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Abstract

This research investigates the effects of induced magnetic field on the MHDboundary layer
laminar flow of a dusty fluidover a stretching flat plate surface. The fluid flow is influenced by
an external uniform magnetic field applied perpendicular to the stretching plate. Moreover, the
problem studiedis characterized by the parameters: Hartmann number, interactions with Cust
particles, stock resistance, Reynolds munber and magnetic Reynolds mumber. The basic governing
partial differential equations are transformed into a system of ordinary differential equations by
applying suitable similarity transformations. These equations are in turn solved numerically by
using collocation methodthrough MATLAB functions bvpdc. The effects of the characterizing
parameters in this work on skin friction, dusty particles and magnetic induction are respec tively
tabulated and graphically depicted, then d1sc,us~scd These results indicate the possible technological
applications of the study in liquid based systems involving stretchable mater mlm such as paintspray
in motor vehicles. Although some of the numerical solutions agree with a numnber of the available
results from previous studies, other vesults differ because of the effect of the induced magnetic feld
introduced in this study.
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List of Symbols

R. Reynolds number.

B, Induced magnetic field.
o Magnetic divisibility.

h'  Magnetic induction.

g Dust particle veloeity.

U, Dust phase velocity.

Uy, Stretching velocity.

Cy  Skin friction coeflicient.

1 Similarity variable.

v Kinematic viscosity.

Usx  Iree stream fluid velocity.
5 stock resistance.

S Dimensionless stream [unction for fluid velocity

1 Introduction

The problem of boundary layer dusty fluid flow has been under investigation over many years ago.
Both unsteady and steady incompressible fluid flow has been studied by different rescarches such
as Sakiadies (1961), Girresha (2012) and Mudassar (2017) amongst others. Recently, the study of
steady dusty fluid flow under electrically conducted fluid flow has become a subject to the field of
applied mathematics and above all with an introduction of magnetic field. This has enabled numerous
researchers to study the effect of physical characterizing parameters such as Magnetic parameter, fluid



particles paramcters and dust particles parameters amongst others on dust fluid {low velocity profile,
heat transfer, temperature and pressure profile. Nevertheless, these researchers limited themsclves on
the influence of applied external magnetic field to fluid flow at different angles without dwelling in any
way with the effect of induced magnetic field on the Huid flow nor on the skin friction Morcover. despite
the efforts of those researcher, no one attempted to carry out an investigation ou the effects of physical
characterizing parameters on induced magnetic profile such as magnetic Reynolds number (Ran).
Therefore, to bridge this gap, the current study comes out to investigate the effect of induced niagnetic
field on MHD boundary layer dusty fluid flow over a stretching flat plate surface by introducing
magnetic induction equations as a part of the equations governing dusty fluid How. Henceforth,
through that, we shall determine the effects of fluid flow paramecters such as magnctic Reynolds
number (Rim) and Reynolds number (Re) on induced magnetic field.

As different rescarchers have investigated the problem of boundary layer fluid fow and heat transfer
over a stretching surface, this paper presents a few of their findings in order to establish the gap between
them and the current study. By evaluating their investigations, this study aims at bringing more light
to their investigations by introducing magnetic induction equation on the governing cquations of the
boundary layer steady incompressible dusty fluid flow, a key field of study which has drawn numerous
interests to current mathematicians,

Maiunly. the study of an electrically conducted boundary laver fluid flow over a stretching surface
has been a subject of special interest for the first couple of decade due to its two pliase nature namely,
the phenomena occurring in a fluid both liquid or gas containing a distribution of solid spherical
particles. Initially, boundary layer fluid flow was began by Prandtl (1904) and Sakiadics (1961) who
studied boundary layer low over a stretching surface moving with a constant velocity. He formulated
a boundary layer equation for two-dimensional and axisymatic flow by using both ¢xact and numerical
methods through which he obtain the results. Saftman (1962) extended Sakiadies study by initiating a
study of laminar dusty fluid flow which was improved by Crane (1970) by investigating two dimensional
steady flow of an incompressible viscous fluid caused by a linearly stretching plate. More so. Vajraveru
and Nayfeh (1992) discussed in depth the analysis of hydromagnetic flow of a dusty fluid How over a
stretching surface in the presence of suction velocity. On the same ground, Chakrabarti and Gupta
(1992) discussed the hydromagnetic flow and heat transfer of a non-Newtonian Huid over a stretching
surface. Thus many more authors studied the problem of MHD and viscous dissipation cffects on
heat transfer analysis. For instance, Chen (2008), basing himself on the above studics of boundary
layer dusty fluid flow; he analyzed the mixed convection of a power law fluid over a stretching surface
in the presence of thermal radiation and magnetic field. However, these studies despite their efforts
of investigating, none of them investigated the relationship between dusty Huid How aud induced
magnetic field, a fact that co-exists in any clectrically conducted boundary laver dusty fuid How
passed a transverse magnetic field.

Due to the above noted loophole, more mathematicians continued with investizations on boundary
layer fluid How and heat transfer on a viscous and incompressible fluid induced by a stretehing surface.
G. J Gircesha et.al (2011) carried a study on the effect of hydrodynamic laminar boundary layer
flow and heat transfer of a dusty fluid over an unsteady stretching surface in the preseuce of non-
uniform heat generation and absorption. He studied the effect of various governing paramcters such
as magnetic parameter, heat source parameter, number density, fluid particles interaction parameter
and unsteadiness parameter amongst others. Through his study, he noted there was an effect of
magnetic paramcters (M) on velocity distributions for fluid and dusty phase while other parameters
remained fixed. He observed that, the momentum boundary layer thickness decrcased as magnetic
parameters increased and hence induces an inerease in the absolute value of the velocity gradient at
the surface. This reality revealed that the velocity profile decreased with an increase in the values of
unsteadiness parameter and temperature component for both fluid and dusty phase decreased with
an increase of fluid particles interactions parameters. Likewise, the study revealed that according to
heat transfer, thermal boundary layers thickness was decreasing with an incrcase of Prandt] munmber.

In addition, B.J Gircesha ct.al (2012) also studied boundary layer steady fluid flow by carrving out
a study on magnetohydrodynamics boundary layer flow and heat transfer characteristics of a dusty
fluid flow over a Hat stretching sheet in viscous dissipation, Numerically, by applying Runge Kutta
Fehlberg forth-fifth order method (RKEF 45 method), he noted that the increasing Chandrasckhar
number (Q) clearly escalated the magnitude of Lorentz hydromagnetic body force which retarded the
flow whilst in the non-dimensional particles velocity was constant. This confirmed that the transverse




magnetic ficld contributes to the thickening of thermal boundary layer. For instance, an applicd
transverse magnetic field produces a body force namely Lorentz force which oppose the mwotion by
enhancing temperature. Thus, he concluded external magnetic field should be mild for effective cooling
of stretching surface. Morcover, Runu S. et.al (2015) carried out a study on laminar boundary layer
flow and heat transfer of a (Iustv fluid flow over a vertical permeable stretching surface. Through this
investigation, he studied effect of physical parameter such as fluid particles interaction parameter,
suction paramecter, Prandt] number and Eckert number on the flow and heat transfor charactoeristics.,
This enabled him to discover that there was no significance change in the fluid phase velocity (7)) unlike
i the particles phase velocity (U,) which increased with the inerease of fhuid particles inferaction
parameters (4). As well for the higher Prandtl number fluid had a thinner thernal boundary layer
which increased the gradient of temperature and the surface heat transfor. Cons quently e noted
that fluid velocity (U) decrcased asymptotically thought with a significant increase in dust particle
phase velocity (Up) due to increase of suction parameter (fo). Recently, Mudassar J. ct.al (2017) in
view of the above previous studies carried out a study on an exact solution of MIID boundary flow
of dusty fluid flow over stretching surface in the presence of applied magnetic ficld. By specitving his
problem in terms of characterizing parameters known as fluid particles interaction paramcters, (/)
Magnetic field parameter (M) and mass concentration of dust particles parawcter, (v) he observed
that both Huid and dust particles velocities decreased with an increase of magncetic parameter which
increased Lorentz force resulting to the decrease of Huid velocity. As well, he noted the increase of
physical parameters affected skin friction by increasing it which in turn produced a resistance to fluid
flow.

Significantly, due to wide applications of MHD boundary layer flow in mechanical cngineering, this
study will play a great role in the field of mathematical application in the modern world. For instance.
it will help in the field of cooling of reactors, clectrostatic precipitations, power generations, MITD
pumps, petroleum industries and designing of heat exchanger amongst others due to the application of
magnetic induction equation. Morcover, due to emergence of great adventure in physics, this paper will
also play an important role in the applications of geophysics, astrophysics, solar physics, meteorology
and in the motion of carths’ core (Mudassar 2017). Through the findings of this study, also those who
work in the field of physics; they will find it easy to understand the whole concepts of steady dusty
flow in rclations to MHD boundary flow. Distinctively, this study will help many rescarchers in the
field of MHD boundary layer flow to understand more the concepts of fluid flow cibedded with dust
particles as it is cncountered in different engineering problems concerned with nuclear reactors ¢ ‘ooling,
powder technology and in paint spraying due to the application of induced magnetic ficld. Henceforth,
this study will also enhance our understanding of dusty particles applications in the boundary layer
especially as it is found in a cloud during nuclear explosions and in the techuical processes.

As noted carly, within the course of time the study of two-dimensional boundary layer dusty fluid
flow where solid spherical particles are distributed in a fuid has become of ereat interest in a wide
range of technical problems such as fluid flow through packed beds, sedimentation and centrifugal
scparations of particles. Mainly, this has been enhanced by two phase nature of dusty fluid fow
whose occurrence contains the distribution of particles. Consequently, animated by the interest of
two-dimensional boundary layer dusty fluid flow; rescarchers also worked out the dusty model for
various flow configuration under the boundary layer Huid How conditions by using different physical
characterizing parameters. However, in spite of introducing external magnetic ficld in the MHD dusty
fluid flow, previous rescarchers did not address cffect of induced magnetic field in relation to dusty
fluid flow over the stretching surface and skin friction. For instance, they linited themselves on the
effects of physical characterizing parameters on skin friction and on fuid flow velocitios. Therefore.
by considering the cffect of magnetic Reynolds number on induced magnetic profile as an additional
parameter to previous studies, this paper extend previous investigation on dusty fuid How by taking
into account the effect of induced magnetie ficld on fluid flow, a reality that was previously overlooked.
To achicve that, this study introduces magnetic induction equation on the two-dimensional steady
incompressible MHD boundary layer dusty fluid flow over a stretching surface in order to study the
effect of induced magnetic field on dusty fluid low and on skin friction.



2 Equations governing the flow

2.1 Description of the flow problem

By Considering a steady flow of two dimensional laminar boundary layer flow of an electrically con-
ducted viscous incompressible dusty fluid over a semi-infinite surface, let the surface be stretching
with a velocity U,, = cx , where the positive constant ¢ is the stretching rate. Let also the Clartesian
coordinate system be located in X - axis and Y - axis along and normal to the surface respectively.

Henceforth, let the origin of the system be at the leading edge as shown below in figure 2.1

Y Fy Bl]

Mormentum
boundary layer

=

Semi-irfinite plate Uy=cx

Figure 1: Geometry of the considered fluid flow indicating the dust particles, boundary layer and the
externall applied magnetic field.

Deriving the governing equations, the Stokesian drag force is considered for the interaction between
fluid and dust particles phase. More so, induced magnetic field is considered unlike external electric
field which is negligible as a result of polarization of charges within the fluid flow. Additionally,
for both fluid and dust particles, clouds are considered to be static at the beginning and pressure
gradient is neglected meaning it is assumed to be constant. The dust particles are also assumed to
be uniform in size and spherical in shape as appears in figure 2.1 above. Finally. mumber density of
the dust particles is taken as constant throughout the flow whilst within the dust particles equation,
both viscous force and magnetic field effects are neglected. Moreover, since the fluid being studied
is electrically conducted and moving with the plate, then there is an induced magnetic field. The
induction of magnetic field occurs leading to the formation of Alfve'n waves, whereby the motion of
fluid drags the induced magnetic field (B,) along the x - axis towards the direction of fluid flow. This
dragging creates a force known as Lorentz force that counteracts the dragging of magnetic field, This
happens repeatedly thus creating the induced magnetic field.

2.2 General governing equations
The following assumptions are considered in derivation of the specific fluid flow cquations:
1. The flow is steady and incompressible.
2. Pressure gradient is negligible.
3. The number density is constant.
4. External electrical field (E) is negligible.
5. The dust particles are assumed to be spherical in shape and uniform in size.

On the other hand, the following assumptions were considered in derivation ol the dust particles
equations:



1. The flow is steady and incompressible.
2. There is no viscous force.
3. The magnetic field effect is negligible.

4. The pressure gradient is constant and negligible.

Therefore the general governing equations of the dusty fluid flow with induced magnetic field are:
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By considering the above stated assumptions together with the fluid flow description given in

section 2.1 we have:
U=ui+uvy+0k, B=bi+B,j+0k, U,=upi+uv,+0k
Since we know that pressure gradient is negligible from our assumptions, then:
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2.3 Specific Governing equations

(6)

Using (7) and the component terms in (6) above, in the given general equations, we obtain the specific

cquations below,
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Since b = b(y) and B, is a constant.
The boundary conditions accompanying the above specific governing equations are:

P=0F U=EUgln); =0, b=Bg

y—=oo; u=0, u,=0, wvp=v; b=0

(8)

(9)

(10)

(11)



3 Method of Solutions

3.1 Similarity Transformations of the Specific Equations and Boundary conditions

The following similarity relations are used to transform the specific equations in section 2.3 and
boundary conditions:

C
n=y/;¥ Up= cxg'(n);  Vp = —vevg(n)

b= (.‘:r:a"i."(‘r}); U = c.’(,‘_f!('r'}); v = —\/C_xf("f’)

Transformation of the boundary conditions in section 2.3 for y = 0 and y — ~ respectively vields,

=0 f =1 [f(0)=0

n—oo0; g=f; flloe)=0; h(oc)=0; g'(c0)=0

The transformation of specific governing equations in section 2.3 yields the following ordinary
differential equations:
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As a result of the transformations, the non-dimensional parameters defined below are obtained:
Fluid particles interaction parameter,8 = L, Magnetic parameter, M = —f— Skin friction coeffi-

cient, C'y = =2 and Magnetic Reynolds number, R = "—%ﬁ-

Pz

3.2 Numerical Methods of solution

In order to perform the mumerical approximations the ordinary differential equations obtained in
section 3.1 are first reduced from their respective higher order to first order. Leiting z; = f: 2z, =
i z3 = f", results to the following system of first order differential equations, for the equation (13):
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Further, letting z; = g:  z5 = ¢ yields the following system of differential equations, for equation
(14):
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Finally, letting z; = h; 27 = h', 25 = h” gives rise to the system below, for equation (15):
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Therefore the equations (13), (14), and (15) now becomes a system of equations of the form:
z' = F(n,z)

where:
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4 Discussions of the Simulation Results

4.1 Effects of induced magnetic induction on skin friction

A collocation method was used to solve the above first order systems of ordinary differential equations
through the MATLAB function bupde. As a result, we obtained the relationship hetween skin friction
and different dimensionless parameters used in this study as shown in Table 1.

Table 1: Skin friction in relation to different dimensionless paramcters

No. | M | 8 y Em | Re Cy
1 03105]2x10"%]30 |3500] —1.0228
2 0.605]2x1073]30 |3500 | —1.1231
3 1.0 [ 05| 2x 1077 | 30 | 3500 || —1.2338
4 06]01[2x107%]30 |3500 | —1.1232
5 06]07]2%x107%]30 | 3500 | —1.1230
G 06| 05]1x107%]30 | 3500 —1.1208
7 06|05 3x10"3]30 |[3500] —1.1248
8 06]05]2x1073 |10 | 3500 || —1.1228
9 0.605]2x1072%]50 |3500 | —1.1234
10 [06]05]2x%x107%]30 |1500 | —1.1244
11 |06[05]2x%x107%]30 |5500 ] —1.1231

From Table 1 above, the effects of Reynolds number (Re) and magnetic Revnolds number (Bm)
on skin fiction are presented for the first time unlike other parameters found in the previous studies
such as Hartimann number (M), fluid particles interaction parameters (2) and stock resistance (7).
In particular, presents cffect of Reynolds munber and Magnetic Reynolds mumber on skin friction as
found in equation (15). The effects of Reynolds number (Re) and fluid particles interaction parameters
(8) on skin friction shows a dircct proportionality, meaning their increase leads 1o an inerease of skin
frictions. For instance, an increase of Reynolds Number leads to an increase in inertia forces, that
in turn causes an increases in skin friction between fluid flow and the stretehing surface. Likewise,
from Table 1. there is an inverse proportionality between Hartmann munber (M ). magnetic Reynolds
number and skin friction cocfficient. The increase of Hartman number (M) and magnetic Reynolds
number decreases skin friction. This means, the increase of these two parameters retards the fluid flow
and hence reduces the skin friction which in turn reduce stickiness of dust particles to the stretching
surface. This observations confirms that, since all the three equations are coupled. there is an effect
of induced magnetic field on skin friction and fluid flow.

=1



4.2 Effect of physical characteristic parameters on fluid flow profile and on induced
magnetic profile

Figure 2: Left: Fluid particles velocity profile for various values of 5. Right: Dust particles velocity
profile for various values of g

)

Figure 3: Left: Fluid particles velocity profile for various values of M. Right: Dust particles velocity
profile for various values of M

The variation of parameters such as Hartmann number (M), fluid particles interaction parameters
(8) and stock resistance (), Reynolds number (Re) and Magnetic Reynolds number (Rm) produced
results which partially agreed with previous investigations. In the simulations, the Reynolds number
(Re) , Magnetic Reynolds number(Rm) and dust particles interaction parameter (/7) had no significant
effects on fluid velocity profile. Additionally, Re, Rmhad no effect on dust particles velocity. However,
figure 2 and 3 indicates clearly that fluid particles interaction parameter (&) and Hartmann number
(M) have significant effects on dust particle and fluid velocity profiles. For instance, the increase
of Hartmann number (M) leads to retardation of flow and hence a decrease of hoth fluid and dust
particles velocities. An increase of @ clearly signifies an increase in the dust particles velocity due to
increased interactions of the particles. It should be noted that the increase of Hartmann (M) leads
to decrease of dust particles velocity due to the fact that an increase of Hartmann number produces
an opposing Lorentz forces on dust particles velocity as observed in Mudassar (2017).The variations
of fluid particles interaction parameter (8) and Hartmann number (M) do not have significant effect
on the magnetic induction profile.

In figure 4 we observe that by increasing stock resistance () and Reynolds number (Re) parame-
ters, the values of magnetic induction profile decreases. However, figure 4 depicts a direct proportion-
ality between magnetic Reynolds number (Rm) and magnetic induction profile. Increase of magnetic



Figure 4: Left: Induced magnetic profile for various values of M. Right: Induced magnetic profile for
various values of 4

Figure 5: Left: Induced magnetic profile for various values of Rm. Right: Induced magnetic profile
for various values of e

Reynolds number (Rm) leads to an increase of magnetic induction profile due to the fact that the
presence of induced magnetic field (B,) normal to the fluid flow in an electrically conducting fluid
produces a Lorentz force which acts against the fluid flow. An increase in Re significantly increases
the fluid velocity such that the Lorentz force generated to counteract the motion is weakened by the
sustained high fluid velocity.

5 Conclusion

The effect of various fluid flow physical parameters on fluid and dusty particles velocities. on induced
magnetic eld and on skin friction coeflicient has been studied numerically. These parameters included
Hartmann munber (M), fluid particles interaction parameters (), stock resistance (7), Reynolds
number (Re) and magnetic Reynolds number (Rm). The results of different values of these parameters
in relations to skin friction coefficient, velocity profile, dust particles profile and magnetic induction
profile were depicted through a table and graphs respectively. These results presented some agreement,
with those obtained by Gircesha (2012) and Mudassar (2017) in their investigations especially as
per the conmon parameters that we used. For instance just like in the study. then above scholars
observed that, dust particles velocity increased with the increase of fluid particles interactions (/)
which produced a resistance force to the fluid flow hence an inerease of skin friction. Hencelorth, in
the light of this study, the following conclusions are drawn.

1. The increase of Hartmann number and magnetic Reynolds number leads to reduction of skin



friction. This shows there is an effect of induced magnetic field on skin friction and shear stress,
a reality that leads to total reduction of stickiness of dust particles on the stretehing surface.
Also this indicates an effect of magnetic induction field on dusty particles Huid How.

2. The increase of magnetic parameter (M) leads to decrease in both fluid and dust particles
velocities mainly because the increase of magnetic field induces more opposing Lorentz forces
which results to reduction of both fluid and dust particles velocities.

3. The magnetic Reynolds number (Rm) and Reynolds number (Re) have no significant effects
on both velocity profile and dust particles profile unlike in the dusty particles phase profile
(Up) which increased with the increase of fluid particles interaction parameter (3). This effect
contributes to decrease of momentum boundary layer thickness because as magnetic parameter
(M) increase, it induces an increase in absolute value leading into reduction of fluid flow velocity.

Therefore, through these conclusions, deduces that there is a substantial effect of induced magnetic
field on MHD boundary layer dusty fluid flow. Hence, it is our conclusion that the application
of magnetic induction is significantly important in engineering processes such as in the cooling of
reactors, petroleum industry and paint spray such as in motor vehicles whereby a reduction of skin
friction within the stretching surface is required in order to make stretching surfaces shinuy for the
sake of overcoming stickiness of dust.

5.1 Recommendations for further research

Based on the finding of this study, the researcher observed that there were still some areas of mutual
concern. Henceforth, animated by this study, the researcher made the following reconnmendations for
future investigations.

1. Bffects of an inclined magnetic induction on MHD dusty boundary Layer flow over an inclined
strefehing sheet.

2. Analytical solutions of an MHD boundary layer flow of a dusty fluid over a parallel flat permeable
stretching surface.
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