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ABSTRACT

In this paper, we mainly investigate the action of PGL(2,q) on the cosets some of its subgroups namely;
Cq-1,Cq+1and F,. Corresponding to each action the disjoint cycle structures and cycle index formulas is

determined.
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1 Introduction

Projective General Linear Group

The Projective General Linear Group PGL(2, q) over a finite field GF(q), where g = p/, p a prime number
and f a natural number, is a group consisting of all linear fractional transformations of the form;

ax+Db
cx+d’

X —

wherex € PG(1,q) = GF(q) U {0}, the projective line, a, b, c,d € GF(q) and
ad — bc + 0.
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It is the factor group of the general linear group by its centre and it is of order q(q? — 1).

(Dickson [1])

PGL(2, q)is the union of three conjugacy classes of subgroups each of which intersects with each other at the

identity subgroup, and these are;

a) Commutative subgroups of order g

PGL(2, q)has commutative subgroups of order q. We denote it by F,.

Non- identity transformations in P, have onlyo as a fixed point in PG (1, q). It is of the form;

p={( Dwecr@),

The normalizer of F,in PGL(2, q)has transformations of the form;

c e «
S = (0 d) where e € GF(q) and c,d € GF(q)".

Thus,

NpeLizg)(Py)| = a(qg = D).
Therefore the number of subgroups of PGL(2, g)conjugate to Fyis g + 1.

These q + 1 subgroups have no transformation in common except the identity. All the conjugate subgroups of

order g contain g — 1 distinct non identity transformations of order p.
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b) Cyclic subgroups of order g — 1

PGL(2, q)also contains a cyclic subgroup C,_; of order g — 1. Each of its non identity transformations fixes 0

and oo. It is of the form;

a 0 *
Cpy = {(0 b) la,b € GF(q)'}
The normalizer of C,_; is generated by the transformations T and W

h O)’

Where; T
ere; 0 1

Il
/N

and h is a primitive element in GF (q) and

w=( o)

Thus,

|NPGL(2,q)(Cq—1)| =2(q —1).

Therefore the number of subgroups of PGL(2,q) conjugate to C,_4is %q(q + 1). These conjugate cyclic

subgroups have no transformation in common except the identity and thus contain%q(q +1)(q — 2) non

identity transformations
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c) Cyclic subgroups of order g + 1

Another subgroup of PGL(2,q) is the cyclic subgroupC,,, of order q + 1. This consists of elliptic

transformations. All the non identity elements of the cyclic subgroup of order g + 1fixes no element. The

normalizer of this subgroup is a dihedral subgroup of order 2(q + 1).
Therefore the number of subgroups of PGL(2, g)conjugate to this cyclic subgroup of order g + 1is %q(q -1).

Since the%q(q — 1) conjugate subgroups have only identity in common so, they contain %qz(q — 1) non

identity transformations.(Huppert [2])

1.1 Theorem

Let G be a finite transitive permutation group acting on the right cosets of its subgroup H. if geG and |G: H| =

n then,
n(g) 1C9NH|
n  |CI|
(Kamuti [4])
1.2 Lemma
Let g be a permutation with cycle type (ocljoczjoc& ..,ocn) then,

a) The number n(g") of 1-cycle in gl is ¥y ia;

b) o, :EZn(g%)y(i) , Where x is the mobius function.

(Hardy and Wright [3])
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1.3 Lemma
If g is elliptic or hyperbolic of order greater than 2 or if g is parabolic, then the centralizer in G consists of all
elliptic (respectively, hyperbolic, parabolic) elements with the same points set, together with the identity
elements. On the other hand if g is elliptic or hyperbolic of order 2, then its centralizer is the dihedral group of
order 2(q + 1) or 2(q — 1) respectively.
(Dickson [1])
1.4 Theorem
a) Let g be the following set of subgroups of G = PGL(2, q);
o =P, Cl,Cllg €GY.
Then each non-identity elements of G is contained in exactly one group in g. (Thus the set g form a partition
of G.)
b) Let m(g) be the number of fixed points of g € G on the PG(1, q). If we define
7, ={glg € G,n(g) = i};
then
7o =U (cg41 — D9, 71 =V (B, — )9, 73 =V (¢q—1 — I)9.(Kamuti [4])
1.5 Theorem

The cycle index of the regular representation of a cyclic group C,, is given by;

1 n
26 == o,

d|n
whereg is the Euler’s Phi function and ¢, t, ........., t, are distinct (commuting) indeterminates.

(Redfield [5])
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2.0 PERMUTATION REPRESENTATIONS OF G = PGL(2,q)

2.1 Representation of G on the cosets of H = C,_4

G contains a cyclic subgroup H of order g — 1whose every non-identity elements fixes two elements. If g is an
element in G, we may want to find the disjoint cycle structures of the permutation g* induced by g on the
cosets of H.Our computation will be carried out by each time taking an element gof order d in G from
71,72 and t, respectively.

To find the disjoint cycle structuresof g € Gwe use Lemma 1.2(b) and thus we need to determine|CY],|CI N
/A and zg using Theorem 1.1 We easily obtain £z using Lemma 1.3, but we need to distinguish between Z=2
andd > 2.Soif d > 2 then we have;

o= 101
IC(PI

where|C(g)|is the order of centralizer of g.
The values of m(g)are displayed in Table 2.1.1 below

Table 2.1.1: No. of fixed points of elements of G acting on the cosets of C,_4

Case 19| IC9 N H| n(g)

I g Etod > 2 q(g—1) 0 0
d=2 qq—1) |0 0

2
T gET d>2 q> -1 0 0
d=2 q®> —1 0 0
Il gEt,d>?2 q(qg +1) 2 2
d=2 q(q+1) 1 2

2

After obtaining m(g), we proceed to calculate in details the disjoint cycles structures of elementsg’ in this

representation using Lemma 1.2(b).
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Table 2.1.2: Disjoint cycle structures of elements of G on the cosets of C;_4

T1 To Ty

Cycle length of |1 p 1 d 1 d

g

No. of cycles 0 p/lg+1) 0 @ 5 (q — 1)d(q +2)

2.2 Representation of G on the cosets of H = €4

To compute the disjoint cycle structures of g* we also need to determine 7(g) by using Theorem 1.1 and find
a; by applying Lemma 1.2(b). Before we obtain m(g) we first need to determine |C9| and|CY9 n H|. Since|CY |

is the same as in Section 2.1, so we only need to find |CY n H|. If get; and t,then,

|CINnH|=0.
. If get then,
1ifd =2
9 =
1C9 n H| {Zifd %2

This is because ifd = 2 ¢(2) = 1. So it has a single element of order 2. Each subgroup of G conjugate toH
has one element of order 2.

If gety and d # 2we have;

|CINH|=2
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The values of m(g) are displayed in Table 2.2.1 below

Table 2.2.1: No. of fixed points of elements of G acting on the cosets of €4

Case |CY| |C9 N H| n(g)

I g Etod > 2 q(qg—1) 2 2
d=2 q(q — 1) 1 2

2
I geETId>2 q* -1 0 0
d=2 q> -1 0 0
Il g€Et,d>?2 q(qg +1) 0 0
d=2 q(q+1) |0 0

2

After obtaining (g) we use the same approach as in Section 2.1 above to find the disjoint cycle structures of
elements of G on the cosets of C, ;. Therefore the results is as shown in Table 2.2.2 below.
Summary of results

Table 2.2.2: Disjoint Cycle structures of elements of G on the cosets of g4

T To T2
Cycle lengthof g | 1 p 1 d 1 d
No. of cycles 0 p/lig-1) [, @@= )
y A

d
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2.3 Representations of G on the cosets of H = P,

To obtain the disjoint cycle structures of g we use Theorem 1.1.9 to get m(g). We compute «; using Lemma
1.1.10(b). To find (g) we first need to obtain |C9|and |[H n CY|. Since|CY| is the same as in Section 2.1, so
we only need to determine |H N CY|.
Ifgertyand g € 7y,
|[HNnCY9| = 0.
If g € 74 then;
|[HNC9]=q -1,

The values of (g) are displayed in Table 2.3.1 below;

Table 2.3.1: No. of fixed points of elements of G on the cosets of p,

Case g |CI N H| n(g)
l JgET q(g -1 0 0
I gET q? -1 qg—1 qg—1
i g €Ty q(g+ 1) 0 0

We use similar approach to find the disjoint cycle structures of elements of G on the cosets of F, as section

2.1.

Table 2.3.2: Disjoint Cycle structures of elements of G on the cosets of p,

Tl TO T2
Cyclelengthofg [1 p 1 d 1 d
No. of cycles -1 (q>-1) 21
e It I = R N

34



International Journal of Scientific Research and Innovative Technology ~ ISSN: 2313-3759  Vol. 5 No. 4; April 2018

3.0 THE CYCLE INDEX FORMULAS FOR G = PGL(2,q)ACTING ON THE COSETS OF ITS
SUBGROUPS

After computing the disjoint cycle structures of elements G acting on the cosets of its subgroups, then we can
now use them to find the cycle index formula for these representations.

In this section we shall determine some general formulas for finding the cycle indices for the representation of

G on the cosets of its subgroups.

3.1 Cycle index of G acting on the cosets of H = C;_4

Theorem

The cycle index of G on the cosets of H is given by;

1 |G|/ o1
26) =l 4 (@2 — el @

p(d)tit, 5 p(dt,

(q—1)(g+2) _ (g+1)
L4@+D z e 4@-1 z atatt ]
1#d|q—1 1#d|q+1

Proof

|G|/
The identity contributes t, 1 to the sum of the monomials. All the (g% — 1) parabolics lie in the same

conjugacy class, hence they have the same monomials. So from Table 3.1.2 the contributions by elements of

. f-1 . o . . .
T1is (¢* — Dt} @1 Each g € 7, is contained in a unique cyclic subgroup C,—1 and there are in total

iG] conjugates of C,_,. Hence by Theorem 4.1.1 and the results in Table 3.1.2 the contributions by

(g-1)(q+2)
elements of 7, is -1 Zl:tdlq 1 <p(d)t1 ¢ Finally each g € 1, is contained in unique cyclic subgroup

C,+1and there are in total 22— q(q D conjugates of C 4+1 SO they contribute
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q(qg+1)
@Zmﬂqﬂ @(d)t, ¢ to the same of the monomial. Adding all the contributions and dividing by the

order of G we get the desired results. m

3.2 Cycle index of G acting on the cosets of H = Cy4

Theorem

The cycle index of PGL(2, q) acting on the cosets of H is given by;

1|16l f-1(g—
26) = 11|t (@ -nep @Y
+1 q(g—1) -1 (q+1)(q-2)
+ M ga(d)td d 4 q(qT) z ) (d)tlztd d ]
1#d|q—1 1#d|q+1

Proof

Using the results in Table 2.2.2 and argument similar to those in Theorem 3.1 the result is immediate. m

3.3 Cycle index of G acting on the cosets of H = P,

From the results in Table 2.3.2, we have the following theorem;
Theorem

The cycle index of G on the cosets of H is given by;

_ 1 IGl/IHI 2 q-1,p/"1(q-1)
Z(G) —m t, +(q°—Dt] ¢,

p(d)t] +t—

+1 1g%-1 -1 Lg?-1
L@+ @-1  q(q—1) Z <p(d)tg(" )]
1#d|q—1 1+d|q+1
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