipse,

e the straight line orthogonally bisecting the segment F| F; is the minor axis of the
ellipse,

e the midpoint of the segment F; F; is the centre of the ellipse,
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Fy=(.0) 0 Fa=(a0)

Fig. 16.3 The hyperbola x2/a? — y?/b* = 1

e the four points where the ellipse intersects its axes are the vertices of the ellipse,

e the distance between the centre of the ellipse and the vertices on the major axis
(respectively on the minor axis) is called the major semi-axis (respectively minor
semi-axis).

Definition 16.1.3 (Hyperbole) Given two points F; and F, on the plane E?, the set
(locus) of points P for which the absolute difference of the distances d(P, F;) and
d(P, F,) is constant, is the hyperbola with foci Fy, F,. This is shown in Fig. 16.3.

Fix a cartesian orthogonal reference system (O; x, y) for E2, with a generic point
P having coordinates P = (x, y). Consider the points F| = (—¢q, 0), F> = (¢, 0)
(with ¢ > 0) and k a real parameter such that kK > 2¢. The hyperbola with foci
F, F, and parameter k is the set of points P = (x, y) fulfilling the condition

|d(P, Fy) —d(P, F»)| = k. (16.4)
Notice that, since k > 0, such a hyperbola does not intersect the y-axis, since the
points on the y-axis are equidistant from the foci. By denoting by A = (a, 0) (with

a > 0) the intersection of the hyperbola with the x-axis, we have

k=1d(A, F)) —d(A, B)|=|a+q—la—q]

9

which yields a < ¢, since from a > ¢ it would follow that |a — g| = a — g, giving
k = 2q. The previous condition then show that

k = |2a| = 2a.
By squaring the relation (16.4) we have

1+ g D2+ 11 =g DIP =211+ g, W T =g, Il = 4a?,
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that is

2067 +¥2 4+ ¢%) = 2V (2 + y2 4 g% + 2qx) (32 + y2 + ¢ — 2qx) = 4d?

which we write as

Va2 +y2 4+ ¢2)2 —4g2x2 = (2 + 2 + ¢ — 247
By squaring once more, we have
—P =t — A+ D),

that reads
(a2 . qz)x2 +a2y2 _ az(az _qz).

Froma < g we have g> — a® > 0, so we set g> — a*> = b? and write the previous
relation as

P22 4 ay? = —a?,
which is equivalent to
2 2
r Y
a® b

If C is a hyperbola with foci F; and F,, then

e the straight line through the foci is the fransverse axis of the hyperbola,

e the straight line orthogonally bisecting the segment F F; is the axis of the hyper-
bola,

o the midpoint of the segment F; F; is the centre of the hyperbola;

e the points where the hyperbola intersects its transverse axis are the vertices of the
hyperbola,

e the distance between the centre of the hyperbola and its foci is the transverse
semi-axis of the hyperbola.

Remark 16.1.4 The above analysis shows that, if C is a parabola with equation

x? =2py,
then its directrix is the line y = —p/2 and its focus is the point (0, p/2), while the
equation

y? = 2px

is a parabola C with directrix x = —p/2 and focus (p/2, 0).
If C is an ellipse with equation
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(and a > b), then its foci are the points Fy = (£+/a? — b2, 0).
If C is a hyperbola with equation

then its foci are the points F. = (£+/a? + b2, 0).

We see that the definition of a parabola requires one single focus and a straight
line (not containing the focus), while the definition of an ellipse and of a hyperbola
requires two distinct foci and a suitable distance k. This apparent diversity can be
reconciled. If F is a point is E? and § a straight line with F' ¢ §, then one can consider
the locus given by points P in E? fulfilling the condition

d(P, F) = ed(P, ) (16.5)

with e > 0. Itis clear that, if e = 1, this relation defines a parabola with focus F and
directrix §. We shall show later on (in Sect. 16.4 and then Sect. 16.7) that the relation
above gives an ellipse for 0 < e < 1 and a hyperbolaif e > 1. The parameter e > 0
is called the eccentricity of the conic.

Since symmetry properties of conics do not depend on the reference system,
when dealing with symmetries or geometric properties of conics one can refer to the
Egs. (16.1).

Remark 16.1.5 With the symmetry notions given in the Sect. 15.5, the y-axis is a
symmetry axis for the parabola C whose equation is y = 2px2. If P = (x¢, yo) € C,
the symmetric point P’ to P with respect to the y-axis is P’ = (—xg, y), which
belongs to C since 2pyy = (—x2) = x3. Furthermore, the axis of a parabola is a
symmetry axis and its vertex is equidistant from the focus and the directrix if the
parabola.

In a similar way one shows that the axes of an ellipse or of a hyperbola, are
symmetry axes and the centre is a symmetry centre in both cases. For an ellipse with
equation ax? + By*> = 1 or a hyperbola with equation ax?> — 3y? = 1 the centre
coincided with the origin of the reference system.

16.2 The Equation of a Conic in Matrix Form

In the previous section we have shown how, in a given reference system, a parabola,
an ellipse and a hyperbola are described by one of equations in (16.1). But evidently
such equations are not the most general ones for the loci we are considering, since
they have particular positions with respect to the axes of the reference system.
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A common feature of the Eqgs.(16.1) is that they are formulated as quadratic
polynomials in x and y. In the present section we study general quadratic polynomial
equations in two variables.

Since to a large extent one does not make use of the euclidean structure given
by the scalar product in E”, one can consider the affine plane A?(R). By taking
complex coordinates, with the canonical inclusion R? < C2, one enlarges the real
affine plane to the complex one,

A%(R) — A%(C).

Definition 16.2.1 A conic section (or simply a conic) is the set of points (locus)
whose coordinates (x, y) satisfy a quadratic polynomial equation in the variables
x,y, that is

ai x> +2apxy +any* +2ai3x +2any+a =0 (16.6)

with coefficients a;; € R.

Remark 16.2.2 We notice that

(a) The equations of conics considered in the previous section are particular case of
the general Eq.(16.6). As an example, for a parabola we have

ayn=1, an=-2p, ap=ap=a3=a3=0.

Notice also that in all the equations considered in the previous section for a
parabola or an ellipse or a hyperbola we have aj;; = 0.

(b) There are polynomial equations like (16.6) which do not describe any of
the conics presented before: neither a parabola, nor an ellipse or a hyper-
bola. Consider for example the equation x> — y> = 0, which is factorised as
(x + y)(x — y) = 0. The set of solutions for such an equation is the union of
the two lines with cartesian equations x +y =0andx —y = 0.

Any quadratic polynomial equation (16.6) that can be factorised as

(ax +by+c)a'x+by+c)=0

describes the union of two lines. Such lines are not necessarily real. Consider for
example the equation x> + y? = 0. Its set of solutions is given only by the point
(0, 0) in A%(R), while in A%(C) we can write x> + y? = (x +1iy)(x — iy), so the
conic is the union of the two conjugate lines with cartesian equation x +iy = 0
andx —iy = 0.

Definition 16.2.3 A conic is called degenerate if it is the union of two lines. Such
lines can be either real (coincident or distinct) or complex (in such a case they are
also conjugate).
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The polynomial equation (16.6) can be written in a more succinct form by means
of two symmetric matrices associated with a conic. We set

an a ap ap a3

R>? 5 A = <a11 a12>’ R* 5 B = |an an axn
12 a2

az axs as;z

By introducing these matrices, we write the left end side of the Eq. (16.6) as

ajy app a;z\ [x ) ,
(x y 1) | a2 ax ax y| =anx"+2anxy+any +2ai3x +2ax3y+ass.
a3 az ass 1

(16.7)

The quadratic homogeneous part of the polynomial defining (16.6) and (16.7), is
written as

x
Fe(x,y) =anx*+2anxy+any’ = (x y)A <y> .

Such an F¢ is a quadratic form, called the quadratic form associated to the conic C.
Definition 16.2.4 Let C be the conic given by the equation
anx*+2apxy+any* +2ai3x +2any+aps=0.
The matrices
ap ap a
B = ai; az a;z ., A= <Zi; ZZ)
a3 a3z asz

are called respectively the matrix of the coefficients and the matrix of the quadratic
form of C.

Exercise 16.2.5 The matrices associated to the parabola with equation y = 3x? are,

3.0 0
B=|0o o -112], A:<(3) 8).
0 —1/2 0

Remark 16.2.6 Notice that the six coefficients a;; in (16.6) determine a conic, but a
conic is not described by a single array of six coefficients since the equation

kap, x? 4+ 2kap xy + kax y2 +2kapzx +2kayy;y +kasz =0

defines the same locus for any k£ € R\ {0}.
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16.3 Reduction to Canonical Form of a Conic: Translations

A natural question arises. Given a non degenerate conic with equation written as in
(16.6) with respect to a reference frame, does there exist a new reference system with
respect to which the equation for the conic has a form close to one of those given in
(16.1)?

Definition 16.3.1 We call canonical form of a non degenerate conic C one of the
following equations for C in a given reference system (O; x, y).

(i) A parabola has equation
x>=2py or y>=2px. (16.8)

(i1) A real ellipse has equation

SIS (16.9)

X Yy
= + o= —1. (16.10)
(iii) A hyperbola has equation
%2 32 X2 y?

A complete answer to the question above is given in two steps.

One first considers only conics whose equation, in a given reference system,
(O; x, y) has coefficient a;, = 0, that is conics whose equation lacks the mixed
term xy. The reference system (O’; X, Y) for a canonical form is obtained with a
translation from (O; x, y).

The general case of a conic whose equation in a given reference system (O; x, y)
may have the mixed term xy will require the composition of a rotation and a transla-
tion from (O; x, y) to obtain the reference system (O’; X, Y) for a canonical form.

Exercise 16.3.2 Let " : y = 2x? describe a parabola in the canonical form, and let
us define the following translation on the plane

. x=X+Xxo
T(xovyo) . y=Y +y .

The equation for the conic I' with respect to the reference system (O’; X, Y) is then

Y =2X? +4x0X + 2x5 — Yo.
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Exercise 16.3.3 Let I : x? 4 2y? = 1 be an ellipse in the canonical form. Under
the translation of the previous example, the equation for I'" with respect to the refer-
ence system (O'; X, Y) is

X2 42Y% 4 2x0X 4+ 4yY 4+ x% + 2y — 1 =0.

Notice that, after the translation by T,.,), the equations for the conics I" and I'’
are no longer in canonical form, but both still lack the mixed term xy. We prove now,
with a constructive method, that the converse holds as well.

Exercise 16.3.4 (Completing the squares) Let C be a non degenerate conic whose
equation reads, with respect to the reference system (O; x, y),

a11x2+a22y2+2a13x—|—2a23y+a33:O. (16.12)

Since the polynomial must be quadratic, there are two possibilities. Either both
ay; and ay, different from zero, or one of them is zero. We then consider:

(D Itisaj; =0, ax # 0 (the case aj; # 0 and az; = 0 is analogue).
The Eq. (16.12) is then

any® +2apny+aps+2a;3x =0. (16.13)

From the algebraic identities:

as
any*+2ayy = an (y2 +2a—)’>
2

an\’  [an\’
el
ann ann

a 2 a2
23 23
= axn (y + _> — =2

a ann

we write the Eq. (16.13) as
an\’>
axn (y + ﬁ) - 2B pan+2ax=0. (16.14)
an an
Since C is not degenerate, we have a3 # 0 so we write (16.14) as

2 2
a aszdyy — a
an (y + —23) + 26113 <)C + —33 2 23) =0
an 2(122(113
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ay

which reads

an\’ 2a3 ayaxn — a3

an axn 2anais
Under the translation

X = x + (amaxn — a3)/2anas

Y =y + an/an

we get
Y2=2pX (16.15)

with p = —aj3/a. This is the canonical form (16.8).

If we drop the hypothesis that the conics C is non degenerate, we have
a3 = 0in the Eq. (16.13). Notice that, for the case a;; = 0 we are considering,
det B = —af3a22. Thus the condition of non degeneracy can be expressed as a
condition on the determinant of the matrix of the coefficients, since

a3 =0 < det B = —a123a22 =0.
The Eq.(16.14) is then

2 2
ans ayy — azzan
an

and with the translation
Y =y + an/an

it reads
Y2l=y4 (16.16)

with ¢ = (a3; — azan)/az,.
Itisaj # 0, axn #0.

With algebraic manipulation as above, we can write

2 2

2 ais a3
apnx”+2apx =ap|\x+—) — —,
ap apg

2 az ? 053
any +2apny=an|ly+ —| — —=.
an an
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So the Eq. (16.12) is written as

2 2 2 2
a a a a
an <x+ ﬁ) +an <y+ ﬁ) +ap — 2 - 2 =0, (1617
alg an api an
If we consider the translation given by
X = x + aiz/an
Y =y + an/axn
the conic C has the equation
a’ a?
anX*+anY*=h, with h=—ay + 2 + =, (16.18)
an axn

and i # 0 since C is non degenerate. The coefficients a;; and ay; can be either
concordant or not. Up to a global factor (—1), we can take a;; > 0. So we have
the following cases.

(ITa) Ttisa;; > 0 and az > 0. One distinguish according to the sign of the coeffi-
cient h:

e If 1 > 0, the Eq.(16.18) is equivalent to

ai o, . an
x4 =
h h

Y2 = 1.

Since aj;/h > 0 and ax/h > 0, we have (positive) real numbers a, b by
defining i /a;; = a” and h/ay, = b*. The Eq.(16.18) is written as

X2 Y2

St =1 (16.19)

which is the canonical form of a real ellipse (16.9).

o Ifh < 0,wehave —a;;/h > 0and —ay;/h > 0, we can again introduce (pos-
itive) real numbers a, b by —h/a;; = a? and —h/ay = b%. The Eq.(16.18)
can be written as

X2 y?
— — = -1, (16.20)

which is the canonical form of an imaginary ellipse (16.10).
e If 1 = 0(which means that C is degenerate), we set 1 /a;; = a?>and 1/ay = b?
with real number a, b, so to get from (16.18) the expression

X2 Y2

S+ =0 (16.21)
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(IIb) Ttisa;; > 0and ay < 0. Again depending on the sign of the coefficient 4 we
have:

e If 1 > 0, the Eq.(16.18) is

an o anz o
—X — Y- =1
h + h
Since aj;/h > 0and axn/h < 0, we can define h/a;; = a® and —h/ax, = b?

with a, b positive real numbers. The Eq.(16.18) becomes

xX?  x?

T 1, (16.22)
which the first canonical form in (16.11).

e Ifh < 0,wehave —a;;/h > Oand —ay/h < 0,sowecandefine—h/a;; = a
and h/ax = 1/b* with a, b positive real numbers. The Eq. (16.18) becomes

2

X2 y?

- =l (16.23)

which is the second canonical form in (16.11).
e If h = 0 (that is C is degenerate), we set 1/a;; = a® and —1/ay, = b with
a, b real number, so to get from (16.18) the expression
x: r?
ol 0. (16.24)

Once again, with B the matrix of the coefficients for C, the identity
det B = ajjanh

shows that the condition of non degeneracy of the conic C is equivalently given by
det B # 0.

The analysis done for the cases of degenerate conics makes it natural to introduce
the following definition, which has to be compared with the Definition 16.3.1.

We call canonical form of a degenerate conic C one of the following equations
for C in a given reference system (O; x, ).

(i) A degenerate parabola has equation

x“=q or Yy =gq. (16.25)

L o (16.26)
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(iii) A degenerate hyperbola has equation

X o (16.27)

Remark 16.3.5 With the definition above, we have that

(i) The conic C with equation x> = ¢ is the union of the lines with cartesian
equations x = +,/q.If ¢ > O the lines are real and distinct, if g < 0 the lines
are complex and conjugate. If ¢ = 0 the conic C is the y-axis counted twice.
Analogue cases are obtained for the equation y> = g.

(i) The equation b*x* +a? y2 = 0 has the unique solution (0, 0) if we consider
real coordinates. On the complex affine plane A?(C) the solutions to such equa-
tions give a degenerate conic C which is the union of two complex conjugate
lines, since we can factorise

b x* —I—a2y2 = (bx+iay)bx —iay).

(iii) The solutions to the equation 5> x> — a? y> = 0 give the union of two real and
distinct lines, since we can factorise as follows

b x* —a® y2 = bx+ay)bx—ay).
What we have studied up to now is the proof of the following theorem.

Theorem 16.3.6 Let C be a conic whose equation, with respect to a reference sys-
tem (O; x, y) lacks the monomial xy. There exists a reference system (O'; X, Y),
obtained from (O; x, y) by a translation, with respect to which the equation for the
conic C has a canonical form.

Exercise 16.3.7 We consider the conic C with equation
X244y +2x — 12y +3=0.

We wish to determine a reference system (O’; X, Y) with respect to which the
equation for C is canonical. We complete the squares as follows:

4 2x=x+1-1,
2
49> —12y=4(y — 3)" -9

and write

oy 42— 12y 43 =(x+ D24 4(y — 3 -7
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With the translation

X =x+1
Y =y — %
the equation for C reads
5 5 XZ YZ
X 4+4y- =7 — + — =1
+ = 7 7/4

This is an ellipse with centre (X =0,Y =0) = (x = —1, y = 3/2), with axes
given by the lines X = 0 and ¥ = 0 which are x = —1 and y = 3/2, and semi-axes

given by v/7, /7/2.

16.4 Eccentricity: Part 1

‘We have a look now at the relation (16.5) for a particular class of examples. Consider
the point F = (a,, a,) in E? and the line § whose points satisfy the equation x = u,
withu # a,.Therelationd(P, F) = ed(P, ¢) (withe > 0)is satisfied by the points
P = (x, y) whose coordinates are the solutions of the equation

(y— ay)2 + (1 —eHx>+2ue* —ay)x + af —u’e® =0. (16.28)

We have different cases, depending on the parameter e.

(a) We have already mentioned that for ¢ = 1 we are describing the parabola with
focus F and directrix 4. Its equation from (16.28) is given by

(y—ay)* +2u—a)x +a> —u*=0. (16.29)

(b) Assume e # 1. Using the results of the Exercise 16.3.4, we complete the square
and write

(y — ay)2 + (1 —eHx*+2ue® —ay)x + af —u*? =0

2
ue* — ax) e(u —ay)?

= 0. (16.30)

2 2
or (y—ay) +(1—e)<x+ [ a2

Then the translation given by

Y=y—a,
X=x+ (uez—ax)/(l—ez)

allows us to write, with respect to the reference system (O’; X, Y), the equation
as
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62(u — ax)2

y2 1—e)x2? =
+{—e) a2

Depending on the value of e, we have the following possibilities.

(bl) If 0 < e < 1, all the coefficients of the equation are positive, so we have the
ellipse
1—¢2 \° 1—e?
e X2 4+ e Y2 =1.
e(u —ay) e2(u — ay)?
An easy computation shows that its foci are given by

e*(u — ay)

Fi = (£
L= [ —

’ ay)

with respect to the reference system (O’; X, Y) and then clearly by

a, + e*a, — 2ue?

F = X v/ F—=
+ = (ax, ay) ( —a

’ ay)

with respect to (O; x, y). Notice that F,. = F, the starting point.
(b2) If e > 1 the equation

1_—62 ’ X2 _ 62—_1 y2 =
e(u — ay) e2(u —ay)?
represents a hyperbola with foci again given by the points F.y written before.
Remark 16.4.1 Notice that, if ¢ = 0, the relation (16.28) becomes
(y —ay’ +(x —a)’ =0,
that is a degenerate imaginary conic, with
(y —ay +ix —a))(y —ay —ilx —ay)) =0.
If we fix e*(u — a,)* = r? # 0 and consider the limite — 0, the Eq. (16.28) can
be written as
(x - ax)z + (y - ay)z = r2'
This is another way of viewing a circle as a limiting case of a sequence of ellipses.
The case for which the point F € § also gives a degenerate conic. In this case
u = a, and the Eq.(16.28) is
(y —a)? + (1 —e)(x —2u)* =0

which is the union of two lines either real (if 1 < e) or imaginary (if 1 > e).
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16.5 Conic Sections and Kepler Motions

Via the notion of eccentricity it is easier to describe a fundamental relation between
the conic sections and the so called Keplerian motions.

If x, (¢) and x,(¢) describe the motion in E3 of two point masses m; and m;, and
the only force acting on them is the mutual gravitational attraction, the equations of
motions are given by

. X] — X
mxX; = —Gm1m2—3
Ix1 — x|
. X2 —Xj
mpXs, = —Gm1m2 e < 3"
Ix1 — Xo|

Here G is a constant, the gravitational constant. We know from physics that the
centre of mass of this system moves with no acceleration, while for the relative
motion r(t) = Xx;(¢) — X»(¢) the Newton equations are

() = —Gmymy — (16.31)
.

with the norm r = ||x|| and pu = mm,/(m; 4+ m») the so called reduced mass of the
system. A qualitative analysis of this motion can be given as follows.

With a cartesian orthogonal reference system (O; x, y, z) in E3, we can write
r(t) = (x(t), y(t), z(t)) and 1 (t) = (x(¢), y(¢), z(¢)) for the vector representing the
corresponding velocity. From the Newton equations (16.31) the angular momentum
(recall its definition and main properties from Sects. 1.3 and 11.2) with respect to the
origin O,

dLo

LA AF) =0,
I u{r AT 4+ r AT}

is a constant of the motion, since f is parallel to r from (16.31). This means that both
vectors r(¢) and r(¢) remain orthogonal to the direction of L, which is constant: if
the initial velocity (¢ = 0) is not parallel to the initial position r(t = 0), the motion
stays at any time ¢ on the plane orthogonal to Ly (f = 0).

We can consider the plane of the motion as [E2, and fix a cartesian orthogonal ref-
erence system (O; x, y), so that the angular momentum conservation can be written
as

p(xy—yx) =1

with the constant / fixed by the initial conditions. We also know that the gravitational
force is conservative, thus the total energy

1, 1
s plEl” = Gmumy — = E.
2 r
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is also a constant of the motion. It is well known that the Eq. (16.31) can be completely
solved. We omit the proof of this claim, and mention that the possible trajectories of
such motions are conic sections, with focus F = (0, 0) € E? and directrix § given
by the equation x = [/e with ,

~ l

- Gmymayp

and eccentricity parameter given by

2uEI?
e= |14+ ——.
(Gmimap)

2uEI?
(Gmymayp)?

One indeed shows that

> —1

for any choice of initial values for position and velocity.

This result is one of the reasons why conic sections deserve a special attention
in affine geometry. From the analysis of the previous section, we conclude that for
E < 0,since 0 < e < 1, the trajectory of the motion is elliptic. If the point mass m,
represents the Sun, while m | a planet in our solar system, this result gives the well
observed fact that planet orbits are plane elliptic and the Sun is one of the foci of the
orbit (Kepler law).

The Sun is also the focus of hyperbolic orbits (E > 0) or parabolic ones (E = 0),
orbits that are travelled by comets and asteroids.

16.6 Reduction to Canonical Form of a Conic: Rotations

Let us consider two reference systems (O; x, y) and (O; X, Y) having the same
origin and related by a rotation by an angle of «,

x =cosaX +sinaY
y=—sinaX+cosal ’

With respect to (O; x, y), consider the parabola I': y = x2. In the rotated system
(0; X, Y) the equation for I is easily found to be

—sinaX+cosaY=(cosaX+sinaY)2

cosa® X> +sin2a XY +sina? Y2 +sina X —cosa Y = 0.
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We see that as a consequence of the rotation, there is a mixed term XY in the
quadratic polynomial equation for the parabola I'. It is natural to wonder whether
such a behaviour can be reversed.

Example 16.6.1 With respect to (O; x, y), consider the conic C: xy = k for a real
parameter k. Clearly, for k = O this is degenerate (the union of the coordinate axes x
and y). On the other hand, the rotation to the system (O; X, Y) by an angle o = %,

- L
y=_5X-Y)
transforms the equation of the conic to
X?—Y? =2k

This is a hyperbola with foci Fi = (£2v/k, 0 when k > 0 or F.. = (0, £2./]k])
when k < 0.

In general, if the equation of a conic has a mixed term, does there exist a reference
system with respect to which the equation for the given conic does not have the mixed
term?

It is clear that the answer to such a question is in the affirmative if and only if
there exists a reference system with respect to which the quadratic form of the conic
is diagonal. On the other hand, since the quadratic form associated to a conic is
symmetric, we know from the Chap. 10 that it is always possible to diagonalise it
with a suitable orthogonal matrix.

Let us first study how the equation in (16.7) for a conic changes under a general
change of the reference system of the affine euclidean plane we are considering.

Definition 16.6.2 With a rotation of the plane we mean a change in the reference
system from (O; x, y) to (O; x', y') that is given by

(’yc) - P (’;) (16.32)

with P € SO(2) a special orthogonal matrix, referred to as the rotation matrix. If

we write
P = P11 P12 ’
P21 P22

x = pux'+ ppy
/ / 16.33
{y = pux' + pny ( )

the transformation above reads

These relations give the equations of the rotation.
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A translation from the reference system (O; x’, y’) to another (O’; X,Y) is
described by the relations

{x = X+x (16.34)

Y=Y+

where (—xg, —yo) are the coordinates of the point O with respectto (O’; X, Y) and,
equivalently, (xq, yo) are the coordinates of the point O’ with respect to (O; x/, y’).

A proper rigid transformation on the affine euclidean plane E? is a change of the
reference system given by a rotation followed by a translation. We shall refer to a
proper rigid transformation also under the name of roto-translation.

Let us consider the composition of the rotation given by (16.33) followed by the
translation given by (16.34), so to map the reference system (O; x, y)into (O’; X, Y).
The equation describing such a transformation are easily found to be

x =puX+prY+a
16.35
{y=P21X+p22Y+b ( )

where
a = pi1Xo+ p12Yo
b = paxo+ p2yo

are the coordinates of O’ with respect to (O; x, y). The transformation (16.35) can
be written as

X P11 P12 @ X
y| = | p21 P22 b Y1, (16.36)
1 0 01 1
and we call
Pl Pz a
O = |papnb (16.37)
0 01

the matrix of (associated to) the proper rigid transformation (roto-translation).

Remark 16.6.3 A rotation matrix P is special orthogonal, that is ‘P = P! and
det(P) = 1. A roto-translation matrix Q as in (16.37), although satisfies the identity
det(Q) = 1, is not orthogonal.

Clearly, with a transposition, the action (16.32) of a rotation matrix also gives
X y) = (x’ y’) P, while the action (16.36) of a roto-translation can be written as

xyl) = (XYI)’Q.
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Let us then describe how the matrices associated to the equation of a conic are
transformed under a roto-translation of the reference system. Then, let us consider a
conic C described, with respect to the reference system (O; x, y), by

X

(xyl)B y| =0, Fdx,y):(xy)A(i).
1

Under the roto-translation transformation (16.36) the equation of the conic C with
respect to the reference system (O’; X, Y) is easily found to becomes

X
(xyn'gBo|r]| =o.
1

Also, under the same transformations, the quadratic form for C reads

X
1

Fec(x',y) = (x’ y’)tPAP (y)

with respect to the reference system (O; x’, y’) obtained from (O; x, y) under the
action of only the rotation P. Such a claim is made clearer by the following propo-
sition.

Proposition 16.6.4 The quadratic form associated to a conic C does not change for
a translation of the reference system with respect to which it is defined.

Proof Let us consider, with respect to the reference system (O; x’, y'), the conic
with quadratic form

/
Fe(x',y) = (x'y) A <§)/> = an () +2apx'y +an ().

Under the translation (16.34) we have x’ = X —xpe y' =Y — y, that is
an X>+2an XY +an¥?+ {monomials of order < 1}.

The quadratic form associated to C, with respect to the reference system
(0O'; X, Y),is then

Fe(X,Y) = an X +2ap XY +an¥? = (X Y) A (J;),

with the same matrix A’. O
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Given the quadratic form F¢ associated to the conic C in (O; x’, y'), we have
then the following:
I

Fe(x',y) = (X' Y)'PAP (’y“) = Fe(X,Y) = (XY)'PAP G)

All of the above proves the following theorem.

Theorem 16.6.5 Let C be a conic with associated matrix of the coefficients B and
matrix of the quadratic form A with respect to the reference system (O; x,y). If
Q is the matrix of the roto-translation mapping the reference system (O; x,y) to
(0'; X, Y), with P the corresponding rotation matrix, the matrix of the coefficients
associated to the conic C with respect to (O'; X, Y) is

B'='0B0,
while the matrix of the canonical form is
A=PAP=P'AP

In light of the Definition 13.1.4, the matrices A and A’ are quadratically equiva-
lent. ]

Exercise 16.6.6 Consider the conic C whose equation, in the reference system
(0;x,y)is
2 —2xy+y  +dx+4y—1=0.

Its associated matrices are

1 -1 2

B=|-11 2], A=<_11_11>.
2 2 —1

We first diagonalise the matrix A. Its characteristic polynomial is

1-T -1
pa(l) = |A=TI| = ‘

— 7Y _1 = _
1 1_T‘_(l T)y—1=T(T -2).
The eigenvalues are A = 0 and \ = 2 with associated eigenspaces,

Vo = ker(fa) = {(x,y) e R* : x —y =0} = L((1, 1)),
Vo = ker(fa_ar) = {(x,y) € R* : x +y =0} = L((1, —1)).
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It follows that the special orthogonal matrix P giving the change of the basis is

11
_
P_ﬁ<—ll>

and eigenvectors ordered so that det(P) = 1. This rotated the reference system to

(0; x', y") with
x = \/LE(X' +)
y=Lviw

Without translation, the roto-translation matrix is

110
—-110

0 =
0 042

S

and from the Theorem~16.6.5, the matrix associated to C with respect to the reference
system (O; x’, y') is B = 'Q’ B Q'. We have then

B 1-10 1 -1 2 110 20 0
B=%110 -11 2 |il=110] =10 0 2v2],

2 2
001 2 2 -1 001 0242 —1

so that the equation for C reads

2(x)2 + 42y — 1 =0.

By completing the square at the right hand side, we write this equation as

) = —2v2 (y/ - %)

[

With the translation
{ X

x/
Y y -

8
we see that C is a parabola with the canonical form

X2 = 227

and the associated matrices

0 0
0 V21, N:(ég).
V20

B’ =

o o =
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Rather than splitting the reduction to canonical form into a first step given by a
rotation and a second step given by a translation, we can reduce the equation for C
with respect to (O; x, y) to its canonical form by a proper rigid transformation with
amatrix Q encoding both a rotation and a translation. Such a composition is given by

¥ = +y) . ¥= XY+ P
o / 1 N2
y=pE0 ) y=dhEx 4y + 9
which we write as
X X
yl=01|Y
1 1
with
1 1 1 4/2/8
0=—|-11 V28

V2 0 0 1

We end this example by checking that the matrix associated to the conic C with
respect to the reference system (O’; X, Y) can be computed as it is described in the
Theorem 16.6.5, that is

2 0 0
'"oBO=|0 0 22| =28B.
0 2/2 0

We list the main steps of the method we described in order to reduce a conic to
its canonical form as the proof of the following results.

Theorem 16.6.7 Given a conic C whose equation is written in the reference system
(0; x,y), there always exists a reference system (O'; X, Y), obtained with a roto-
translation from (O; x, y), with respect to which the equation for C is canonic.

Proof Let C be a conic, with associated matrices A (of the quadratic form) and B
(of the coefficients), with respect to the reference system (O; x, y). Then,

(a) Diagonalise A, computing an orthonormal basis with eigenvectors
vi = (p11, p21), v2 = (p12, p22), given by the rotation

x =pux' + pny
, , 16.38
{Y=P21x + pny ( )

and define
pu pi2 0
Q = |paprn0
0 01
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With respect to the reference system (Oj;x’,y’), the conic C has matrix

B’ = 'Q’ B Q’, and the corresponding quadratic equation, which we write as
x/
(x/ y 1) B |y ]| =0, (16.39)
1

lacks the monomial term x’y’.

(b) Complete the square so to transform, by the corresponding translation, the ref-
erence system (O; x’, y') to (O’; X, Y), that is
X=x"+a

{ Y=y 4+ b (16.40)

From this, we can express the Eq.(16.39) for C with respect to the reference
system (O’; X, Y). The resulting equation is canonical for C.

(c) The equations for the roto-translation from (O; x, y) to (O’; X, Y) are given by
substituting the translation transformation (16.40) into (16.38).

Corollary 16.6.8 Given a degree-two polynomial equation in the variable x and y,
the set (locus) of zeros of such equation is one of the following loci: ellipse, hyperbola,
parabola, union of lines (either coincident or distinct).

The proof of the Proposition 16.3.4 together with the result of the Theorem 16.6.5,
which give the transformation relations for the matrices associated to a given conic
C under a proper rigid transformation, allows one to prove the next proposition.

Proposition 16.6.9 A conic C whose associated matrices are A and B with respect to
a given orthonormal reference system (O; x, y) is degenerate ifand only ifdet B = 0.
Depending on the values of the determinant of A the following cases are possible

det A<0 < C hyperbola
det A=0 < C parabola
det A>0 <« C ellipse.

The relative signs of det(A) and det B determine whether the conic is real or
imaginary.

Exercise 16.6.10 As an example, we recall the results obtained in the Sect. 16.4. For
the conic d(P, F) = ed(P, 0) with focus F' = (a,, ay) and directrix 0 : x = u, the
matrix of the coefficients associated to the Eq. (16.28) is

1—¢*> 0 ue* — a,
B = 0 1 a,

ue* — a, ay af + a§ —u?e?
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with then det B = —e?(a, — u)>. We recover that the sign of (1 — ¢?) determines
whether the conic C is an ellipse, or a parabola, or a hyperbola. We notice also that
the conic is degenerate if and only if at least one of the conditions e = 0 or a, = u
is met.

16.7 Eccentricity: Part 2

We complete now the analysis of the conics defined by the relation
d(P, F) = ed(P, )

in terms of the eccentricity parameter. In Sect. 16.4 we have studied this equation
with an arbitrary F and ¢ parallel to the y-axis, when it becomes the Eq. (16.28). In
general, for a given eccentricity the previous relation depends only on the distance
between F and §. Using a suitable roto-translation as in the previous section, we
have the following result.

Proposition 16.7.1 Given a point F and a line § in E* such that F ¢ 0, there exists
a cartesian orthogonal coordinate system (O'; X, Y) with F = O’ and with respect
to which the equation d(P, F) = ed(P, d) (with e > 0) is written as

Y24+ X2 —e2(X —u)? =0.

Proof Given a point F and a line § Z F, it is always possible to roto-translate the
starting coordinate system (O; x, y) to a new one (O’; X, Y) in such a way that
O’ = F and the line § is given by the equation X = u 7 0. The result then follows
from (16.28) being ay = ay = 0. ([l

We know from the Sect.16.4 that if e = 1, the equation represents a parabola
with directrix X = u # 0 and focus F = (0, 0). If 1 # e, the equation represents
either an ellipse (0 < e < 1) or a hyperbola (e > 1) with foci Fy = (0,0) and
F_=(— 123222,0). Also, e = 0 yields the degenerate conic X> + Y2 = 0, while
u = 0 (thatis F € §) gives the degenerate conic Y2 + (1 — ¢*)X? = 0.

We can conclude that the Eq. (16.5) represents a conic whose type depends on the
values of the eccentricity parameter. Its usefulness resides in yielding a constructive
method to write the equation in canonical form, even for the degenerate cases.

We address the inverse question: given a non degenerate conic C with equation

an x* +2apxy +any’ +2ax +2ayy+az =0

is it possible to determine its eccentricity and its directrix?
We give a constructive proof of the following theorem.
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Theorem 16.7.2 Given the non degenerate conic C whose equation is
an x* +2apxy +any’ +2a;3x +2any +as =0,
there exists a point F and a line § with F ¢ 0 such that a point P € C if and only if
d(P, F) = ed(P, )

for a suitable value e > 0 of the eccentricity parameter.

Proof As in the example Exercise 16.6.6 we firstly diagonalise the matrix of the
quadratic form of C finding a cartesian orthogonal system (O; x’, y') with respect
to which the equation for C is written as

a1 (X + an () + 2a3x’ + 2003y + azz = 0,

with a1, oy, the eigenvalues of the quadratic form. This is the equation of the conic
in the form studied in the Proposition 16.3.4, whose proof we now use. We have the
following cases

(a) One of the eigenvalues of the quadratic form is zero, say «;; = O (the case
az = 01s analogous).
Up to a global (—1) factor that we can rescale, the equation for C is

an(y)? + 2a3x’ + 203y + asz; = 0,

with ap; > 0 and a3 # 0 (non degeneracy of C). Since there is no term (x")?,
this equation is of the form (16.28) only if e = 1. Thus it is of the form (16.29)
written as

(y— ay)2 +2(u — ax)(x - % (u + ax)) =0.
The two expression are the same if and only if we have e = 1, and

u—da, = « [0
s x 13/
ay =——- and

v
2 u+a, = (a3; — azam)/ai3an

These say that C is the parabola with focus and directrix given, with respect to
(0; X', y"), by

2 2 2 2
(a23 — ;330002 — (O3 0423) x/ _ a3 + Q53 — (33002

201302 (%5 200130

F =
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(b)

(b1)

(b2)
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With the translation

X =x'+ (azzam — a3y)/2anam;
Y =y + an/axn

it can indeed be written as

Y2+2%% x —o.
(0%%)

If app = 0 and oy # O the result would be similar with the x’-axis and y’ axis
interchanged.
Assume aj; # 0 and ap, # 0. We write the equation for C as in (16.17),

11 13 2 Q3 2 1 O[z a2
—(x+ —) +(y+ —) ——(—a33 + = + ﬂ) =0,
(€55 g (€55 [%5) ajq (€55
(16.41)
and compare it with (16.30)

2

| ) ue: — a, 2 5 e — ay)? _0 16.42
(—€)x+ﬁ +(y—ay)—v—- (16.42)

Notice that with this choice (that the directrix be parallel to the y-axis, x = u)
we are not treating the axes x and y in an equivalent way. We would have a
similar analysis when exchanging the role of the axes x and y. The conditions
to satisfy are

2

1—e? = aj/an Al—a)® _ b aly | a3
and 2 ey with h = —a33 + P + o
ue~—dy 3

1
1—e? ai

ay = —on3/an

(16.43)

We see that 7 = 0 would give a degenerate conic with either e = 0 or u = a,,
that is the focus is on the directrix. As before, up to a global (—1) factor we
may assume apy > 0. And as in Sect. 16.3 we have two possibilities according
to the sign of a;.

The eigenvalues have the same sign: ap; > 0 and a1 > 0. From the first condi-
tionin (16.43) weneed a;, > g1 and we getthate < 1. Then the last condition
requires that the parameter 4 > 0 be positive. This means that C is areal ellipse.
The case apy < ay; also results into a real ellipse but requires that the role of
the axes x and y be exchanged. (The condition aj; = ay, would give a circle
and result in e = 0 which we are excluding.)

The eigenvalues 1 and oy, are discordant. Now the conditions (16.43) requires
e > 1 and the parameter / to be negative. This means that C is a hyperbola
of the second type in (16.11). To get the other type in (16.11), once again one
needs to exchange the axes x and y.
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As mentioned, the previous analysis is valid when the directrix is parallel to the
y-axis. For the case when the directrix is parallel to the x-axis (the equation y = u),
one has a similar analysis with the relations analogous to (16.43) now written as

1-e arp arp an
ue-—ay a3

— 2 = 20— )2 . > 2
1 —e” = an/on - {—e(“ @ — b \ith h=—ay + B 4 @

a, = —ap/an =2~ an

(16.44)

In particular for 0 < ap; < apy these are the data of a real ellipse, while for
ap; > 0and ay < 0 (and i < 0) this are the data for a hyperbola of the first type in
(16.11). O

In all cases above, the parameters e, u, a, a, are given in terms of the conic
coefficients by the relations (16.43) or (16.44). Being these quite cumbersome, we
omit to write the complete solutions for these relations and rather illustrate with
examples the general methods we developed.

Exercise 16.7.3 Consider the hyperbolas
y2—x2+k:O, k==1.
If kK = 1, the relations (16.43) easily give the foci
Fie= (£v/2,0)
and corresponding directrix d+ with equation
X = :I:g.
On the other hand, for k = 1, the relations (16.44) now give the foci
Fi = (0, £v2)

and corresponding directrix d,
y==

SlS

Exercise 16.7.4 Consider the C of the example Exercise 16.3.7, whose equation we
write as

+dyr+2x— 12y +3 = (x+ DP+4(y— ) -7=0.

It is easy now to compute that this ellipse has eccentricity e = ‘/T§ and foci

Fo=(-1+ 2 3)
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The directrix 1 corresponding to the focus Fy is given by the line

x = 14 220

Exercise 16.7.5 Consider the conic C with equation
x2—ky?=2x—2=0

with a parameter k£ € R. By completing the square, we write this equation as
(x—1*—ky*=3=0.

Depending on the value of k, we have different cases.

(1) If k < —1,itis evident that C is a real ellipse with a;;; < «;, and the condition

(16.43) gives eccentricity e = ,/1 + %, with foci

Fr = (14,250 0) (16.45)
and corresponding directrix ¢+ with equation

x =14+ (16.46)

3
k(1+k) *

(i) If —1 < k < O the conic C is again a real ellipse, whose major axis is par-
allel to the y-axis, so a; > ;. Now the relations (16.44) yield eccentricity
e = /1 + k, with foci

Fr=(1,£/-3(1+ 1)

and corresponding directrix d+ given by the lines with equation

_ 4/ 3
y == kD)

(iii) If £ = 0 the conic C is degenerate.
(iv) If k > 0, the conic C is a hyperbola. It is easy to compute the eccentricity to be

e=,/1+ % (the same expression as for k < —1), with the foci and the directrix
given by (16.45) and (16.46).

The matrix of the coefficients of this conic C is given by
1 0 —1

B=|0 -k 0],
-1 0 =2
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with det A = —k and det B = —3k. By the Proposition 16.6.9 we recover the listed
results: C is degenerate if and only if kK = 0; it is a hyperbola if and only if k£ > 0;
an ellipse if and only if k£ < O.

16.8 Why Conic Sections

We close the chapter by explaining where the loci on the affine euclidean plane E?
that we have described, the conic sections, get their name from. This will also be
related to finding solutions to a non-linear problem in E>.

Fix a line v and a point V € « in E>. A (double) cone with axis ~ and vertex V
is the bundle of lines through V whose direction vectors form, with respect to 7y, an
angle of fixed width.

Consider now a plane 7 C [E* which does not contain the vertex of the cone. We
show that, depending on the relative orientation of 7 with the axis of the cone, the
intersection w N C — a conic section — is a non degenerate ellipse, or a parabola, or
a hyperbola.

Let (O, &) = (0; x, y, z) be an orthonormal reference frame for E3, with £ an
orthonormal basis for E3. To be definite, we take the z-axis as the axis of a cone C,
its vertex to be V = O and its width an angle 0 < 6 < «/2. It is immediate to see
that the cone C is given by the points P = (x, y, z) of the lines whose normalised
direction vectors are

E® 5 u(e) = (sinb cosa, sin @ sin o, cos 0)

with . € [0, 27). The parametric equation for these lines (see the Definition 14.2.7)

is then
x = X sinf cos «

r(@) = { y=Asinf sina
z=Acosf

with A a real parameter. This expression provides a vector equation for the cone C.
By eliminating the parameter, one gets a cartesian equation for C as given by the
relation

DINA x? 4+ y? — (tan’ 0)z> = 0.

Without loss of generality, we may intersect the cone C with a plane 7 which
is orthogonal to the yz coordinate plane and meeting the z axis at the point
A=(0,0,k>0).If g€ (0,7/2) is the angle between the axis of the cone (the
z axis) and (its projection on) the plane 7, the direction S, of the plane is orthogo-
nal to the normalised vector v = (0, cos 3, sin 3). We know from Chap. 15 that the
cartesian equation for the plane r is then

i (cosB)y+ (sinfB)(z —k) =0.
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The intersection C N 7 is then given by the solution of the system

2 2 _ 2.2
{x + y* — (tan=0)z= =0 (1647)

(cos B)y + (sinf)(z —k) =0~

This is the only problem in this textbook which is formulated in terms of a system
of non-linear equations. By inserting the second equation in the first one, elemen-
tary algebra gives, for the projection on the plane xy of the intersection C N 7, the
equation,

x2 + (1 — tan 0 cot® 3) y> + 2k tan” 0 cot 3 y — k> tan> 0. (16.48)
From what we have described above in this chapter, this equation represents a

conic.
Its matrix of the coefficients is

1 0 0
B=1]0 1—tan?f cot>?3 ktan®6 cotf |,
0 ktan®@ cot3 —k*tan? 9

while the matrix of the quadratic form is

4 — 1 0
~\0 1—tan’fA cot’3 )"

One then computes
det(A) = 1 — tan® 6 cot’ (3, det B = —k*tan’ 6.

Having excluded the cases k = 0 and tan § = 0, we know from the Proposition 16.6.9
that the intersection C N 7 represents a non degenerate real conic. Some algebra
indeed shows that:

det(A) >0 & tan’ 3 > tan® 0 S 6 >0,
det(A)=0 < tan’fB=tan’d < (=0, (16.49)
det(A) <0 & tan’ 3 < tan” @ & 0 <0,

thus giving an ellipse, a parabola, a hyperbola respectively. These are shown in
Figs.16.4 and 16.5.
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Fig. 16.5 The parabola and the hyperbola

Remark 16.8.1 As a particular case, if we take 3 = 7, from (16.48) we see that
C N7 is a circle with radius R = k tan 6. On the other hand, with k = 0, that is 7
contains the vertex of the cone, one has det B = 0. In such a case, the (projected)
Eq. (16.48) reduces to

x? 4 (1 — tan? 0 cot®> B) y> = 0.

Such equation represents:

2a. the union of two complex conjugate lines for § > 6,
2b. the points (x = 0, y), that is the y-axis for =0,
2¢. the union of two real lines for 8 < 6.
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We conclude giving a more transparent, in a sense, description of the intersection
C N 7 by using anew reference system (O; x’, y', 7’), by arotation around the x-axis
where the plane 7 is orthogonal to the axis z’-axis. adapted to 7. From Chap. 11, the
transformation we consider is given in terms of the matrix in SO(3),

x' 1 0 0 X
y] =10 sing —cospf y
7 0 cos@ sinf3 F4

With respect to the new reference system, the system of Eq. (16.47) becomes

{ @) + ((sin B)y' + (cos )z')” — (tan® B) ((sin B)z’ — (cos B)y')* = 0
7/ —ksin3=0 |

It is then easy to see that the solutions of this system of equations are the points
having coordinates 7’ = k sin 3 and (x’, y’) satisfying the equation

(x')% + (sin? B8 — tan® 0 cos® B)(y)? + 2k cos 3 sin® B(1 + tan” 0)y’ + (cos> 3 — tan’ O sin® p) k> sin® 3 = 0.
(16.50)

Clearly, this equation represents a conic on the plane 7' = k sin 3 with respect to the
orthonormal reference system (O; x’, y’). Its matrix of the coefficients is

1 0 0
B =0 sin®?B(1 — tan?0 cot? 3) k cos 3 sin? 3(1 + tan® 6) ,
0 k cosf3 sin> 3(1 4 tan® @) k?*sin’> Bcos? B(1 — tan® @ tan> )

while the matrix of the quadratic form is

A= 1 0
~ \0 sin?/( — tan?6 cot? B)) )
One then computes
det(A) = sin® (1 — tan® 0 cot® 3), det B = —k? sin® 3 tan® 0.

With k # 0 and tan 6 # 0, clearly also in this case the relations (16.49) are valid.
And as particular cases, if we take § = 7/2, one has that C N 7 is a circle with radius
R = k tan 0. On the other hand, for k = 0, (that is 7 contains the vertex of the cone)
so that det B = 0, the Eq. (16.50) reduces to

(x")? + (sin> B — tan? @ cos® B)(y')? = 0.

Such equation as before represents: the union of two complex conjugate lines for
( > 0; the points x’ = 0 for 8 = 6; the union of two real lines for 3 < 6.
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Remark 16.8.2 We remark that both Egs. (16.48) and (16.50) describe the same type
of conic, depending on the relative width of the angles 3 and 6. What differs is their
eccentricity. The content of the Sect. 16.7 allows us to compute that the eccentricity
of the conic in (16.48) is > = tan’ @ cot? 3, while for the conic in (16.50) we have
e? = (1 + tan? 6) cos? 3.



Appendix A
Algebraic Structures

This appendix is an elementary introduction to basic notions of set theory, together
with those of group, ring and field. The reader is only supposed to know about
numbers, more precisely natural (containing the zero 0), integer, rational and real
numbers, that will be denoted respectively by N, Z, Q, R. Some of their properties
will also be recalled in the following. We shall also introduce complex numbers
denoted C and (classes of) integers Z, = Z/pZ.

A.1 A Few Notions of Set Theory

Definition A.1.1 Given any two sets A and B, by A x B we denote their Cartesian
product. This it is defined as the set of ordered pairs of elements from A and B,
that is,

Ax B={(a,b)|ae A,b e B}.

Noticethat A x B # B x A since we are considering ordered pairs. The previous
definition is valid for sets A, B of arbitrary cardinality. The set A x A is denoted A2.

Exercise A.1.2 Consider the set A = {<, O, &, #}. The Cartesian product A?is
then

AZ=Ax A
={(€,0), ($,Q), (O, &), (O, W), (D, ), (V, D), (V, &), (V, ®),
($.C), ($.0), (5, 8) (%, B), (B, ), (8,0), (8, &), (® 6]

Definition A.1.3 Given any set A, a binary relation on A is any subset of the Carte-
sian product A> = A x A. If such a subset is denoted by R, we say that the pair of
elements a, b in A are related or in relation if (a, b) € R and write it as a R b.
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Fig. A.1 A binary relation in N2

Example A.1.4 Consider A = N, the set of natural numbers, with R the subset of
N? = N x N given by the points as in the Fig. A.1. We see that 2R 1, but it is not true
that 1’R1. One may easily check that R can be written by the formula

nRm <& m=n-—1, for any (n,m)eNz.

Definition A.1.5 A binary relation on a set A is called an equivalence relation if the
following properties are satisfied

e R is reflexive, that is aRa for any a € A,
e R is symmetric, that is aRb = bRa, forany a, b € A,
e R is transitive, that is aRb and bRc = aRc for any a, b, ¢ € A.

Exercise A.1.6 Inany given set A, the equality is an equivalence relation. On the set
T of all triangles, congruence of triangles and similarity of triangles are equivalence
relations. The relation described in the Example A.1.4 is not an equivalence relation,
since reflexivity does not hold.

Definition A.1.7 Consider a set A and let R be an equivalence relation defined on
it. For any a € A, one defines the subset

[al ={xe€eA|xRa} C A

as the equivalence class of a in A. Any element x € [a] is called a representative
of the class [a]. It is clear that an equivalence class has as many representatives as
the elements it contains.

Proposition A.1.8 With R an equivalence relation on the set A, the following prop-
erties hold:

(1) Ifa R b, then [a] = [b].
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(2) If (a,b) ¢ R, then[a] N [b] = 0.
(3) A = U,ealal; this is a disjoint union.

Proof (1) One shows that the mutual inclusions [a] C [b] and [b] C [a] are both
validifa R b. Let x € [a]; this means x R a. From the hypothesis a R b, so by
the transitivity of R one has x R b, that is x € [b]. This proves the inclusion
[a] < [b]. The proof of the inclusion [b] C [a] is analogue.

(2) Let us suppose that A > x € [a] U [b]. It would mean that x R a and x R b.
From the symmetry of R we would then have a R x, and from the transitivity
this would result in a R b, which contradicts the hypothesis.

(3) Itis obvious, from (2). O

Definition A.1.9 The decomposition A = |J,.4[a] is called the partition of A
associated (or corresponding) to the equivalence relation R.

Definition A.1.10 If R is an equivalence relation defined on the set A, the set whose
elements are the corresponding equivalence classes is denoted A / R and called the
quotient of A modulo R. The map

T:A—> A/R given by a — [a]

is called the canonical projection of A onto the quotient A / R.

A.2 Groups

A set has an algebraic structure if it is equipped with one or more operations. When
the operations are more than one, they are required to be compatible. In this section
we describe the most elementary algebraic structures.

Definition A.2.1 Given a set G, a binary operation * on it is a map
*x:GxXG— G.

The image of the operation between a and b is denoted by a * b. One also says that
G is closed, or stable with respect to the operation . One usually writes (G, *) for
the algebraic structure * defined on G, that is for the set G equipped with the binary
operation .

Example A.2.2 Ttis evident that the usual sum and the usual product in N are binary
operations.

As a further example we describe a binary operation which does not come from
usual arithmetic operations in any set of numbers. Let 7 be an equilateral triangle
whose vertices are ordered and denoted by ABC. Let R be the set of rotations on a
plane under which each vertex is taken onto another vertex. The rotation that takes
the vertices ABC to BC D, can be denoted by
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ABC
BCA)
It is clear that R contains three elements, which are:
_(ABC _(ABC _(ABC
““\aBc) *“\Bca) Y“\caB)
The operation—denoted now o—that we consider among elements in R is the com-
position of rotations. The rotation x o y is the one obtained by acting on the vertices

of the triangle first with y and then with x. It is easy to see that x o y = e. The
Table A.1 shows the composition law among elements in R.

olelx|y
elelx|y A1)
x|x|yle '
ylyle|x

Remark A.2.3 The algebraic structures (N, 4+) and (N, -) have the following well
known properties, for all elements a, b, ¢ € N,

a+b+c)=(@@+b)+c, a+b=>b+a,
a-(b-c)=1(a-b)-c, a-b=b-a.

The set N has elements, denoted 0 and 1, whose properties are singled out,
O+a=a, la =a

for any a € N. We give the following definition.

Definition A.2.4 Let (G, *) be an algebraic structure.

(a) (G, %) is called associative if
ax((bxc)=(a*xb)x*xc

foranya,b,c € G.
(b) (G, %) is called commutative (or abelian) if

axb=bxa
foranya,b € G.

(c) Anelemente € G is called an identity (or a neutral element) for (G, x) (and the
algebraic structure is often denoted by (G, %, e)) if
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exa=ax%xe

foranya € G.
(d) Let (G, %, e) be an algebraic structure with an identity e. An element b € G such
that
axb=bxa=e

is called the inverse of a, and denoted by a~'. The elements for which an inverse
exists are called invertible.

Remark A.2.5 If the algebraic structure is given by a ‘sum rule’, like in
(N, +), the neutral element is usually called a zero element, denoted by 0, with
a+ 0 =04 a = a. Also, the inverse of an element a is usually denoted by —a and
named the opposite of a.

Example A.2.6 ltis easy to see that for the sets considered above one has (N, +, 0),
(N, -, 1), (R, o, e). Every elementin R isinvertible (sinceonehasx o y = y o x = e);
the set (N, -, 1) contains only one invertible element, which is the identity itself, while
in (N, 4+, 0) no element is invertible.

From the defining relation (c) above one clearly has that if ¢! is the inverse
of a € (G, %), then a is the inverse of a~!. This suggests a way to enlarge sets
containing elements which are not invertible, so to have a new algebraic structure
whose elements are all invertible. For instance, one could define the set of integer
numbers Z = {£n : n € N} and sees that every element in (Z, 4, 0) is invertible.

Definition A.2.7 An algebraic structure (G, *) is called a group when the following
properties are satisfied

(a) the operation x is associative,
(b) G contains an identity element e with respect to x,
(c) every element in G is invertible with respect to e.

A group (G, *, e) is called commutative (or abelian) if the operation * is commutative.
Remark A.2.8 Both (Z, +, 0) and (R, o, e) are abelian groups.

Proposition A.2.9 Let (G, *, e) be a group. Then

(i) the identity element is unique,
(ii) the inverse a~' of any element a € G is unique.

Proof (i) Let us suppose that e, ¢’ are both identities for (G, *). Then it should be
e x ¢ = e since ¢’ is an identity, and also e x ¢’ = ¢’ since e is an identity; this
would then mean e = ¢’.

(i) Letb, c bebothinverseelementstoa € G;thiswouldgivea * b = b * a = e and
axc=cxa=e. Since the binary operation is associative, one has
bx(axc)=(b*xa)*c,resultingin b xe = e xc and then b = c. ([l
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A.3 Rings and Fields

Next we introduce and study the properties of a set equipped with two binary
operations—compatible in a suitable sense—which resemble the sum and the product
of integer numbers in Z.

Definition A.3.1 Let A = (A, +, 04, -, 1 4) be a set with two operations, called sum
(+) and product (-), with two distinguished elements called 04 and 14. The set A is
called a ring if the following conditions are satisfied:

(a) (A, +,0,) is an abelian group,

(b) the product - is associative,

(c) 14 is the identity element with respect to the product,

(d) onehasa-(b+c)=(a-b)+ (a-c)foranya,b,cec A.

If moreover the product is abelian, A is called an abelian ring.

Example A.3.2 The set (Z, +, 0, -, 1) is clearly an abelian ring.

Definition A.3.3 By Z[X] one denotes the set of polynomials in the indeterminate
(or variable) X with coefficients in Z, that is the set of formal expressions,

ZIX]= Za,-Xi=a,1X”+a,,,1X"_'+...+a1X+a0 :neN g eZ;.

i=0

IfZ[X]3 p(X) =a, X" +a,_1 X" ' +...+a1X +ao then ay, a1, . . ., a, are the
coefficients of the polynomial p(X), while the term a; X' is a monomial of degree i.
The degree of the polynomial p(X) is the highest degree among those of its non zero
monomials. If p(X) is the polynomial above, its degree is n provided a, # 0, and
one denotes deg p(X) = n. The two usual operations of sum and product in Z[X]
are defined as follows. Let p(X), ¢(X) be two arbitrary polynomials in Z[X],

n m
pX)=Y aX, qX)=) bX'
i=0 i=0
Let us suppose n < m. One sets

pX)+q(X) =) e;x/,
=0
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withc; =a;+bjfor0 < j <nand c; =b; forn < j < m. One would have an
analogous results were n > m. For the product one sets

m—+n

p(X)-q(X) =) dx",
h=0

where d, = Ziﬂ.:h aib;.

Proposition A.3.4 Endowed with the sum and the product as defined above, the
set Z[X] is an abelian ring, the ring of polynomials in one variable with integer
coefficients.

Proof One simply transfer to Z[X] the analogous structures and properties of the
ring (Z, +, 0, -, 1). Let Ozx; be the null polynomial, that is the polynomial whose
coefficients are all equal to Oz, and let 17;x; = 17 be the polynomial of degree O
whose only non zero coefficient is equal to 1z. We limit ourselves to prove that
(ZIX], +, Oz;x7) is an abelian group.

e Clearly, the null polynomial Oz x is the identity element with respect to the sum
of polynomials.
e Let us consider three arbitrary polynomials in Z[X],

n m P
p(X) = Z a X', qX)= Z bi X', r(X)= Z aX'.
i=0 i=0 i=0
We show that
(P(X) +q(X)) + r(X) = p(X) + (q(X) + r(X)).

For simplicity we consider the case n = m = p, since the proof for the general
case is analogue. From the definition of sum of polynomials, one has

AX) = (p(X) + q(X)) +r(X)

=D @+b)X Y X' =) @ +b)+clX’
i=0 i=0

i=0
and

B(X) = p(X) + (¢(X) + (X))

=Y aX +) bi+c)X =) lai+ b + )X
i=0 i=0

i=0
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The coefficients of A(X) and B(X) are given, foranyi =0, ..., n, by
[(@ +b)+c] and [a; + (b +ci)]

and they coincide being the sum in Z associative. This means that A(X) = B(X).

e We show next that any polynomial p(X) = Y_"_;a; X' is invertible with respect
to the sum in Z[X]. Let us define the polynomial p’(X) = Z;’zo(—ai)Xi, with
(—a;) denoting the inverse of a¢; € Z with respect to the sum. From the definition
of the sum of polynomials, one clearly has

PX)+p(X) =) aX +> (a)X' =) (& —aX'.
=0 =0

i=0

Since a; — a; = 0z, for any i, one has p(X) + p'(X) = Ozx;; thus p’(X) is the
inverse of p(X).

e Finally, we show that the sum in Z[ X] is abelian. Let p(X) and ¢ (X) be two arbi-
trary polynomials in Z[X] of the same degree deg p(X) = n = degg(X) (again
for simplicity); we wish to show that

p(X) +q(X) = q(X) + p(X).

From the definition of sum of polynomials,
UX) = p(X) +q(X) =) _ (@ +b)X’
i=0

VX)=qX)+pX) =) (bi+a)X':
i=0

the coefficients of U (X) and V (X) are given, foranyi =0, ..., n by
a; + b; and b; + a;

which coincide since the sum is abelian in Z. This means U (X) = V (X).

We leave as an exercise to finish showing that Z[ X ] with the sum and the product
above fulfill the conditions (b)—(d) in the Definition A.3.1 of a ring. O

Remark A.3.5 Direct computation show the following well known properties of the
abelian ring Z[ X] of polynomials. With f(X), g(X) € Z[X] it holds that:

(1) deg(f(X) + g(X)) < max{deg(f (X)), deg(g(X))};
(i) deg(f(X) - g(X)) = deg(f (X)) + deg(g(X)).

It is easy to see that the set (Q, +, -, 0, 1) of rational numbers is an abelian ring as
well. The set QQ has indeed a richer algebraic structure than Z: any non zero element
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0 # a € Q is invertible with respect to the product. If a = p/q with p # 0, then
a'=q/peqQ.

Definition A.3.6 An abelian ring K = (K, +,0,-,1) such that each element
0 # a € K is invertible with respect to the product -, is called a field. Equivalently
one sees that (K, +, 0, -, 1) is a field if and only if both (K, +, 0) and (K, -, 1) are
abelian groups and the product is distributive with respect to the sum, that is the
condition (d) of the Definition A.3.1 is satisfied.

Example A.3.7 Clearly (Q, +, 0, -, 1) is a field, while (Z, +, 0, -, 1) is not. The fun-
damental example of a field for us will be the set R = (R, +, 0, -, 1) of real numbers
equipped with the usual definitions of sum and product.

Analogously to the Definition A.3.3 one can define the sets Q[X] and R[X] of
polynomials with rational and real coefficients. For them one naturally extends the
definitions of sum and products, as well as that of degree.

Proposition A.3.8 The set Q[ X] and R[X] are both abelian rings. O

It is worth stressing that in spite of the fact that Q and R are fields, neither Q[ X]
nor R[X] are such since a polynomial need not admit an inverse with respect to the
product.

A.4 Maps Preserving Algebraic Structures

The Definition A.2.1 introduces the notion of algebraic structure (G, *) and we have
described what groups, rings and fields are. We now briefly deal with maps between
algebraic structures of the same kind, which preserve the binary operations defined
in them. We have the following definition

Definition A.4.1
A map f: G — G’ between two groups (G, *g, eg) and (G', x¢g', eg) is a group
homomorphism if

fxxgy) = f(x)*x¢ f(y) forall x,y e G.

Amap f : A — Bbetweentworings (A, +4, 04, -4, 14)and (B, +5,0p, -5, 1)
is a ring homomorphism if

Jatay)=fx)+s f(y),  [fx-ay)=f&)pf(y) foral x,yeA.

Example A.4.2 The natural inclusions Z C Q, Q C R are rings homomorphisms, as
well as the inclusion Z C Z[x] and similar ones.

Exercise A.4.3 The map Z — Z defined by n +— 2n is a group homomorphism
with respect to the group structure (Z, +, 0), but not a ring homomorphism with
respect to the ring structure (Z, +, 0, -, 1).
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To lighten notations, from now on we shall denote a sum by + and a product by -
(and more generally a binary operation by x), irrespectively of the set in which they
are defined. It will be clear from the context which one they refers to.

Group homomorphisms present some interesting properties, as we now show.

Proposition A.4.4 Let (G, *, eg) and (G', *, eg’) be two groups, and f : G — G’
a group homomorphism. Then,

(i) f(eg) =eq,
(ii) f(a_l) = (f(a))_l,foranya e G.

Proof (i) Since eg is the identity element with respect to the sum, we can write
fleg) = f(eg xec) = f(eg) * f(ec),

where the second equality is valid as f is a group homomorphism. Being
f(eg) € G',ithas aunique inverse (see the Proposition A.2.9), (f(eg)) ™! € G/,
that we can multiply with both sides of the previous equality, thus yielding

flec) * (flec))™ = fleg) * fleg) * (feg) ™.
This relation results in
e = fleg) xeq = eq = fleg).

(ii) Making again use of the Proposition A.2.9, in order to show that (f (a))~" is the
inverse (with respect to the product in G’) of f(a) it suffices to show that

f@*(f@) "' =eq.

From the definition of group homomorphism, it is

f@x*(f@)"'=flaxa™) = fleg) = e

where the last equality follows from (i).
If f: A— B is aring homomorphism, the previous properties are valid with
respect to both the sum and to the product, that is

(i) f(04) =0pand f(14) = 1p;
(ii’) f(—a) = —f(a) for any a € A, while f(a~') = (f(a))~' for any invertible
(with respect to the product) element a € A with inverse a~'. ]

If A, B are fields, a ring homomorphism f : A — B is called a field homomor-
phism. A bijective homomorphism between algebraic structures is called an isomor-
phism.
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A.S Complex Numbers

Itis soon realised that one needs enlarging the field R of real numbers to consider zeros
of polynomials with real coefficients. The real coefficient polynomial p(x) = x> + 1
has ‘complex’ zeros usually denoted +i, and their presence leads to defining the field
of complex numbers C. One considers the smallest field containing R, +i and all
possible sums and products of them.

Definition A.5.1 The set of complex numbers is given by formal expressions
C={z=a+ib|a,beR}.

The real number a is called the real part of z, denoted a = 9 (z); the real number b
is called the imaginary part of z, denoted b = J(z).

The following proposition comes as an easy exercise.
Proposition A.5.2 The binary operations of sum and product defined in C by

(a+1ib) + (c+id) = (a +¢) +i(b + d),
(a +1b) - (¢ +id) = (ac — bd) + i(bc + ad)

make (C, +,0c¢, -, 1¢) a field, with Oc =0 +10g = Og and
Ic = 1Ig +i0g = 1. O

Exercise A.5.3 An interesting part of the proof of the proposition above is to deter-

mine the inverse z~! of the complex number z = a + ib. One easily checks that

o1 a . b
(@ +ib) Ta2 i i a2 i,

(a —1b).

Again an easy exercise establishes the following proposition.

Proposition A.5.4 Given z = a + ib € C one defines its conjugate number to be
z = a — ib. Then, for any complex number z = a + ib the following properties hold:

(i) 2=z,

(ii) 7=z ifand only if 7 € R,

(iii) 7z = a* + b?,

iv) 747 =2R(2). U

Exercise A.5.5 The natural inclusions R C C given by R 3 a - a + i0g is a field
homomorphism, while the corresponding inclusion R[x] € C[x] is a ring homomor-
phism.

Remark A.5.6 We mentioned above that the polynomial x> + 1 = p(x) € R[x]can-
not be decomposed (i.e. cannot be factorised) as a product of degree 1 poly-
nomials in R[x], that is, with real coefficients. On the other hand, the identity
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x24+1=(x —i)(x +1) € C[x] shows that the same polynomial can be decomposed
into degree 1 terms if the coefficients of the latter are taken in C. This is not sur-
prising, since the main reason to enlarge the field R to C was exactly to have a field
containing the zero of the polynomial p(x).

What is indeed surprising is that the field C contains the zeros of any polynomial
with real coefficients. This is the result that we recall as the next theorem.

Proposition A.5.7 (Fundamental theorem of algebra) Let f(x) € R[x] be a polyno-
mial with real coefficients and deg f(x) > 1. Then, f(x) has at least a zero (that is
a root) in C. More precisely, if deg f (x) = n, then f(x) has n (possibly non distinct)
roots in C. If 7y, . .., z; are these distinct roots, the polynomial f(x) can be written
as

f@) =a =)™V —22)"P oo (0 = 2",

with the root multiplicities m(j) for j = 1, ...s, such that

> m()=n.
j=1

That is the polynomial f(x) it is completely factorisable on C. (Il

A more general result states that C is an algebraically closed field, that is one has
the following:

Theorem A.5.8 Let f(x) € Clx] be a degree n polynomial with complex coeffi-
cients. Then there exist n complex (non distinct in generall ) roots of f (x). Thus the
polynomial f(x) is completely factorisable on C. O

A.6 Integers Modulo A Prime Number

We have seen that the integer numbers Z form only a ring and not a field. Out of
it one can construct fields of numbers by going to the quotient with respect to an
equivalence relation of ‘modulo an integer’. As an example, consider the set Z3 of
integer modulo 3. It has three elements

Zz ={[01, [11, [2]}

which one also simply write Z3 = {0, 1, 2}, although one should not confuse them
with the corresponding classes.

One way to think of the three elements of Z; is that each one represents the
equivalence class of all integers which have the same remainder when divided by 3.
For instance, [2] denotes the set of all integers which have remainder 2 when divided
by 3 or equivalently, [2] denotes the set of all integers which are congruent to 2
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modulo 3, thus [2] = {2,5, 8, 11, ...}. The usual arithmetic operations determine
the addition and multiplication tables for this set as show in Table A.2.

+lo[1]2 «|0|1]2
0l0[1]2 0[0[0]0
1]1]2[0 and 10[1[2 (A-2)
22[0[1 20002[1

Thus —[1] = [2] and —[2] = [1] and Z3 is an abelian group for the addition. Further-
more, [1] % [1] = [1] and [2] % [2] = [1] and both nonzero elements have inverse:
[177! = [1] and [2]~! = [2]. All of this makes Z5 a field.

The previous construction works when 3 is substituted with any prime number p.
We recall that a positive integer p is called prime if it is only divisible by itself and
by 1. Thus, for any prime number one gets the field of integers modulo p:

Z,=17/pZ ={[0],[1],...,[p — 11}

Each of its elements represents the equivalence class of all integers which have
the given remainder when divided by p. Equivalently, each element denotes the
equivalence class of all integers which are congruent modulo p. The corresponding
addition and multiplication tables, defines as in Z but now taken modulo p, can be
easily worked out. Notice that the construction does not work, that is Z, is not aring,
if p is not a prime number: were this the case there would be divisors of zero.
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Exponential of a matrix, 208, 210

F

Field, 15-17, 20, 190, 191, 204, 329, 337,
339-341

Field strength matrix, electro-magnetic, 231,
232

G

Gauss’algorithm, 61, 85

Geometric multiplicity of an eigenvalue,
145, 148

Gradient, 15
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\%
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